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1. Introduction 

Nuclear magnetic resonance (NMR) is an indispensable tool used in medicine and surgery for getting 

valuable information on blood flowing along human vessels (Rasheed & Usman, 2023). NMR refers to the 

phenomenon, in which the magnetic spin properties of the nuclei of a material, such as human blood, are excited by 

the application of both static magnetic field and time-varying magnetic field. This results in the creation of both spin-

spin and spin-lattice magnetization within the nuclei, which can be detected and analyzed to provide information about 

the physical and chemical properties of the material being studied (Strogatz, 2018). NMR can be utilized in advanced 

medical imaging techniques such as in magnetic resonance imaging (MRI) to detect cancer and brain tumor (Gao et 

al., 2019; Turkbey et al., 2011). It can be used to determine blood flow rate and other blood flow parameters such as 

spin-spin relaxation time, spin-lattice relaxation time, blood flow velocity and blood cross-sectional area (De, 2018; 

Rasheed & Usman, 2023). Nuclear magnetic resonance can be classified into two types: proton NMR and carbon 

NMR. Proton NMR (PNMR) is used to determine the type and number of hydrogen atoms and spatial arrangement of 

hydrogen atom in a molecule of a compound. Carbon NMR (CNMR) is used to determine the type and number of 

carbon atoms in a given compound (de Paulo et al., 2022). 

Magnetic resonance imaging (MRI) is a powerful non-invasive imaging technique that can be employed to produce 

extremely fine slice-by-slice images of internal structures of various materials using radio waves, a computer, and a 

strong magnetic field (Awojoyogbe et al., 2016). MRI is used in scientific research and medical diagnosis. 

Nevertheless, there are limitations associated with MRI. One of the main drawbacks is the high cost of purchasing and 
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 A B S T R A C T 

Nuclear magnetic resonance (NMR) is a phenomenon that involves the absorption 

and re-emission of electromagnetic radiation by blood proton spins flowing through 

human vessels. NMR is governed by Bloch NMR fluid flow equation, which can 

be used to define the magnetization of blood proton spins. In the existing literature, 

the Bloch NMR fluid flow equation has been derived, and it has been observed that 

the equation does not incorporate certain NMR and blood flow parameters. In this 

paper, we derived a novel Bloch NMR magnetization flow equation that 

encompasses NMR parameters such as Larmor frequency of spinning protons and 

static magnetic field. We utilized the principle of dimensional homogeneity to 

check the validity of our newly derived NMR flow equation. Furthermore, we 

investigated the effect of transverse relaxation times of arterial, venous and 

capillary blood on magnetization of blood spinning protons. We employed Laplace 

transform method to obtain the steady state solution of the improved Bloch NMR 

fluid flow equation. MATLAB and Origin software tools were used for data 

analysis and simulations. Results showed that for varied transverse relaxation times 

of arterial, venous and capillary blood, respectively, the magnetization distribution 

of blood spinning protons consists of two components: the linear and the non-linear 

components. The findings of the study also indicated that capillary blood proton 

spins exhibit phase coherence. The simulated results may be used by 

spectroscopists to improve the accuracy of NMR/magnetic resonance imaging 

(MRI) experiments. 
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maintaining an MRI machine. The cost of an MRI machine is typically in the range of hundreds of thousands to 

millions of dollars, which makes it unaffordable for many individual researchers. In addition, magnetic resonance 

imaging cannot provide high resolution images of dynamic processes (Zou et al., 2023). NMR is governed by an 

equation called Bloch NMR fluid flow equation. This is an equation which can be used to define the magnetization of 

a material such as human blood in terms of blood flow parameters, static magnetic field, time-varying magnetic field 

and gyromagnetic ratio (Munuera-Javaloy et al., 2022). 

Previously, many studies have been seen conducted on nuclear magnetic resonance, Bloch NMR equations and their 

applications (Awojoyogbe et al., 2016; Dada & Awojoyogbe, 2021;  Dada et al., 2015; Dubey et al., 2022; Eli & 

Gyuk, 2015; Emetere, 2013; Hazra et al., 2018; Singh, 2017; Yusuf et al., 2016). 

Yusu et al. (2024) investigated the effects of relaxation times derived from the Bloch equations on age-related 

changes in white and grey matter. The findings of the study showed that relaxation times increase with age, reflecting 

significant alterations in brain tissue, specifically in the degeneration of white matter. Their results provided 

information about how MRI may be used to investigate brain aging. Firmin et al. (1996) investigated the use of 

magnetic resonance imaging (MRI) in blood flow research, focusing on its potential to give non-invasive and detailed 

measurements of blood flow dynamics. Their results showed that magnetic resonance imaging (MRI) might be a 

useful tool for measuring blood flow parameters, such as velocity and relaxation times with great accuracy, providing 

a number of benefits over convectional techniques. Roche (2004) conducted the assessment of cerebral blood volume 

as an indicator of angiogenesis induced by chronic hypoxia using steady-state NMR imaging. The purpose of the study 

was to investigate the relationship between prolonged oxygen deprivation and the formation of new blood vessels in 

the brain. The results of the study showed that increased blood volume associated with hypoxia-induced angiogenesis 

could be successfully identified by NMR imaging, providing important new information on vascular changes in the 

brain and possible diagnosis uses for disorders associated with prolonged oxygen deprivation. Hernandez-Garcia et 

al. (2007) studied the impact of magnetization transfer on the efficiency of flow-driven adiabatic fast passage inversion 

in arterial blood. The findings of the study showed that the effectiveness of flow-driven inversion is strongly affected 

by magnetization transfer, highlighting the importance of taking these factors into consideration to increase the 

accuracy of MRI-based blood flow measurement. Russell (2014) investigated the effect of diffusion and relaxation in 

magnetic resonance imaging (MRI) using computational modeling. The results of the study indicated that 

computational modeling can accurately forecast the impact of relaxation and diffusion on MRI results. These results 

would enhance imaging diagnostics. Odoh and De (2009) investigated the use of nuclear magnetic resonance imaging 

for estimating blood flow. The aim of this study was to improve non-invasive techniques that could be utilized to 

measure blood flow rates within the human body. Wright (1991) examined the relaxation behavior of blood under 

varying magnetic resonance conditions. The study specifically investigated the relaxation properties of blood, which 

are known to be affected by various factors such as blood flow, hematocrit, and hemoglobin concentration. The 

findings of the study showed significant new insights into the relaxation behavior of blood, and may lead to 

enhancements in MRI technique for more accurate imaging and diagnosis of blood-related conditions and vascular 

health. 

Recently, De (2018) and Awojoyogbe et al. (2011) derived a single NMR fluid flow equation called Bloch 

NMR fluid flow equation from a set of three Bloch NMR equations. It was observed that some NMR parameters such 

as Larmor frequency and static magnetic field of spinning blood protons are absent from their own derivation. Thus, 

after observing existing work done on nuclear magnetic resonance and Bloch NMR fluid flow equation, we believed 

that there is still room for further improvement of the Bloch NMR fluid flow equation in such a way that the equation 

will encompasses amplitude of static magnetic field and Larmor frequency of proton spins. To fill this gap in the 

existing studies, this study derived a new Bloch NMR fluid flow equation which contains all the NMR parameters. 

The study also investigated the effect of transverse relaxation times of arterial, venous and capillary blood on 

magnetization of blood proton spins flowing along the human blood vessels. 

1.1 Derivation of Improved Bloch NMR Fluid Flow Equation 

During a nuclear magnetic resonance experiment, firstly static magnetic field 0

→

B is applied to a spinning nucleus of 

a given NMR active sample. This static magnetic field is applied to the sample along the z-direction. Secondly, 

time-varying magnetic field 
→

1B is applied to the sample. The vector field 
→

1B oscillates in the transverse plane with a 

frequency ω at time t. Thus, the field 
→

1B can be resolved into two components in order to get the relation given as 

follow: 
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                                                 tBjtBiB  sincos 111

→

−=                                                           (1) 

The negative sign in Eq. (1) implies that the field 
→

1B rotates in the same direction as that of the precession of 

nuclear spins. 

The total magnetic field 
→

B which is applied to the NMR active spinning nucleus is the given by the relation: 

                                                011 sincos BktBjtBiB
→

+−=                                                    (2) 

where ω is the frequency of precession of the time-varying magnetic field, B0 is the amplitude of the static magnetic 

field, B1 is the amplitude of the time-varying magnetic field. 

The torque 
→

 due to the total field 
→

B acting on a spinning nucleus which has a magnetic moment 
→

 is given by the 

relation: 

                                               
→→→

= B                                                                                          (3) 

According to Newton’s second law of rotational motion from classical mechanics, torque 
→

 is the time rate of 

change of angular momentum, 
→

L of the spinning nucleus. Then, we have: 

                                                       
dt

Ld
→

→

=                                                                                     (4) 

The angular momentum, 
→

L of the spinning nucleus is given by the relation: 

                                                      
→→

= IL                                                                                        (5) 

where 
→

I  is the spin of the NMR active nucleus and  is the reduced Planck’s constant. 

Plugging Eq. (5) into Eqn. (4).Thus, one gets: 

                                                        







=

→→
→

B
dt

d



                                                                       (6) 

where  

                                                            
→→

= I                                                                                (7) 

Considering many nuclei. Thus, Eqn. (6) becomes: 

                                                 









=

→

=

→

=

→

 B
dt

d

i

i

i

i

11

                                                                  (8) 

where   is the gyromagnetic ratio of human blood spinning nuclei. 

According to the theory of nuclear magnetic resonance (NMR), magnetization is the sum of the magnetic moments 

of spinning nuclei present in a given NMR sample. Thus, one gets:   

                                                          
=

→→

=
1i

iM                                                                               (9)                                                                                                                                                                                                                                                                                                                 

                                                                        

 

Putting Eq. (9) into Eq. (8). Thus, one gets: 

                                                       







=

→→
→

BM
dt

Md
                                                                    (10)  

Considering the effects of excitation and relaxation. Thus, Eq. (10) becomes: 
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where T1 is the longitudinal relaxation time of human blood spinning nuclei and T2 is the transverse relaxation time 

of human blood spinning nuclei 

The first term of Eq. (11) indicates precession and radiofrequency (rf) excitation. These are the change in the 

direction of magnetization but not the magnitude. The second and third terms of Eq. (11) represent transverse and 

longitudinal relaxations. These change the magnitude of the magnetization only, not the direction. The 

magnetization of the nuclei can also be defined by the relation: 

                                                     
→

++= kMjMiMM zyx                                                            (12) 

Using theory of vector calculus and linear operator in Eq. (11). Thus, we get: 
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where My is the transverse magnetization of human blood spinning nuclei, v is the blood flow velocity, B0 is the 

static magnetic field, B1 is the radio frequency magnetic field,   is the gyromagnetic ratio of human blood spinning 

nuclei,  is the Larmor frequency of spinning nuclei and M0 is the equilibrium magnetization of human blood.

                                  

Equation (13) is the newly developed fluid flow magnetization equation in this study; this is called improved Bloch 

NMR fluid flow equation. This equation describes the magnetization of spinning nuclei of a given NMR sample 

such as human blood.  

1.2 Dimensional Consistency of Improved Bloch NMR Fluid Flow Equation 

In Physics, the method of dimensional analysis can be employed to check the correctness of a derived 

equation. In order to check the consistency of a given derived equation, one can use the principle of dimensional 

homogeneity (PDH). Thus, in this study, we utilized the principle of dimensional homogeneity to check the 

correctness of our newly developed equation given by Eq. (13). This can be achieved as follows: 

On taking the dimensions of the both sides of Eq. (13). Thus, one gets:  
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The dimensional formulas for the first and the second terms of Eq. (14) are given as follows: 
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The dimensional formulas for the third and fourth terms of Eq. (14) are given by the relation:    
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The dimensional formulas for the fifth and sixth terms of Eq. (14) are defined by the relation: 
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The seventh term of Eq. (14) is given by the relation: 
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The eighth and ninth terms of Eq. (14) are given as follows: 
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The tenth term of Eq. (14) is given as by the relation: 
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The eleventh term of Eq. (14) is given by the relation:        

                                                 ALtMBT 1

012 cos −=                                                                   (21) 

Finally the twelfth term of Eq. (14) is given by the relation: 
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2 2sin2 −=                                                            (22) 

Plugging Eqs. (15) to (22) into Eq. (14). One gets: 

                                             ALAL 1129 −− =                                                                                   (23) 

The coefficients at the left hand and right hand sides of Eq. (23) are dimensionless constants. Thus, this makes Eq. 

(23) to become: 

                                                   ALAL 11 −− =                                                                                 (24) 

Since the right hand side and the left hand side of Eq. (24) are equal. Hence, this means that the newly derived Bloch 

NMR fluid flow equation given by Eq. (13) in this study is correct. 

1.3 Steady State Solution of Improved Bloch NMR Fluid Flow Equation using Laplace 

       Transform Method  

 

In Nuclear Magnetic Resonance (NMR), steady state can be defined as the state in which the magnetization 

of human blood spinning protons does not change with time. Thus, when blood is flowing steadily along the human 

blood vessel, all the partial derivatives of the transverse magnetization, My with respect to variable t can be set to 

zero. This makes the third order partial differential equation (13) to reduce to ordinary differential equation whose 

variable is x. Thus, Eq. (13) becomes:
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The derivation of Eq. (25) from Eq. (13) is based on the steady-state condition, where the magnetization of human 

blood proton spins remains constant with time. This means that the magnetization of human blood proton spins is 

only dependent on the distance along the human blood vessel and is independent of time. Therefore, the time 

variable t and all the partial derivatives with respect to variable t can be set to zero in Eq. (13). Thus, this leads to the 

derivation of Eq. (25). 

On dividing both sides of Eq. (25) by v3T1T2
2, we have: 

  21

3

01

2

21

3

22

0

2

2

22

121

2

21

2

21

2

2

21

21

3

3
122

TTv

MB
M

TTv

BTBTT

dx

dM

TTv

TT

dx

Md

TvT

TT

dx

Md
y

yyy 
=







 ++
+







 +
+







 +
+

          (26) 



157                                         Rasheed et al. (2024) International Journal of Development Mathematics Vol 1 Issue 4 | 152 - 165 
 

 
 

© 2024 Department of Mathematics, Modibbo Adama University.  

 

Let                        

                                                          21

21
1

2

TvT

TT
a

+
=

                                                                        (27)                                                                                  

                                                          

2

21

2

21
1

2

TTv

TT
b

+
=

                                                                        (28) 

                                               

2

21

3

2

0

22

2

2

1

2

21
1

1

TTv

BTBTT
c

++
=



                                                         (29) 

                                                         

2

21

3

01
1

TTv

MB
d


=

                                                                           (30) 

Putting Eqs. (27) to (30) into Eq. (26).Thus, one gets: 
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Eq (31) is a non-homogeneous linear differential equation of 3rd order. In order to solve this equation, we employed 

the Laplace transform method. Thus, we obtained the exact solution of Eq. (31) given as follows: 
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2. Materials and Methods 

2.1 Materials  

The materials used in this study for data analysis and simulations are MATLAB and Origin software tools. 

MATLAB was used to generate data from steady state solution defined by Eq. (32). Origin software tool was used to 

plot graphs which were used to visually represent the computational data that was generated in this study for 
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simulations. 

2.2 Methods 

Laplace transform method was used for this study to obtain the closed form solution of the improved Bloch 

NMR fluid flow equation given by Eq. (13) at steady state. 

2.3 NMR Blood Flow Constants and Parameters used for Simulations 

The steady state solution given by Eq. (32) of the improved Bloch NMR fluid flow Eq. (13) depends on 

NMR blood flow constants and parameters. Thus, in order to simulate the effect of blood flow parameters, 

transverse relaxation times of venous, arterial and capillary blood samples on the magnetization distribution of 

human blood spins; we used the values of the blood flow constants and parameters shown in Tables 1 and 2. 

Table 1: Blood Flow Constants used for Simulations 

Blood Flow Constant Value 

Blood flow velocity (v) 0.2m/s 

Gyromagnetic ratio (γ) 2.6752×108rads-1T-1 

Equilibrium Magnetization (M0) 1A/m 

Length of human blood vessel (L) 0.2m 

Longitudinal relaxation time (T1) for arterial 

human blood sample 

1516ms 

Longitudinal relaxation time (T1) for venous 

human blood sample 

1547ms 

Longitudinal relaxation time (T1) for capillary 

human blood sample 

300ms 

Human blood vessel right hand side boundary 

condition [M(0)] 

1A/m 

Human blood vessel left hand side boundary 

condition [M(L)] 

0 A/m 

Radio frequency magnetic field (B1) 1G 

Static magnetic field(B0) 1.5T 

 

Table 2: Blood Flow Parameters used for Simulations 

Blood Flow Parameter Value 
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Transverse relaxation time (T2) for arterial 

human blood sample 

(228-280)ms 

Transverse relaxation time (T2) for venous 

human blood sample 

(158-204)ms 

Transverse relaxation time (T2) for capillary 

human blood sample 

(10-200)ms 

 

 

3. Results and Discussion 

3.1 Results 

3.1.1 Results of Effect of Transverse Relaxation Times on Magnetization of  Spinning Protons   

       of Arterial Blood at Steady State 

The results of the effect of the blood flow parameter, transverse relaxation times on the magnetization of 

arterial blood spinning protons at steady state defined by Eq. (32) are shown in figures 3.1 (a-d). These results show 

the variation in magnetization of spinning protons in arterial blood as a function of distance along the human blood 

vessel at T1 = 1387ms for arterial blood flow parameter values T2 = 228ms, 245ms, 262ms, and 279ms.  

3.1.2 Results of Effect of Transverse Relaxation Times on Magnetization of Spinning Protons  

           of Venous Blood at Steady State 

The results of the effect of the blood flow parameter, transverse relaxation times on the magnetization of 

venous blood spinning protons at steady state defined by Eq. (32) are shown in figures 3.2 (e-h). These results show 

the variation in magnetization of spinning protons in venous blood as a function of distance along the human blood 

vessel for venous blood flow parameters T2 = 158ms, 173ms, 188ms, and 203ms at T1 = 1381ms. 

3.1.3 Results of Effect of Transverse Relaxation Times on Magnetization of Spinning Protons  

          of Capillary Blood at Steady State 

The results of the effect of the blood flow parameter, transverse relaxation times on the magnetization of capillary 

blood spinning protons at steady state defined by Eq. (32) are shown in figures 3.3 (i-l). These results show the 

variation in magnetization of spinning protons in capillary blood as a function of distance along the human blood 

vessel for capillary blood flow parameters T2 = 10ms, 73ms, 136ms, and 199ms at T1 = 300ms. 
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Figure. 1: 2D plots of magnetization of the human blood proton spins as a function of distance along the blood 

vessel for arterial blood with (a) T2=228ms (b) T2=245ms (c) T2=262ms (d) T2=279ms. These plots 

were obtained from steady state solution 32 of equation 13. 
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Figure 2: 2D plots of magnetization of the human blood proton spins as a function of distance along the blood 

vessel for venous blood with (e) T2=158ms (f) T2=173ms (g) T2=188ms (h) T2 =203ms. These plots 

were generated from steady state solution 32 of equation 13. 
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Figure 3: 2D plots of magnetization of the human blood proton spins as a function of distance along the blood 

vessel for capillary blood with (i) T2=10ms (j) T2=73ms (k) T2=136ms (l) T2 =199ms. These plots 

were generated from steady state solution 32 of equation 1. 

 

3.2 Discussion 

The results obtained in figures 3 (a-l) depict the variation of magnetization distribution of human blood proton 

spins with distance along the human blood vessel for various transverse relaxation time of venous, arterial and 

capillary blood samples respectively. The figures show that magnetization distribution of spinning blood protons 

contains two components: the linear and the non-linear components. Thus, the linear component implies that for varied 

relaxation times of venous, arterial and capillary blood respectively, the magnetization of blood proton spins remains 

constant as blood proton spins flow along the human blood vessels. The non-linear component implies that for varied 

transverse relaxation times of venous, arterial and capillary blood respectively, the magnetization of human blood 

proton spins changes as blood proton spins flow along the human blood vessels. The results also showed that capillary 

blood proton spins undergo phase coherence, which means that they move in step. 

 

4 Conclusion 

In this study, we have derived a novel Bloch NMR flow equation, which is called the improved Bloch NMR 

fluid flow equation, and also obtained its steady-state solution. Furthermore, we investigated the effect of relaxation 

times of arterial, venous and capillary blood on magnetization of spinning blood protons at steady state. The results 

of the study showed that for varied relaxation times of venous, arterial and capillary blood, respectively, the 

magnetization of human blood proton spins initially remain constant and then changes as blood proton spins flow 

along the human blood vessels. The findings of the study also revealed that the proton spins of blood flowing through 

human capillaries exhibit phase coherence. 
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