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1. Introduction        
In the last few years, the non-Newtonian fluids attracted the attention of the mathematicians, physicist, 

engineers, etc., due to their demanding applications of domestic and industrial usage. In our daily life such 

applications are all around us, from a morning coffee to an evening bath. Such applications include toothpaste, 

paints, gels, lubrication oils, polymers, etc., The Navier Stokes equations due to their composite structure, cannot 

effectively describe the flow of non-Newtonian fluids. In the non-Newtonian fluids, the constitutive equations 

much more complex than the Navier-Stokes equations. There is no one constitutive equation that can be used to 

study all non-Newtonian fluids, explaining the complex behaviour of fluids. Jamil and Fetecau (2010) and Rashidi 

(2016) conducted comprehensive research on non-Newtonian fluids. Elgend et al., (2024) investigated 

computational analysis of the dissipative Casson fluid flow originating from a slippery sheet in Porous Media. 

Vishwanath et al., (2024) examined the stability analysis of magnetohydrodynamic Casson fluid flow and heat 

transfer past an exponentially shrinking surface by spectral approach  

Casson fluid is categorised under the class of non-Newtonian fluids. Shortcomings of the Bingham fluid 

model are countered by this model as it explains the nonlinear behaviour seen once the yield stress is achieved. 

The Casson fluid model successfully explains the physical behaviour of many fluids used in science, engineering 

and industry. For instance, in chocolate manufacturing industry, the quality of chocolate products depend on the 

viscosity of the chocolate. Chocolate shows a shear thinning behaviour which is explained best by the Casson fluid 

model as explained by Goncalves and Lannes (2016). Narender et al. (2020) studied the impact of the radiation 

effects in the presence of heat generation/absorption and magnetic field on the magnetohydrodynamics (MHD) 

stagnation point flow over a radially stretching sheet using a Casson nanofluid. The method employed by the 

authors is the shooting method with Adams – Moulton method. Narender et al. (2021) investigated the impacts of 

external magnetic field inclinations and viscous dissipation due to heat generation or absorption parameter on 

MHD mixed convective flow of Casson nanofluid. They found that with an increase in Casson parameter, the 

velocity field is suppressing, in parallel with an increase in Casson parameter temperature raised.  Govardhan et 

al. (2019) investigated heat transfer with MHD Casson fluid flow towards a linear stretching sheet with 

temperature distribution over the sheet. They found out that solution depends on Brownian motion number, 

thermophoresis number, and Prandtl number. Other studies on heat transfer and nanofluid flows are presented in 
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 A B S T R A C T 

MHD Casson nanofluid flow in the presence of viscous dissipation, thermal 

radiation and chemical reaction past a linear stretching surface is investigated. The 

problem is subjected to slip boundary conditions. The analysis of heat and mass 

transfer in the presence of Brownian motion and the thermophoretic diffusion 

effects are incorporated into heat and mass transfer. Nonlinear partial differential 

equations model governing the problems are transformed into the dimensionless 

nonlinear ordinary differential equations via similarity variables, then shooting 

method with sixth-order Runge- Kutta numerical scheme is used to solve the reduce 

system of Ordinary Differential Equations (ODE). Maple software is used to 

perform the simulation. The results are presented graphically and in tabular form 

and the conclusion is drawn that the flow field and other quantities of physical 

interest are significantly influenced by these parameters. Comparison between the 

obtained results and previous works are well in agreement. Numerical values of the 

local skin-friction, Nusselt number and nanoparticle Sherwood number are 

computed and analyzed. It is noted that the skin-friction coefficient decreases for 

the larger values of velocity ratio parameter, slip parameter, and increases with an 

increasing value of Casson parameter. It is also found that enhancing the chemical 

reaction parameter leads to decrease in concentration profile. 
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Elelamy, et al. (2020), Yousif et al. (2019) and Zeeshan, et al. (2023) conducted a nanofluid in a stretching sheet 

in which MHD flow is investigated. The problem was solved by a numerical technique.  

Besides, the study of magnetohydrodynamic flow has gained the attention of modern era scientists on 

account of its extensive industrial and engineering application. Such applications incorporate the design of cooling 

frameworks by including liquid metals, MHD generators, petroleum industries, accelerators, nuclear reactors, 

energy stockpiling, pumps, gas turbines and flow meters. Having such an idea as a top priority the scientists and 

mathematician investigated the behavior of MHD flows in different physical angles. Sheikholeslami et al., (2014) 

studied the properties of magnetohydrodynamic nanofluid. The method employed by the authors is the lattice 

Boltzmann method. The MHD flow of nanofluid provoked by a stretching surface was examined by Rashidi et al. 

(2014). They found that magnetic fields lead to decrease the nanofluid velocity and increase the nanofluid 

temperature. Zeeshan et al. (2015) investigated the results of magnetic dipole on ferrofluid. They discussed the 

problem physically for various flow problems. Hayat et al. (2015) inspected the consequences of Jeffrey fluid 

model with convective boundaries. Narender et al., (2021) examined the viscous dissipation and thermal radiation 

effects on the MHD mixed convection stagnation point flow of Maxwell nanofluid over a stretching surface. In 

this area, various studies have been performed, Ellahi (2013) and Majeed et al., (2018) 

Thermal radiation is conducted through electromagnetic waves. The energy is transferred due to 

temperature difference between the two surfaces, and in this process, the energy is spread in the form of waves in 

all directions. The emission of these radiations depends on temperature surface, nature of surface and frequency 

of radiations. If the temperature difference is small then linear thermal radiation is applicable, however if the 

difference of temperature is large then linear thermal radiation is not applicable. In recent years, many researchers 

focused on the utilization of magnetohydrodynamics along with the thermal radiation phenomenon to study the 

heat and mass transfer analysis due to its diversified applications. Shah et al., (2016) presented numerical analysis 

of Cattaneo-Christov heat flux model for MHD flow of Maxwell fluid with thermal radiation. The thermal 

characterization of two-dimensional Maxwell nanofluid flow over a permeable stretching sheet using the finite 

element method was investigated by Madhu et al., (2017). Thermal radiation influences in various fluids with the 

imposition of different conditions is studied by Endalew and Nayak (2018). 

The chemical reaction stimulus play a significant role in the investigations involving heat and mass in 

areas of science and engineering technology. Zhang et al. (2015) studied the effects of chemical reaction and 

thermal radiation on nanofluids of heat transfer through the porous medium. Sarma et al. (2022) considered the 

problem as a boundary layer flow over a stretching sheet with chemical reaction. 

A chemical reaction between the conventional liquid and nanoparticles are classified as a homogeneous reaction 

during a given phase or heterogeneous reaction i.e., surrounded by a boundary of phase. Reaction rate in the first 

order chemical reaction is directly related to the concentration. Several authors like Batcha and Katkoori (2023), 

Yazdi et al., (2011) and Daniel, (2017) examined the effect of chemical reaction on nanofluids of heat transfer 

over a stretching sheet. 

The novelty of the present study rests upon the following. The study examines nanofluid flow with Casson 

fluid as the base fluid and suspended nanoparticles. Important mechanisms such as thermophoresis and Brownian 

motion effect emphasizes the nanoparticle characteristics are incorporated into the concentration model. The 

models describing the problem mathematically are formulated to the system of nonlinear partial differential 

equations and converted into system of coupled nonlinear ordinary differential equations via similarity invariants. 

A numerical solution of the system of ODEs is obtained by employing the shooting method with sixth-order 

Runge-Kutta method and the obtained numerical results are compared with similar existing result in literature and 

there is excellent agreement. The objective is to analyses the influence of embedded flow parameters on flow’s 

velocity, temperature and concentration profiles. To the best of the authors’ knowledge, this is the first study to 

investigate a mathematical model of magnethydrodynamics casson nanofluid with numerical simulation  

 

2      Mathematical modelling 

Consider the stagnation point flow of MHD Casson fluid over a stretching surface under the impact of slip 

wall. Magnetic field of strength 0  is applied perpendicular to the fluid motion. Additionally, the impacts of 

Brownian motion and thermophoretic diffusion are also considered. Furthermore, the equations of energy and 

mass transport are known to determine the profiles of heat and concentration, respectively. The x-axis is aligned 

with the stretching sheet, and the y-axis is normal to the plate, as shown in Figure 1  
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Fig 1. Geometrical view of the Physical mode. 
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respectively, where Py  denotes the yield stress, wT  is the surface temperature, B  is the plastic dynamic 

viscosity, c  represents the critical value of product,  = CTbxU ,,   represent the free stream, velocity, 

temperature and concentration. Following Swepna et al., (2023), the momentum, energy and mass equations model 

the present problem can be written as  
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The related boundary conditions is described as in Ibrahim and Makinde (2015) 
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u and v represent the velocity components in the directions of the x-axis and y-axis, respectively 

f  is the fluid density,   denotes the electrical conductivity, T represents the temperature,    is the thermal 

diffusivity,   represents the relation among heat capacity of the antiparticle and the liquid, C is the concentration 

parameter, B  represents the dynamics viscosity, 
yP  denotes the yield stress, c  represents the critical value of 

product and a, b are positive constants. As the heat flux is transported to the body as conduction, the following 

boundary conditions holds good. 

( )TTh
y

T
k ff −=



 

k  denotes the thermal conductivity, 
fh  denotes the coefficient of heat transfer 

3    Similarity Transformation 

The following developed similarity variables are used to transform Partial Differential Equations (PDEs) to 

ODEs 
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After introducing Equation (6) into Equations (1)–(5),we obtain 
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The dimensionless conditions associated with the boundary the boundary are as follows 
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where   is momentum slip parameter,  A   is the ratio  of stretching velocity of free stream and lower plate. The 

temperature field depends on the Biot number ( )Bi when heat transfer takes place into the fluid  

The following expression refers to different parameters used in the above equation 
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The physical quantities which govern the flow are the Nusseit ( )xNu , Sherwood number ( )xSh  and skin friction 

coefficient ( )fC  which are given by 

( )

( ) 











−
=

=
−

=





CCD

xh
Sh

u
C

TTk

xq
Nu

wB

m
x

w

w
f

w

w
x 2

,




       (12) 

where heat, mass flux at the surface are wq  and 
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Using the similarity transformations, we obtain 
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4     Numerical Solution 

The system of highly nonlinear differential equations (7), (8) and (9) subjected to boundary conditions (10) is solved 

by a numerical approach via shooting method with the sixth-order Runge-Kutta method for different moderate values of 

the flow, heat and mass transfer parameters. The effective Broyden technique is adopted in order to improve the initial 

guesses and to satisfy the boundary conditions at infinity. Maple software is used for the code and numerical simulation 

 

5      Results and Discussion 

This section addresses the numerical solutions in detail, using graphs and tables. This will primarily address the 

velocity, temperature, and concentration profile. The present results will be compared with those of Hayat et al., (2015), 

Ibrahim and Makinde (2015) and Swepna et al., (2023) for code and simulation verification. The numerical calculations 

are executed for the observation of the impact of various parametric values of KrLeNtNbBiA ,,,,,,,   on velocity, 

temperature, mass transfer field. 

In Table 1, comparison of Skin Friction Coefficient )0(''f−  for different values of  is displayed. The results were 

compared with those obtained by Hayat et al. (2015), Ibrahim and Makinde. (2015) and Swepna et al., (2023) and found 

both to be in excellent agreement. From table 1, it is observed that skin friction coefficient decreases as slip parameter 

increases. Table 2 shows the skin-friction coefficient )0(''f−  decreases by the increase of A. The effect of  on Nusselt 

number ( )0−  decreases and Sherwood number  ( )0− is opposite as compared to Nusselt number
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Table 1:  Computational comparison of the values of Skin friction Coefficient  )0(''f−  with Ibrahim and Makinde 

(2015) and Swepna et al. (2023) 

  Hayat et al (2015)  Ibrahim and Makinde 

(2015) 

Swepna et 

al(2023) 

Present Result 

0.0 1.000000 1.0000 0 .9999855 0 .9999856 

0.1 0.872082 0.8721 0.8720812 0.8720813 

0.2 0.776377 0.7764 0.7763964 0.7763966 

0.5 0.591195 0.5912 0 .5912748 0 .5912748 

2.0 0.283981 0.2840 0 .2841796 0 .2841797 

5.0 0.144841 0.1448 0 .1450588 0 .1450588 

10.0 0.081249 0.0812 0 .0814330 0 .0814331 

20.0 0.043782 0.0438 0 .0439329 0 .0439339 

50.0 0.018634 0.0186 0 .0186789 0 .0186789 

 

 
 

Figure 2. Effect of   on axial velocity profile                Figure 3: Effect of  on temperature profile 

      Figure 2 is drawn to investigate the effect of Casson parameter on the velocity filed. The fluid velocity 

increases with increasing the value of Casson parameter() . Figure 3 reveals the impact of Casson Parameter   on 

temperature distribution. Fluid temperature profile increases as Casson parameter(  ) increases due to the 

enlargement of surface temperature and thermal boundary layer thickness. 

 

Table 2. Comparison of numerical values of Skin Friction coefficient )0(''f−  , Local Nusselt number )0('−

and Local Sherwood number )0('−  with Swepna et al., (2023) 

   )0(''f−  )0('−  )0('−  

A      Swepna et 

al.,(2023) 

Present 

study 

Swepna et 

al.,(2023) 

Present 

study 

Swepna et 

al.,(2023) 

Present 

study 

0.0 0.1  1.1414 1.1414 0.0921 0.0921 2.0434 2.0434 

0.1   1.0653 1.0653 0.0923 0.0923 2.0848 2.0848 

0.2   0.9791 0.9791 0.0924 0.0924 2.1282 2.1282 

0.3   0.8838 0.8838 0.0925 0.0925 2.1730 2.1731 

0.9   0.1466 0.1466 0.0933 0.0933 2.4533 2.4533 

1.5   -0.8188 -0.8188 0.0940 0.0940 2.7333 2.7333 

2.0   1.7622 1.7622 0.0944 0.0944 2.9597 2.9597 

2.4   -2.5944 -2.5944 0.0947 0.0947 3.1356 3.1356 

0.4 0.2  0.6757 0.6757 0.0924 0.0924 2.1477 2.1477 

 0.4  0.5356 0.5356 0.0921 0.0921 2.0464 2.0464 

 0.6  0.4449 0.4449 0.0918 0.0918 1.9767 1.9767 

 0.8  0.0934 0.0934 0.0916 0.0916 1.9255 1.9255 

 0.4 0.1 0.0907 0.0907 0.0915 0.0915 1.9014 1.9014 

  0.5 0.2563 0.2563 0.0919 0.0919 2.0018 2.0018 

  1 0.3477 0.3477 0.0920 0.0920 2.0245 2.0245 
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  10 0.5356 0.5356 0.0921 0.0921 2.0464 2.0464 

  100 0.5688 0.5688 0.0921 0.0921 2.0481 2.0481 

Figure 4 illustrates the influence of  on temperature distribution, from the figure it is apparent that especially for 

cautiously enlarging values of , the temperature field is enhanced. Increasing the values of () also raises the sheet surface 

temperature and the thermal boundary layer depth. Figure 5 indicates the impact of  on the distribution of dimensionless 

velocity. It is clearly shown that by an enhancing value of the slip parameter (), the  velocity profile arises. Generally, the 

growing values of  create a frictional resistance between the surface of the sheet and fluid particles escalates, which causes 

a decrement of the fluid velocity. Figure 6 analyses the effect of free stream velocity (A) on the distribution of dimensionless 

velocity. From the figure it is apparent that when the free stream velocity is greater than the surface velocity, while the fluid 

particle velocity accelerates at 1A . Figure7 displays the effect of A on temperature distribution. As the value A 

heightens, the heat transfer from the sheet to the fluid become smaller and as a result, the temperature falls significantly. 

Furthermore the thermal boundary layer thickness reduced. 

 
Figure 4. Effect of   on axial velocity profile                   Figure 5. Effect of   on temperature profile 

 
Figure 6. Effect of A on axial velocity profile                 Figure 7. Effect of on temperature profile 

 

Figure 8 reflects the influence of Biot number on the dimensionless temperature distribution. The graph of the 

velocity profile specifies that an increment in Bi causes an enhancement in the temperature profile. Generally, Biot number 

is expressed as the ratio of temperature change at the surface to conduction within the surface of the body. As expected, 

increasing values of Bi enhanced the thermal boundary layer of the fluid. 
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Figure 8. Effect of Bi on temperature profile                       Figure 9. Effect of Bi on concentration profile 

 

Figure 9 depicts the relationship between Bi (Biot number) and the concentration profile. For boosting values of Biot 

number the graph of dimensionless concentration profile is increased. Increasing Bi means a decrement in the fluid's 

conductivity because of which the boundary layer of concentration is increased. Figure 10 illustrates the Nt effect on 

temperature distribution. From the figure it is transparent that the () field is improved for moderately enlarging values of 

Nt. In addition, the particles Nt apply a force on the other particles because of which these particles shift from the hotter to 

cooler regions. Therefore, there is an intensification of the fluid's () profile. Figure 11 illustrates the impact of Nt on 

concentration distribution, from the figure for gradually enlarging values of Nt the concentration field is enhanced. Figure 

12 analyses the impact of Brownian motion parameter on the temperature distribution. The temperature profile increases 

marginally for the large values of Nb. This happens due to the reason that as the value of Brownian motion parameter rises, 

the movement of the nanoparticle enhances significantly which triggers the kinetic energy of the nanoparticles and 

eventually, the temperature enhances, and thermal boundary layer thickness is magnified. 

 
     Figure 10. Effect of Nt on temperature profile                          Figure 11. Effect of Nt on concentration profile
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Figure 12. Effect of Nb on temperature profile                         Figure 13. Effect of Le on concentration profile 

 

Figure 13 shows the connection between Lewis numbers and the dimensional concentration distribution. 

Concentration profile decelerates for the boosting values of Lewis number (Le), physically Lewis number express the 

respective contribution of rate of thermal diffusion to the rate of species diffusion on the boundary region. As the values of 

Lewis number (Le) increases leads, fluid concentration decreases. Figure 14 portrays the impact of Eckert number on the 

temperature field. It is noticed that there is a gradual decrease in the fluid energy by an increment in Ec. Here, it is observed 

that the temperature increases for gaining the values of Ec. Physically, the Eckert number depicts the relation between the 

kinetic energy of the fluid particles and the boundary layer enthalpy. The kinetic energy of the fluid particles rises as Ec 

assume the large values. Hence, the temperature of the fluid climbs marginally and therefore, the associated thermal 

boundary layer thickness is enhanced. 

 

 
Figure 14. Effect of Ec on temperature profile                      Figure 15. Effect of R on temperature profile 

 

Figure 15 is sketched for the investigation of the temperature profile in response to the thermal radiation parameter 

R. By increasing the thermal radiation, increase in temperature profile is observed. Physically, a magnification in provides 

additional heat to the operating fluid which amplifies the temperature field. 
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 Figure. 16. Effect of Kr on concentration profiles 

Figure 16 shows the effects of chemical reaction parameter on the concentration field (). It is noticed that 

Increasing values of chemical reaction parameter resulted in decrease in concentration. It is because of the fact that the 

chemical reaction in this system results in chemical dissipation and therefore results in decreases in the profile of 

concentration. The most significant influence is that chemical reaction tends to decrease the overshoot in the concentration 

profile and their associated boundary layer. 

 

6      Conclusions  

This paper presented numerical simulations of boundary layer flow of MHD Casson nanofluid in the presence of 

chemical reaction, thermal radiation, heat absorption and chemical reaction. The problem is subjected to slip condition. We 

transformed the highly nonlinear Partial differential equation governing the problem into a set of ODEs. The numerical 

solutions are obtained by using the shooting method with Runge-Kutta. Maple is used for the numerical simulations. Our 

results are excellent agreement with the existing numerical literature results. Different physical parameters are examined 

and analyzed on fluid flow velocity, temperature and concentrations. In light of the numerical results, the following 

keynotes are made. The fluid velocity decreases with increasing values of slip and Casson parameters. The fluid temperature 

increases rapidly as Biot number increases. Brownian motion and thermophoresis parameters increase the fluid temperature 

profile. Concentration decreases for increasing values of Lewis number and thus lead smaller molecular diffusivity and 

thermal boundary layer. It is noted that xNu  is also increased by enhancing the values of Lewis number (Le). Casson 

parameter rapidly increases fluid concentration and associated boundary thickness. The thermal boundary layer thickness 

increases for the rise of Eckert number (Ec) as well as radiation parameter (R). Increasing values of chemical reaction (Kr) 

lead to a reduction in nanoparticle concentration. 

Nomenclature 

 

ba,   stretching constant ( )1−s  

0B   Magnetic field strength ( )1−wbm  

BD  Brownian diffusion coefficient  

TD  Thermophoretic diffusion coefficient 

Gr  thermal Grashof number 

K  Thermal conductivity ( )11 −− Kwm  

*  Stefan-Boltzmann constant ( )11 −− Kwm  

*K  Mean absorption coefficient 

Ec  Eckert number 

Le  Lewis number 

M  Magnetic parameter 

bN  Brownian motion parameter 

tN  Thermophoresis parameter 

Nu  Nusselt number 
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xNu  Reduced Nusselt number 

Pr  Prandtl number 

P  Pressure 

fC  Heat capacity of the fluid ( )13 −− KJm  

pC  Effective heat capacity of the nanoparticle  material ( )13 −− KJm  

rq  Radiative heat flux ( )2−kgm  

mq  Wall mass flux ( )2−wm  

wq  Wall heat flux ( )2−wm  

xRe  Local Reynolds number 

xShr  Reduced Sherwood number 

T  Local Sherwood number 

T  Fluid temperature ( )K  

wT  Temperature at the stretching sheet ( )K  

T  Ambient temperature ( )K  

vu,  Velocity components along yandx axis 

wu  Velocity of the stretching sheet ( )1−ms  

  Thermal diffusivity ( )12 −sm  

  Dimensionless nanoparticle volume  fraction 

  Similarity variable 

  Stream function ( )12 −sm  

  Dimensionless temperature 

f  Fluid density ( )3−Kgm  

p  Nanoparticle mass density ( )3−kgm  

  Electrical conductivity of the fluid 

  Parameter defined by ratio between the effective heat capacity of the nanoparticle material and heat capacity of 

the fluid.     

Gc solutal Grashof number 
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