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1. Introduction

Soft set invented by (Molodtsov, 1999) as novel mathematical tool designed to handle the problems of
uncertainty and imprecision that characterized the real-life situations. Therefore, (Maji et al., 2002, 2003) introduced
the definitions of basic concepts (terms), such as equality of two soft sets, Super Set of a soft set, complement of a
soft set, absolute soft set and null soft set with some working examples and illustrations. Pei and Miao (2005)
advanced the work of (Maji et al., 2002). Ali et al. (2009) defined some notions such as restricted union, restricted
intersection restricted difference and extended intersection of soft set. Applications of soft set in decision making
were studied by various researchers, (Cagman and Enginoglu, 2010) presented soft set theory in decision making
using unit interval form. Feng (2011) introduced soft rough set to multicriteria group decision making. With the
growing interest in decision making (Balami, 2019) presented the application of neutrosophic soft set and its
application in multicriteria decision making problems. Balami et al., (2021) introduced weighted intuitionistic fuzzy
soft set based decision making using level soft set approach. Soft set having developed basic mathematical tools;
various researchers delve into its applications in various areas of concern, such as data mining, forecast and decision
making problems. Having studied its applications in decision sciences, we observed that not all parameters are of
equal importance to the decision maker(s). Hence, in this research work, we introduced weighted soft set theory. In
weighted soft set, each parameter or attribute is assigned a weight in the closed unit interval [0,1] based on the
interest or priority of the decision maker(s). Infact, introducing weighted soft set provides an avenue where an
individual or group or an organization arrives at best decision without any form of regret at a long run. The algebra
of weighted soft set and the established results demonstrates that soft set has indeed developed enough supporting
tools where by all kind of mathematics can build on it.

Decision making is categorized into subjective decision making and objective decision making.

Subjective (personal) decision making is a decision solemnly taken by an individual base on his parameters of choice
or interest.

Objective (corporate) decision making is a collective decision making taken by an organization or group of people by
sampling opinion of members of the target group.
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The overall aim of decision making whether subjective decision making or objective decision making is to arrive at
the best choice from alternative choice or multiple options available without regretting the choice or decision arrived
at.

2. Preliminaries

Let U be a universal set and E be the set of all possible parameters under consideration with respect to U. Let the
power set of U (i.e., the set of all subsets of U) be denoted by P(U) and A is a subset of the parameters, E (A< E).
The parameters are attributes, characteristics or properties associated with the objects in U.

Definition 2.1 (Molodtsov, 1999). A pair (u, A) is called a soft set over U if and only if i is a mapping of E into the
set of all subsets of the set U. That is, a soft set is a parametrized family of subsets of the set U. For all e € E, u(e) is
considered as the set of e —approximate elements of the soft set (g, E).

Definition 2.2 (Maji et al., 2002). A soft set (4, E) over a universe U is said to be null or empty soft set denoted by @,
if vee A, u(e) = 0.

Definition 2.3 (Maji et al., 2002). A soft set (i, A) over a universe U is called absolute or universal soft set denoted
by (u, A) or U,if vee A, u(e) =U.

Definition 2.4 (Maji et al., 2002). Let E = {e;, e,, €5, . . ., e,} be a set of parameters. The not-set of E denoted by
—E is defined as —E = {—e,, e, mes, ..., —ey).

Definition 2.5 (Molodtsov, 1999). The complement of a soft set (i, E), denoted by (i, E)¢, is defined as (u, E)¢ =
(Hc,_lE).

Where u¢:—~E — P(U) is a mapping given by u¢(a) = U - u(—a),Vae—-E. u° is called the soft complement
function of u. Consequently, (u)¢ = pand ((u, E)¢)° = (4, E)

Definition 2.6 (Molodtsov, 1999). Let (1, A) and (£, B) be any two soft sets over a common universe U, (u, A) is
called a soft subset of (2, B), denoted by (u, A) & (2, B) if;

(YA < B,and

(ihve € A, u(e) =2(e)

(u,A) is said to be a soft super set of (2,B), if ({2,B) is a subset of (u,A) and it is denoted by
(wA) 3 (2,B).

Definition 2.7 (Molodtsov, 1999). Two soft sets (u, A) and (£2, B) over a common universe U are said to be soft
equal, denoted by (i, A) = (£, B), if (i, A) is a soft subset of (22, B) and (£2, B) is a soft subset of (u, 4).

Definition 2.8 (Ali et al. 2009). If (u,A) and (£2,B) are two soft sets then “(u, A) AND (£2, B)” denoted by
(1, A) A (2,B) is defined as (u, A) A (2,B) = (H, A X B), where H(a, B) = u(a) N 2(B), V(a,B) € AXB.

Definition 2.9 (Ali et al. 2009). If (u,A) and (f2,B) are two soft sets then “(u, A) OR (2,B)” denoted by
(w, AV (2,B) is defined as (u, A)V (2,B) = (P, Ax B), where, P(a,f) = u(a) U2(B),V (a,p) € A X B.

Definition 2.10 (Ali et al. 2009). Let (u, A) and (2, B) be two soft sets over a common universe U. The union or
extended union of (u, 4) and (2, B), denoted by (u,4) U (12, B) or (u, A) Ug (2, B), is the soft set (H, C) satisfying
the following conditions;
u(e) ife € A\B
(C=AUB,(ilveeC, H)=<{ () ife € B\A
ute)un(e)ifee AnB
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Definition 2.11 (Ali et al. 2009). The intersection of two soft sets (1, A) and (2, B) over a common universe set U is
the soft set (H, C), where C = An B,and Ve € C,H(e) = u(e)or 2(e), we write (u,A) N (2,B) = (H,C)

Definition 2.12 (Ali et al. 2009). The extended intersection of soft sets (u, A)and (£, B) over a common universe U,
denoted by (u, A) U (22, B), is the soft set (H,C), where C = AU B Ve € C and
u(e), ife € A\B
H(e) =< 10(e), ife € B\A
ue)n(e), ifee AnB

Definition 2.13 (Ali et al. 2009). The restricted intersection of soft sets (1, A)and (£2, B) over a common universe U,
denoted by (4, A) M (2, B), is the soft set (H, C), where C = AN B # @ such that H(e) = u(e) N 2(e), Ve € C.

Definition 2.14 (Ali et al. 2009). Let (1, A) and (2, B) be two soft sets over a common universe U such that A N
B # @ . The restricted union of (i, A4) and (22, B), denoted by (u,A) Uy (2,B), is defined as (u,4) U, (12,B) =
(H,C),where C = AUB,and Ve € C,H(e) = u(e) U 2(e).

Definition 2.15 (Ali et al. 2009). Let (u, A) and (2, B) be two soft sets over a common universe U such that A N
B#@ .The restricted difference of (u,A)and (£2,B) denoted by (u,4) ~z (2,B), is defined as
(u,A) ~x (2,B) =(H,C),where C =AnB,andVe € C,H(e) = u(e) \ 2(e).

Definition 2.16 (Ali et al. 2009). The restricted symmetric difference of two soft sets (u,A4) and (£2,B) over a
common universe U is defined as (1, A) A(2,B) = (,A) Uy (2,B) ~; ((2,B) Ug (1,A4)).

3. Results and Discussions

Let U be an initial universe set, and E be a set of parameters or attributes (characteristics or qualities related to
u, P(U) be the power set of U and A E

Definition 3.1: A triple (i, 4, Q) is a weighted soft set, where u is a mapping given by u:A — P(U) and Q is a
weight function, given by Q:A — [0,1] specifying the weight Q; = Q(a;) for all parameters a; € A in other
words, a weighted paramterized family of subsets of the universe set U . For every a e A, u(a,q) may be
considered as the set of (a,q) elements or as the set of (a,q) approximate elements of the weighted soft set
(1A, Q).

The weighted soft set (u,4,Q) can be represented as a set of ordered triples as follows: (u,4,Q) =
{(a,u(a),Q):a € A,u(a) € P(U)and Q € [0,1]}.

Definition 3.2: let (1, 4, Q) and (£, B, Q,) be two weighted soft sets over U .
Then,

0] (u, 4,Q,) is said to be weighted soft subset of (£, B, Q,) represented by (u,4,0Q,) € (2,B,Q,)
if AC B,u(a) € N(a)and Q; < Q,,Va € A).

(i) (n, A,Qy) and (2, B, Q,) are said to be equal, denoted by (1, 4, Q;) = (2,B,Q,), if (,A4,Q,) S
(2,B,Q,) and (£2,B,Q,) € (1, 4,Q,) i.e A=B,u(a)=02(a),va€e A and Q, = Q, where
0., Q, €[0,1]
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Definition 3.3: Let (u, 4, Q) be a weighted soft set over U. Then the support of (g, 4, Q) is denoted by supp(, 4, Q)
is defined as supp (4, 4,Q) = {a€ A, u(a) #®and Q € [0,1] }.

Q) (i, A, Q) is called a non-empty weighted soft set if supp(u, 4, Q) # 0.

(i) (n, A, Q) is called relative empty weighted soft set denoted by @,if u(a) # @,va€ A, Q €
[0,1]..

(iii) (u, A, Q) is called a relative whole weighted soft set, written as U, if u(a) =U,vVa € 4, Q €
[0,1].

Definition 3.4: Let (4, 4, Q) be a weighted soft set over U. If u(a) +# @,va € A, Q €[0,1] and, then (u, 4, Q) is
called a non-empty weighted soft set.

Definition 3.5: Let (1, 4,Q,) and (2,B, Q,) be two weighted soft set over U then the union of (u, 4,0Q,) and
(22,B, Q,), written as (u,4,0Q,) U (2,B,Q,) is a weighted soft set defined as (u,4, Q,) U (2,B,0,) = (Z,C,Q*)
where C = AU B and Vx € C,

u(x), ifx € A\B
Z(x) = { 0N(x), ifx € B\A

ux)unN(x), ifxeAnB

Where Q* € max (Q;,Q,) and Q,,Q, € [0,1],

Definition 3.6: Let (u,4,0Q,) and (£, B,Q,) be two weighted soft sets over U. The restricted intersection of
(w,A4,Q,) and (2,B,Q,), represented by (u,4,Q;) M (2,B,Q,) = (Z,C,Q") where C=ANB+#@® and VxE€
C,Z(x) = pu(x) N 2(x), where Q* € min (Q,,Q,) and Q, Q, € [0,1].

Definition 3.7: Let (i, 4, Q,) and (£, B, Q,) be two weighted soft sets over U. The restricted union of (u, A4, Q;)
and (12, B,Q,), denoted by (u,4,0Q,) Uy (2, B,Q,) is a weighted soft set defined as (u, 4,Q;) Up (2,B,Q,) =
(Z,C,Q")ywhereC =AnB +@Pandforall x € C,

Z(x) = u(x) U 2(x) where Q* € min(Q,,Q,) and Q,, Q, € [0,1].

Definition 3.8: Let (4, 4,0Q,) and (£,B,Q,) be two weighted soft sets over U. The extended intersection of

(1, A,0Q,) and (2,B,Q,), denoted by (u,A4,Q;) Nz (2,B,Q,) is defined as (u,4,Q,) N (2,B,0,) =(Z,C,Q%)
where C = AU B and forall x € C

u(x), ifx € A\B
Z(x) = { 2(x), if x € B\A . Where Q* € max(Q,,Q,) and Q,,Q, € [0, 1].
ulx)nN(x), ifxeAnB

Definition 3.9: Let (4,4, Q,) and (2,B, Q,) be two weighted soft sets over U. The AND — product or AND —
intersection of (1, 4,Q;) and (£2,B,Q,) denoted by (u,A4,Q;)A (2,B,Q,) is a weighted soft set defined by
(wA,Q)A,B,Q,) = (Z,C,Q*) where C=AxB and for all (x,y) € Ax B,Z(x,y) = u(x) N 2(x) where
Q" € (Q, x Q) €[0,1]and @, Q, € [0,1].

Definition 3.10: Let (i, 4, Q,) and (£, B, Q,) be two weighted soft sets over U. The OR-product or OR-Union of
(u,4,0,) and (2, B,Q,) denoted by (u, 4, Q,)A(%, B,Q,) is a weighted soft set defined by (i, 4, Q,)V (%2, B,Q,) =
(Z,C,Q*) where C = A x Bandforall (x,y) € AXB,Z(x,y) = u(x) U 2(x) where Q* € (Q, X Q,) €[0,1] and
Qll QZ € [05 1]

Definition 3.11: A weighted soft set (i, A, Q) over a universe U is said to be a null weighted soft set or an empty
weighted soft set denoted by @, if for all a € A, there exists Q € [0,1], such that u(a) = @.
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Definition 3.12: A weighted soft set (u, 4, Q) over a universe U is said to be a absolute weighted soft set or an
universal weighted soft set denoted by U, if for all a € A, there exists Q € [0, 1], such that u(a) = U.

Example 3.1: Let U be a set of University final year accounting students, a new generation Bank X is considering to

employ after their graduation and A be a set of decision parameters or attributes. Each weighted parameter is a word
or a sentence. Consider,

A= {First Class,Second ClassUpper, Second Class Lower, Tall, beautiful, Eloquent, Healthy}

Suppose, there are six graduating students in the universe set U , givenby U ={S,,S,,S,,S,,Ss, S, } and set of
parameters A={a,,a,,a,,a,,a;,a,a, | A, ={a,W,a,W,,a,W,,a,W,,a,W,,a,W,,a,W, fwhere
W= {w, Wy, Wy, W, W, We, W, W, €[0,1],1=1,2,.....7

W, =0.7,W, =0.7,W, =0.5W, =0.4,W; =0.6,W,; =0.9,W, =0.95

Suppose
F(a110'7) = {Sl' Sz ] Ss}

F(a,,0.7)=1{S,,S;,5,.S¢}

F(a;,0.5) =

85,55}
F(a,,0.4)=1{S,,S,.S¢}
F(as,0.6) = {S,,S,,S; |
F(a,,0.9)=1{S,,S;,Ss |

F(a,,0.95) =1{S,,S,,S.}.

CV — Choice Value ((;).

Algorithm

Step I: Input the weighted soft set (u, 4, Q)

Step I1: Compute C; = w; X d;;

Step I11: Optimal decision is to select Cy, if C, = maxC; from each U.
Step IV: If there are more than one C,, then any one of C, may be chosen.

Note: If unique choice is needed, then the decision maker(s) will go back to Step | and impose more weights
to parameters of interest, so as to enable the decision maker(s) obtain a unique choice from the multiple
options.

© 2025 Department of Mathematics, Modibbo Adama University.
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Table 3.1: Tabular Representation of Weighted Soft set with choice value

AW a,07 a07 a,05 a04 a,06 a.,09 a,09 ChoiceValue(CV)

U

S, 1 1 0 1 0 1 1 3.65
S, 1 0 0 0 0 0 1 1.55
S, 0 1 1 0 1 0 0 1.80
S, 0 1 0 1 1 0 0 1.70
S, 1 0 1 0 0 1 1 3.05
S 0 1 0 1 1 1 0 2.60

(2]

From Table 3.1, the maximum choice value C, =3.65 and this next is C; = 3.05 suppose only two candidates

are to be chosen, candidate S, and S are the most qualified for the job.

Theorem 3.1: Let (1, 4,Q,) and (£, B, @,) be two weighted soft sets over U, q;: A — [0,1]and q,: A — [0,1] are
specifying weight functions, i.e ¢, = Q@(a;) and q, = Q(b;) for every parameter a; € Aand b; € B.

Then
i. (u,A,0,) N (2, B,Q,) is aweighted soft set over U, if it is non-empty.
ii. (u,4,0,) M (2,B, Q,) is a weighted soft set over U, if it is non-empty.
iii. (u,A,Q,) F (12, B,Q,) Is aweighted soft set over U, if it is non-empty
Proof:
0] Let (u,4,Q,) Nz (12, B,0Q,) = (Z,C,Q*), where C =AU B = @ and for all x € C there exists
Q* € min(Q4,Q,) and Q,,Q, € [0, 1] such that
u(x), ifx € A\B
Z(x) =< 02(x), ifx € B\A .

ux)uNx), ifxeAnB

By hypothesis (Z, C,Q*) is a non-empty weighted soft set over U. If x € C and Q* € [0,1], then Z(x) = u(x) U
N(x) # @and Q*:C - [0,1]. It implies that u(x) #= @ and 2(x) # @ and are both subsets of U. It follows that, p(x)
is a subsets of U for all x € supp(Z, C,Q*) and Q* = min(Q,, Q,) € [0,1]. Hence, (Z,C, Q") is a weighted soft set
over U.

(i) Let (u,4,Q,) M (2,B,Q,) =(Z,C,Q") where Z(x)=pu(x)nN(x) and for allx eC=ANB #
@, there exists Q* = min(Q,, @,) € [0, 1]. By the hypothesis, (Z,C, Q*) is a non-empty weighted soft
set. If x € supp(Z,C,Q*) and Q* €[0,1] then Z(x) = u(x)NN(x) # @ and Q*:C — [0,1]. It
follows that u(x) #= @ and 2(x) # @ are both subsets of U, for all x € supp(Z,C,Q*) there exists
Q* = min(Q,, Q,) € [0,1]. Thus, (Z, C, Q*) is a weighted soft set over U.

(iiiy  Let(u,4,0Q,) F (2,B,Q,) = (ZC,Q*) and Q* = min(Q,,Q,) € [0,1] such that Z(x) = u(x) N
0(x). By the hypothesis, u(x) U 2(x) # @. It implies that u(x) =@ and Q(x) # @ are both
weighted soft sets over U for all x € supp(Z,C,Q*) and Q* € [0,1]. Therefore, (i, 4,Q,) +
(12, B, Q,) is a weighted soft sets over U.
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Theorem 3.2: Let (i, 4, Q,) and (2, B, Q,) be two weighted soft setsover U, Q;: A — [0,1] and Q,: B — [0,1] are
specifying weight functions, i.e Q; = Q@(a;) and Q, = Q(b;) for every parameter a; € Aand b; € B.

Then
i.
ii.
iii.
iv.

Proof:

0]

(i)

Z(x) = {

(u,4,0,) Uy (2, B,Q,) is a weighted soft set over U if it is non-empty and p(x) and 2(x) are
ordered by inclusion relation for all.

(u,4,Q,) U (Q,B, Q,) is a weighted soft set over U if it is non-empty and if A and B are disjoint.
(u, A, QA (R, B, Q,) is aweighted soft set over U if it is non-empty.

(u, 4,0,)V (02, B, Q,) is non-empty and if u(x) and £2(x) are ordered by inclusion relation for all

(xl' x2) € Supp(.“' A' Ql)v(ﬂ; B! QZ)

Let (u,4,0Q,) Up (12, B,Q,) = (Z,C,Q*) forevery x e C=ANB and AN B # @ there exists
Q* = min(Q,, Q,) € [0,1] such that Z(x) = wu(x) U 2(x). By the hypothesis (Z,C, Q*) is a non-
empty weighted soft set over U and Q*: C — [0, 1]. If x € supp(Z,C, Q*) then there exists Q* €
[0,1] such That Z(x) = u(x) U(x) # @. Since u(x) and 2(x) are ordered by inclusion
relation for every x € supp(Z,C,Q*) there exists Q* = max(Q,, Q,) € [0,1] such that u(x) U
0N(x) = pu(x)or u(x) U N(x) = N(x). Since u(x) # @ and 2(x) # @ are weighted soft sets over
U. Then Z(x) is a weighted soft set over U, for every x € supp(Z,C,Q*) and Q* € [0,1].
Therefore, (Z,C, Q™) is a weighted soft set.

Let (1, 4,0,) U (2,B,Q,) = (Z,C,Q*), where C =AUB and for all x € C there exists Q* €
max(Qy,Q,) and Q,Q, € [0,1] and A N B # @ such that

u(x), ifx € A\B
N(x), ifx € B\A .
ux)uNx), ifxe AnB

It follows that either x € A/B or x € B/A for all x € C and Q* € max(Q,, Q,) € [0,1]. If x € A/B, there exists
Q, €[0,1] such that Z(x) = u(x) is a weighted soft set over U and if x € B/A, there exists Q, € [0,1] such that
Z(x) = 2(x) is aweighted soft set over U. Therefore, (i, 4,Q;) U (22, B, Q,) is a weighted soft set over U.

(iii)

(iv)

Let (u,4,Q)A,B,Q,) = (Z,C,Q) and for all (x,,x,) € C, where C = A x B, then there
exists Q* = (Q, X Q,) € [0,1] such that Z(x,,x,) = u(x;) N 2(x,) . Then by the hypothesis,
(Z,C,Q") is a non-empty weighted soft set over U. And Q* € [0, 1], Where Q*:C — [0,1]. If
(xy,%,) € supp(Z,C, Q") then there exists Q* € [0, 1] such that Z(x,,x,) = u(x;) N 2(x,) #
are both weighted soft sets over U for all (x;, x,) € supp(Z,C, Q*). Hence, (u, A, Q;)A(2, B, Q)
is weighted soft set over U.

Let (u,4,Q,)V(2,B,0Q,) = (Z,C,Q*), for all (x;,x,) € C, where C = A x B, there exists Q* =
(Q, X Q,) €10,1] such that Z(x,,x,) = u(x;) U 2(x,). By the hypothesis (Z,C,Q*) is a non-
empty weighted soft set over U and Q* €[0,1], where Q*:C — [0,1]. If (x,x,) €
supp(Z,C,Q"), then there exists Q* = (Q; X @,) €[0,1] such that Z(x;,x,) = u(x)U
0(x,) #@. Since u(x;) and 2(x,) are ordered by inclusion relation for all (x,x,) €
supp(Z,C,Q") and Q" € [0,1], pu(x;) U 02(x;) = p(xy) or pu(x;) U 02(x;) = 2(x;) , since
u(x,) #= @ and 2(x,) = @ are both weighted soft sets over U for all (x;,x,) € supp(Z,C, Q*)
and Q* € [0,1]. Thus, (1,4, Q,)V (£, B, Q,) is a weighted soft set over U.
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Theorem 3.4 demonstrates that, the commutative and associative laws hold in weighted soft sets.
Theorem 3.4:
Let (1, 4,Q,), (12, B,Q,) and (6, D, Q3) be three weighted soft sets over U and Q,, @5, Q; € [0,1]. Then

i- (#,A, Ql) Q) (Q'B' QZ) = (.Q, B, QZ) m (H’! A' Ql)
” ((,LI.,A, Ql) Q) (-(2' B, QZ)) M (6, D, Q3) = (H’!A' Ql) M ((-Q' B! QZ) Q) (G,D, Q3))

Proof:

i LHS: Let(u,4,0,) m(2,B,Q,) =(W,C,Q*), where C = AN B and for all x € C, there exists
Q* = min(Q,, @,) € [0, 1] such that
W(x) = p(x) N 02(x) )
RHS: Let (2,B,Q0,) M (1, A,Q;) = (K,C,Q*), where C = BNnA =AnB,similarly, for every x € C, there
exists Q* = min(Q,, Q;) = min(Q,, @,) € [0, 1] such that
K(x) = p(x) n2(x) ().
Since (1) = (2), therefore the mappings W and K are the same, hence

(#:A: Ql) ] (.Q, B, QZ) = (.Q, B, QZ) M (H,A, Ql)

ii. L HS: Let (w4, Q)M (2,B,0Q,))M(6,D,Q)=(R C,Q"), where C=(AnB)ND and for
each x € C, there exists Q* = min(Q,, Q,, Q) € [0,1],

such that R(x) = u(x) N 2(x) N B(x) (3).

RHS: Let (1, A4,Q,) m ((12,B,Q,) m(6,D,03)) = (g, C,Q*), where C =An (BN D) and for every x € C,

there exists Q* = min(Q,, @, Q3) € [0,1],

such that R(x) = u(x) N 2(x) N B(x) (4).

Since (3) = (4), therefore the result has been established.

Theorem 3.5:
Let (u,4,Q,) and (2, B, Q,) be two weighted soft sets over U and Q;, @, € [0,1]. Then,

i' ((,Ll,, A! Ql) U (-Q: B: QZ)) M (#: A' Ql) = (M,A, Ql)
” ((,U.,A, Ql) m (.Q, B! QZ)) O (#; A, Ql) = (H;A; Ql)

Proof:

i.  Let (WA Q)U(BQ))M(wAQ) =P (AUB)NA). For every x € A, there exists Q* €
[0, 1] with the following cases being considered.
First case: x € B, then b(x) = (u(x) U 2(x)) N u(x).
Second Case: x € B, then P(x) = (u(x) Nnu(x) = u(x) Therefore, u and b are the same mapping and have
((bA,QDT(Q,BQ))M (1A Q) = (1A Q).

ii.  Let (WA Q) M(2,B,0Q))U (1A Q) =(P,(ANB)UA,Q"). Forevery x € 4, there exists Q* €

[0, 1] with the following cases being considered.
Case 1: If x € B, then V(x) = (u(x) N 2(x)) U u(x).
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Case 2: If x ¢ B, then V(x) = (@ U u(x) = u(x) Therefore, the mappings u and V are the same and hence
((,Lt, A! Ql) 0 (Q: B' QZ)) m (I’l' A' Ql) = (‘ll, A, Ql)

Theorem 3.6:
Let (u,4,Q,) and (2, B, Q,) be two weighted soft sets over U and Q,, @, € [0,1]. Then,

i' ((#’A: Ql) ﬁE ('Q' B, QZ)) UR (.quf Ql) - (,Ll, A, Ql)

” ((#’A: Ql) UR (.Q,B, QZ)) ﬁE (.quf Ql) 3 (M,A, Ql)
Proof:

i Let (WA Q)N (2,B,0,))Ur (A Q) = (Z,(AUB)NA,Q"). Now, for every x € 4, there
exists Q* = (( Q; U Q,) N Q3) € [0,1] with the following two cases being considered.
Case 1: If x € B, then Z(x) = (u(x) U 2(x)) N u(x).
Case 2: If x ¢ B, then Z(x) = (u(x) N u(x) = p(x) Therefore, the mappings u and Z are the same mappings
and hence ((Hi A! Ql) ﬁE ('Q' B' QZ)) 0R (‘Ll, A, Ql) = (H. A' Ql)

ii. Let (WA Q) Ug (2,B0))A; (1AQ)= (J,(ANB)UA Q") . Now, for each x € 4, there
exists Q* = ((Q, N Q) U Q3) € [0,1] with the following similar two cases being considered.
Case 1: If x € B, then J(x) = (u(x) N 2(x)) U u(x).
Case 2: If x ¢ B, then J(x) = (@ U u(x) = u(x) Therefore, the mappings w and J are the same mappings and
hence ((,“rA' Q1) Ug (2,B, Qz)) Ng (LA4,Q) = (LA Q.

Theorem 3.7: Let (1, 4, Q) be weighted soft sets over the universe set U and Q € [0,1]. Then,

i (1, A,0) U U, = Ug.

” (II,A,Q) @ UE = (,Ll,A,Q)

iii. (wA,QU (WA Q)= (A Q).

iv. wAQm (k40 = (wAQ)
Proof:

I Let (1, 4,Q) = (w4, Q) and Uy = (,E, Q;)
(w,A,0,) U (2,E,Q,) = (T,C,Q%), where C = AUE =E and for all x € C there exists Q*= Q, UQ, =
max(Q;, Q,) € [0, 1], such that
T(x) = u(x)un(x) = 0(x). P
Since T'(x) and 2(x) are the same mappings. Therefore, (i, 4,Q) U Uy = Ug.

” Let (H,A, Q) < (#'A' Ql) and UE = ('Q' E' QZ)
(u,A,Q,) M (,E,Q,) = (T,C,Q%), where C=ANE = A and for all x € C there exists Q* = Q; N Q, =
min(Q,, Q,) € [0,1], such that
T(x) = u(x) N 2(x) = ux).
Since the mappings T'(x) and u(x) are the same,
therefore, (1, 4,Q) U Uz = (1, 4, Q).

il Let (u,4,0) U (u,A4,Q) = (W,C,Q*), where C =AUA = A and for every x € C, then there
exists Q* = QU Q = Q € [0,1], such that
W(x) = pu(x)Uu(x) = u(x). This implies W (x) = u(x).
Hence, (1,4,Q)U (1A, Q)= (WA Q).
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iv. Let (u,A,Q)m (u,A,Q)= (V,C,Q*), where C=ANA=A and for every x € C, then there
exists Q* = Q N Q = Q €[0,1], such that
V(x) = ulx) nux) = ulx). This implies V(x) = u(x).
Hence, the result has been established.

Theorem 3.8, shows that commutative and associative properties of union (U) hold true in weighted soft set.
Theorem 3.8:
Let (1, 4,Q,), (12, B,Q,) and (6, D, Q3) be three weighted soft sets over U and Q,, @5, Q; € [0,1]. Then

i' (#’A’Ql)G(QIB! QZ) = (Q,B,QZ)O (H!A! Ql)
” ((,U.,A, Ql) 0 ('Q' B' QZ)) G (G,D, Q3) = (#'A' Ql) G (('Q! B' QZ) 0 (8, D, Q3))
Proof:

i LHS: Let(u,4,Q,) U (Q,B,0Q,) =(5,C,Q°), where C =AU B and for all x € C, there exists
Q* = max (Q,, Q,) € [0, 1] such that
8(0) = n(x) V() (5)
RHS: Let (2,B,Q,) U (WA, Q) = (p,C,Q*), where C =B UA = AU B, similarly, for every x € C, there
exists Q* = max(Q,, Q;) = max(Q,, Q,) € [0,1] such that
p(x) = u(x) U 2(x) (6)
Since (5) = (6), therefore the mappings & and ¢ are the same, hence

(H'A' Ql) 0 (.Q,B, QZ) = (.Q, B' QZ) U (M;A; Ql)

ii. LHS: Let((14,Q) U (2,B,0,)) T (8,D,Q;) = (4, C,Q*), where C = (AU B) U D and for each
x € C, there exists Q* = max(Q,, Q,, Q) € [0,1],

such that A(x) = wu(x) N 2(x) N O(x) 7)

RHS: Let (u,4,Q,) 0 ((12,B,Q,) T (6,D,05)) = (V, C,Q*), where C = AU (B U D) and for every x € C,

there exists Q* = max(Q,, @,, @3) € [0,1],

suchthat V(x) = u(x) N 2(x) N B(x) (8)

Since (7) = (8), therefore the result has been established.

Theorem 3.9: Let (i, 4,Q,), (2,B,Q,) and (6, D, Q) be three weighted soft sets over U and Q,,Q5, Q5 € [0,1].
Then,

i- (,U.,A, Ql) §E (,LL,A, Ql) = (H,A, Ql) -
” (:U"A' Ql) nj (-Q: Br QZ) =~(-Q! B! QZ) nE (H,A, Ql) - 7
f 1l ((#! A, Ql) nE (.Q,B, QZ)) r-1E (9, D: Q3) = (ﬂ, A, Ql) nE ((.Q,B, QZ) nE (G,D, Q3))
Proof:

i Let (u,4,0,) Ny (1, A4,Q,) = (a,C,Q*), where C = AU A = A and for each x € C, then there
exists Q* = Q, U Q, = Q, €[0,1], such that
a(x) = ulx) nu(x) = u(x). This implies a(x) = u(x).
Hencev (H' A' Ql) ﬁE (”' A! Ql) = (‘Ll, A' Ql)

ii. LHS: Let (u,4,0,) Nz (2,B,0Q,) = (m,C,Q*), where C = AU B and for all x € C, there exists
Q* = max (Q,, @,) € [0,1] such that
m(x) = u(x) N N(x).
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RHS: Let (12,B,Q,) U (wA,Q,) = (r,C,Q*), where C = BUA = AU B, similarly, for every x € C, there
exists Q* = max(Q,, Q;) = max(Q,, @,) € [0,1] such that

T(x) = pu(x) U 2(x).
Since t(x) = m(x), therefore the mappings 7 and & are the same, hence

([,l,A, Ql) ﬁE (*Q'B' QZ) = (*Q:B! QZ) ﬁE (/-‘L'A! Ql)

iii. L HS: Let (& A4,Q,) B (2,B,Q,)) Nz (8,D,Q5) = (Y, €,Q7), where € = (AUB) UD and
for each x € C, there exists Q* = max(Q,, Q,, Q;) € [0,1],
such that Yi(x) = u(x) N 2(x) N O(x).
RHS: Let (1, A4,0Q,)U((2,B,0,)U(6,D,05))=(F, C,Q*), where C =AU (BUD) and for every x € C,
there exists Q* = max(Q,, Q,, @3) € [0,1],
such that F(x) = u(x) N 2(x) N 6(x).

Since, Y(x) = F(x), therefore the result has been established.

Theorem 3.10: Let (4, 4,Q,), (2,B,0Q,) and (6, D, Q;) be three weighted soft sets over U and Q,, @3, Q; € [0,1].

Then,

I (,LL,A, Ql) gR (ﬂ,A, Ql) > (M,A, Ql) —
1. (,LL,A, Ql) UJ} (-Q:B: QZ) =~(.Q,B, QZ) UR (ﬂ,A, Ql) Y A
P f I” ((H! A, Ql) UR ('Q'B' QZ)) uR (G, D, Q3) = (M,A, Ql) UR (('Q'B' QZ) UR (e' D, Q3))
roor:

i Let (u,4,0,) Uz (u,4,Q,) = (4,C,Q%), where C = An A = Aand for every x € C, then there
exists Q* = Q, N Q; = Q, € [0, 1], such that
A(x) = u(x) nu(x) = p(x). This implies U(x) = u(x).
Hence! (,LL, A, Ql) 0R (“'A' Ql) = (ﬂ! A, Ql)

ii. L HS: Let (1,4,0,) Uy (2,B,0Q,) = (y,C,Q"), where C = AN B and for all x € C, there exists
Q* = min (Q,, Q,) € [0, 1], such that
y(x) = u(x) U 2(x).
RHS: Let(2,B,0Q,) Uz (u,4,0,) = (K,C,Q*), where C = Bn A= An B, similarly, for every x € C, there
exists Q* = min(Q,, Q;) = min(Q,, Q,) € [0, 1] such that
K(x) = p(x) U Q2(x).
Since y(x) = K(x) , therefore (1,4, Qy) U (2,B,Q,) = (2,B,Q;) Ur (1, 4,Q,)..

iii. L HS: Let ((wA4,Q,) Ug (2,B,Q,)) Ug (8,D,0Q5) = (T, €,Q%), where C = (ANB) N D and
for all x € C, there exists Q* = min(Q,, Q,, Q3) € [0,1],
such that T(x) = u(x) U 2(x) U B(x).
RHS: Let (u,4,Q,) Ug ((2,B,0Q,) Ug (6,D,03)) = (L, C,Q*), where C = An (BnD) and for all x € C,
there exists Q* = min(Q,, @, Q) € [0,1],
such that L(x) = u(x) N 2(x) N 6(x).

Since T(x) = L(x), therefore the result has been established.
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4. De Morgan’s Theorems on weighted soft set

In classical set theory, it is a fact that, De Morgan’s laws relate union and intersection operations through
complements. Similarly, De Morgan’s laws relate union and extended intersection operations and restricted union
and restricted intersection through complements in weighted soft set theory context.

Theorem 4.1: Let (4, 4,Q,) and (R, B, Q,) weighted soft sets over U and Q,, Q, € [0,1]. Then,

I ((#' A, Ql) g (-Q' B' QZ))C = (,LL,A, Ql)c ﬁ’Ev(-Q' B, QZ)C-
1. ((I’l' A, Ql) nE (*Q'B: QZ))C = (H, A, Ql)c U ('Q' B' QZ)C'

Proof:
i Suppose that (1, 4,Q,) U (2,B,0,) = (Z,C,Q*) and for all x € C, where C = AU B, there
exists Q € [0,1] such that,
u(x), ifx € A\B
Z(x) =< 02(x), ifx € B\A .

ux)ux), ifxeAnB
Now, ((1, 4,Q,) U (2,B,0Q,))¢ = (Z,C,Q")¢ = (Z° ~C,Q*). For each x € =C = —A U —B, there exists
Q €[0,1] such that,

ﬂC(X), ifx € —|A\—|B
Z¢(x) ={ N°(x), if x € 2B\-A4 9
ut(x)nN(x), ifx € =An-B

Also, let (u, 4, Q.)€ Ay (12, B, Q)¢ = (u€,-4,Q,) Ng (2¢,-B,Q,) = (f, =C, Q) and for all
x € =C where —C = =AU —B, there exists Q* € [0, 1] such that,

ut(x), ifx € 2A\-B
f(x) =1 2°(x), ifx € =B\-A (10)
uC(x)NnNc(x), ifx € =An =B
From (9) and (10), it is obvious that Z¢ (x) = f(x) . Hence, the result has been proved.

ii. Let (1, A4,0,) N (2,B,Q,) = (Z, C, Q*)forall x € C = AU B, there exists Q € [0, 1] such

that,
u(x), ifx € A\B
Z(x) =< 2(x), ifx € B\A .

ulx)nN(x), fxeAnB

Now, ((1, 4,Q,) Ny (12,B,Q0,))¢ = (Z, C, Q*)¢ = (Z¢, =C, Q*) andforall x € =C = =AU —B, there
exists Q* € [0, 1], such that

,uc(x), ifx € —|A\—|B
Z¢(x) ={ 0¢(x), if x € =B\—A (11)
ulx)unN(x), ifx e =An-=B
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Also, (1,4,0,)¢ T (2,B,0,)¢ = (u°,-4,0,) U (0¢,=B,Q,) = (T,=C,Q"), say and for all x € =C, where
—C = =AU =B, there exists Q* € [0, 1], such that

ut(x), ifx € 2A\—=B
T(X) = .QC(X), ifx € —|B\—|A (12)
uC(x)unNf(x), ifx € =An =B

Since (11) =(12), clearly, Z¢(x) = T(x) . Therefore, the result has been proved.

Theorem 4.2: Let (4, 4,Q,) and (R, B, Q,) weighted soft sets over U and Q,, Q, € [0,1]. Then,

i' ((#! A, Ql) UR (.Q, B, QZ))C = (H,A, Ql)c M ('Q! B: QZ)Cv IfA N B # @
ii. ((M; A' Ql) M ('Q'B! QZ))C . (H,A, Ql)c 0R (.Q,B, QZ)C! ifAnB o Q)
Proof:

i Let (1,A4,Q,) Ug (2,B,Q,) = (Z, €, Q*) for all x € C = A n B, there exists Q € [0,1] such
that, Z(x) = u(x) U 2(x).
Now, let ((u,4,Q,) Uy (2,B,0,))¢ = (Z, C, Q)¢ = (Z¢, —C, Q*), then for all x € =C = <A N =B,
there exists Q € [0, 1], such that
(Z(x)¢ = (u(x) U 2(x))° = p(x) N 02°(x) (13)

Also, Let (1, 4,0,)¢ m (2,B,0Q,)¢ = (u,—-4,Q,) m (2¢,-B,Q,) = (J,~C,0Q*), and for every x € =C =
—A N =B # 0, there exists Q € [0, 1] such that,

J(x) = pc(x) N 2°(x) (14)

Since (13) = (14), that is, Z° (x) = J(x). Thus, the result has been established.

ii. Let (u,4,Q0,) M (2,B,Q,) = (Z, C, Q") ,forallx e C =ANB + @, there exists Q € [0,1]
such that, Z(x) = u(x) N 2(x).
Now, ((u, 4,Q,) M (2,B,Q,))¢ = (Z, C, Q"¢ = (Z¢, —~C, Q*) and for all
x € =C = =A N =B # 0, there exists Q € [0, 1] such that,
Z(x) = p€(x) U 02°(x) (15)
Also, (1, 4, 0,)¢ Uy (2,B,0Q,)¢ = (u¢, =4, 0,) Ur (2¢,=B,Q,) = (k,—C,Q%), say, forall x € =C, such that
k(x) = pc(x) U2 (x) (16)
Since (15) = (16), therefore, Z¢ (x) = k(x). Therefore, the result has been established.

5. Conclusion

In this research paper, we explicitly introduced weighted soft set and its application in decision making,

showing clearly significance of weights imposition based on the preference and priority of the decision maker(s).
Weighted soft set and its decision making processes can be applied in all aspects of human endeavors, whether
personal or subjective decision making or objective or organizational decision making. The richness of the
parameterization tools of soft set and flexibility of the choice of the weight imposition makes it desirable in all facets
of decision making problems. The algebra of the weighted soft set were presented with basic algebraic properties. De
Mogan’s kind of results were established in weighted soft set theory context.
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