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ABSTRACT
ARTICLE INFO This study aims to develop a new NMR spectrum governing equation. It also
investigates theoretically the effect of transverse relaxation times of arterial,
Article history: venous, and capillary blood samples on the area under the spectrum of blood proton
Received 10 December 2024 spins. Laplace transform method was used to build the NMR signal equation, which
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Furthermore, Fourier transform signal processing technique was used to convert the

;(eywords: NMR signal to the NMR spectrum. MATLAB and Origin Pro software tools were
ourier transform, area under NMR spectrum, Y . b . . .

Improved Bloch NMR fluid flow equation, utilized as primary tools for d*ata generation and simulation purposes. The results
Blood vessels. for arterial, venous, and capillary blood samples illustrated that the area under the

spectrum (As) varied as a function of changes in the transverse relaxation time, T2.
Firstly, for arterial blood, when T2 = 228 ms, 245 ms, 262 ms, and 279 ms, the

MSC 2020 Subject classification: computed values of As = 0.02155 Aradm-1s-1, 0.02150 Aradm-1s-1, 0.02141

42B10, 44A10, 4798y 34A3 0SSR Aradm-1s-1, and 0.02097 Aradm-1s-1, respectively. Additionally, for venous
blood, when T2 =158 ms, 173 ms, 188 ms, and 203 ms, the computed values of As
= 0.02416 Aradm-1s-1, 0.02334 Aradm-1s-1, 0.02270 Aradm-1s-1, and 0.02259
Aradm-1s-1 respectively. In conclusion, for capillary blood, when T2 = 10 ms, 73
ms, 136 ms, and 199 ms, the computed values of As = 0.00127 Aradm-1s-1,
0.01365 Aradm-1s-1, 0.02697 Aradm-1s-1, and 0.02530 Aradm-1s-1 respectively.
These results mean that as blood circulates through the human blood vessels, the
number of spinning protons changes due to varying transverse relaxation times of
arterial, venous, and capillary blood. The results of the simulation may be used by
spectroscopists to verify experimental results in order to determine the number of
nuclei, resonant frequency, and chemical shift of nuclei in a sample.

1. Introduction

Fourier transform (FT) is a mathematical transformation used to convert time-domain signal, also known as free
induction decay (FID) signal, to frequency domain signal, which is also known as NMR spectrum (Farrar, 1978; Hosur
and Kakita, 2022; Hulse, 2023). This can be used in a variety of fields, including data analysis, image processing, and
signal processing (Chittora and Babel, 2018; Sifuzzaman et al., 2009). FT is named after a French mathematician called
Jean-Baptist Joseph Fourier, who was the first to develop the theory (Tasiu and Usman, 2024). In addition, FT can be
applied in nuclear magnetic resonance imaging (MRI), where it is used to convert MRI data into images of the inside
of the body (Bottomley, 1983; Katti e al.,2011). FT has also been applied in other fields of chemistry, such as infrared
(IR) and mass spectrometry (MS). FT is used in MS to transform the raw mass spectrum into a signal with high
resolution and sensitivity. FT is used in IR spectroscopy to convert the raw data into a spectrum that shows the chemical
bonds and functional groups that are present in a molecule (Dutta, 2017; Hsu, 1997; Tsybin et al., 2019).

Nuclear Magnetic Resonance (NMR) is a non-invasive and non-destructive technique that occurs when spinning
nuclei in a sample, such as human blood nuclei, are placed in an NMR spectrometer magnetic field (Rasheed et al.,
2024; Rasheed and Usman, 2023). When the nuclei are subjected to a radio frequency (RF) pulse, the nuclei absorb
energy from the RF field and become aligned with the magnetic field. Since this alignment is unstable, the nuclei
eventually go back to their previous arrangement, emitting RF radiation in the process (Rahman and Choudhary, 2015).
NMR can be utilized to determine the chemical and physical properties of atoms of a sample such as human blood
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flowing through human blood vessel (Khan ef al., 2022). It can also be used to determine blood flow rate and other
medical NMR blood flow parameters such as spin-lattice relaxation time, spin-spin relaxation time, blood flow velocity
and blood cross sectional area (De, 2013; Jati et al., 2016; Odoh and De, 2008; Rasheed ef al., 2024; Rasheed and
Usman, 2023). NMR is defined by a third order linear partial differential equation called the improved Bloch NMR
fluid flow equation. The improved Bloch NMR fluid flow equation is an equation that can be utilized to describe the
behavior of blood proton spins flowing through the human blood vessels by modeling the magnetization of the spins
as a function of time in the presence of an external magnetic field. The improved Bloch NMR fluid flow equation refers
to two types of relaxation: longitudinal relaxation and transverse relaxation. Mathematically, the solution of the
improved Bloch NMR time-dependent fluid flow equation can be processed theoretically using the Fourier
transformation technique in order to obtain the NMR spectrum. In the context of NMR, the NMR spectrum can be used
to determine the number of protons present in a given sample (Awojoyogbe, 2002, 2003; Rasheed ef al., 2024; Rasheed
and Usman, 2023).

Numerous research studies have been done on NMR spectrum and their applications in medicine, Physics,
Pharmacy and Chemistry, as evidenced by the extensive literature and experimental research available (Barker ef al.,
1993; Bathen, 2000; Behar et al., 1994; Bryant and Korb, 2005; Castellano and Bothner-By, 1964; Civan and Shporer,
1972; Kawata et al., 2004; Marjanska et al., 2012; McNamara et al., 1994; Michaelis ef al., 1991; Piotto et al., 2013;
Rabenstein et al., 1988; Ramesh et al., 1986; Roy et al., 1990; Smith ef al., 2007; Strecker et al., 1989; Tanaka et al.,
1986; Thompson and Lee, 1986; Tkac et al., 2001). Hofmann et al. (2001) conducted a study using short-echo time
magnetic resonance (MR) spectroscopy to analyze the human brain. They simultaneously recorded the completely
relaxed metabolite spectrum and the macromolecular baseline using a sequence of saturation recovery scans. Forty
patients had both white and gray matter treated using this method. The study found that the macromolecular content
and composition varied depending on the cerebral location and the age of the subjects, although no differences were
observed based on gender. Rothan ef al. (1973) employed spin-echo homonuclear double-resonance difference
approach to segregate alanine, lactate, glutamate, glutamine, and f-hydroxybutyrate resonances from overlapping lipid
resonance. They concluded that this method improves the detection of different metabolites by efficiently streamlining
the analysis of hydrogen NMR spectrum in biological tissues. Campbell et al. (1973) reported that subtracting a
widened spectrum from the original spectrum improved the resolution of complex NMR spectra. They used hen egg
white lysozymes as their materials. Their study concluded that the methods used significantly increase clarity and detail
in examining protein NMR spectra. Mendz et al. (1989) carried out a study titled Identification of Methyl Resonances
in the |H NMR Spectrum of Incubated Blood Cell Lysates. They investigated low-frequency methyl resonances using
lysates from cultured blood cells. They concluded that erythrocyte peptidases, membrane and granule proteases, and
other enzymes play a role in proteolysis. Kilby et al. (1990) investigated the phosphodiester peak, a noticeable
component of the 31P NMR spectrum of the human brain observed in vivo. They discovered relaxation times of 2 and
10 milliseconds using methods like bio-exponential transverse relaxation, which correlate to tiny cytosolic phosphates
such as glycerol phosphorethanolamine and glycerol phosphocholine as well as bilayer lipids. They concluded that this
approach greatly advances biochemical analysis in neurological research by precisely quantifying brain metabolites
and successfully elucidating the source of phosphodiester components. Pappu et al. (1993) used non-linear least-
squares approach based on the Levenberg-Marquardt method to calculate the parameters of these resonances. Their
findings showed certain half widths and intensity ratios are applicable to both methyl and methylene resonances.

Previous studies have utilized techniques such as the bio-exponential spin-spin relaxation method, non-linear
least square method, recovery saturation (SR) method, paramagnetic difference (PD) method, and convolution
difference (CD) method to analyze and generate NMR spectrum. Building upon these findings, this research work
seeks to theoretically analyze and investigate, using an improved Bloch NMR fluid flow equation and Fourier
Transform (FT), the effect of transverse relaxation times of arterial, venous, and capillary blood samples on the area
under the spectrum of human spinning blood protons.

1.1 NMR Signal of Blood Spinning Protons

The NMR signal, which is also known as the free induction decay (FID) signal, is the magnetization of blood-
spinning protons flowing through human vessels at the transient state, defined by the improved Bloch NMR fluid flow
equation given as follows (Rasheed et al., 2024).
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In nuclear magnetic resonance (NMR), transient state refers to the state where the magnetization of a sample,
such as human blood, remains unchanged with distance. When blood flows uniformly within a human blood vessel,
the transverse magnetization, M,, becomes spatially uniform, and all the partial derivatives with respect to the variable
x in the improved Bloch NMR fluid flow space-time-dependent equation (1) can be set to zero. This reduces the
improved Bloch NMR fluid flow space-time-dependent equation (1) to the improved Bloch NMR fluid flow time-
dependent equation. Thus, Eq. (1) becomes:

d*M, (T,+21|d°M, (T,+21,)dM, (TT,»°Bf+T;»’B;+1),,
dt® T, ) dt’ TS ) dt 1N ’

v3Tl(CO;wt — 2B, sin a)tj

2
where M, is the NMR signal of the spinning protons, 7; is the longitudinal relaxation time of blood spinning protons,
T, is transverse relaxation time of blood spinning protons, y is the gyromagnetic of blood spinning protons, By is the
static magnetic field, B is the radio-frequency (RF) magnetic field and w is the Larmor frequency of the blood spinning

protons.

Eq. (2) in this research work is the improved Bloch NMR fluid flow time-dependent equation, which models the
temporal evolution of the magnetization of human blood spinning protons in an NMR experiment. Eq. (2) has been
analytically solved using the Laplace transform method. This yields an exact solution which represents NMR signal of
the spinning protons, given as follows:

M, (t)=2(a,, cosmt + a,, Sin wt)+ 26 (a,, COSAEL + @y, SiN Ayt) + a,ee™ 3
Eq. (3) incorporates the symbols s3 and a; (i =6, ..., 26), which have the following definitions:
Rt @
a, =ka, + o’k 5)
a, =w’ak+a, ©)
a, = w’ka, +a;w o
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© 2025 Department of Mathematics, Modibbo Adama University.



189 Rasheed et al. (2025) International Journal of Development Mathematics Vol 2 Issue 1 | 186 - 199

ay,

G=Su 13

> (13)
H= 23y & (14)

27 4
1 1

$,=(-G+H)*+(-G-H)3-4a,/3 (15)

_[&TtSs 6

e {225)

- J3s%+2as, +4a, — a2 -

2

a, =ko' +a, —a,0° (18)

By = 80" — B (19)

Q= 50 + a, — aioa)z (20)

8y = 4a,0° — 8,0 @1)

= 8,789 Q4585 2

e vl T

ol Qg9 — 84785 23

EA 2T P

A3 = k(afs + afe b Gaizsaizs)+ ae(aiss —3a15a126)
+a, (aizs E 3126)+ Qa5+ (24)
Ay = 4ka15a16(a126 i a125)+ aeam(aize e 3a125)_ Qg (Za7a15 i as) (25)
Q5 = 5(3145 + 3146 I 6a1253126)+ 4a1(a135 = 3a15a126)

+ a10(a125 B 3126)"' Q85+, (26)

8y, = 208, (3153125 = a133)+ 4aa, (a126 - 33125) — (2310315 Ay, ail) @7

1.2 Generation of NMR Spectrum of Blood Spinning Protons using Fourier Transform
Signal Processing Technique
In nuclear magnetic resonance (NMR), the Fourier transform signal processing technique is employed to convert
the NMR signal from the time domain to the frequency domain, resulting in the generation of the NMR spectrum. In
this research work, we used the Fourier transform signal processing technique to take the Fourier transformation of the

NMR time-domain signal defined by Eq. (3). Thus, we have a newly developed NMR spectrum equation given as
follows:

d,.0’ +d,,o . dow?—d, o, | . d,.o, .
M = —2=—_25_Isinc(w, )+ | ——5——|sinc(T, @, )+| —2——|sinc
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where Sin € (a)s ), sin C(Tpa)s) and Sin CZK%) are referred to as sinc functions.
In Eq. (28) the symbols d; (i = 1, 2, 3,...,38) have the following definitions:
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2. Materials and Methods
2.1 Materials
2.2 Methods

This study used the Laplace transform method to derive the governing equation for the NMR signal of blood
spinning protons, given by Eq. (3), by solving Eq. (2). Additionally, the Fourier transform technique was employed to
convert the NMR signal, defined as a function of time in Eq. (3) into the NMR spectrum, which is a function of
frequency defined by Eq. (28).
2.3 NMR Blood Flow Constants and Parameters used for Simulations

Eq. (28) defines the NMR spectrum of blood spinning protons, which is a function of NMR blood flow parameters

and constants. Thus, we used the values of the NMR blood flow constants and parameters listed in Tables 1 and 2, to
investigate the effect of transverse relaxation times of arterial, venous, and capillary blood samples on the area under
spectrum of blood proton spins.
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Table 1: NMR Blood Flow Constants used for Simulations

NMR Blood Flow Constant Value Unit Source

Gyromagnetic ratio (y) 2.6752x10% rads”' T (Rasheed ef al., 2024)

Equilibrium magnetization (Mp) 1 A/m (Rasheed et al., 2024)

Blood flow velocity (v) 0.2 m/s (Rasheed et al., 2024)

Static magnetic field (By) 1.5 T (Rasheed and Usman, 2023)

Radio frequency magnetic field (B)) 1 G (Rasheed and Usman, 2023)

Longitudinal relaxation time (7;) for arterial 1387 ms (Rasheed et al., 2024)

blood sample

Longitudinal relaxation time (77;) for venous 1381 ms (Rasheed et al., 2024)

blood sample

Longitudinal relaxation time (7;) for 300 ms (Rasheed et al., 2024)

capillary blood sample

Human blood vessel right hand side 1 A/m (Rasheed and Usman, 2023)

boundary condition [M(0)]

Human blood vessel left hand side boundary 0 A/m (Rasheed and Usman, 2023)

condition [M(L)]

Blood flow pulse duration (7},) 0.02 s proposed

Length of human blood vessel (L) 0.2 m (Rasheed et al., 2024)
Table 2: NMR Blood Flow Parameters used for Simulations

NMR Blood Flow Parameter Value Unit Source

Transverse relaxation time (7%) of arterial 228-280 ms (Rasheed et al., 2024)

blood sample

Transverse relaxation time (7%) of venous 158-204 ms (Rasheed et al., 2024)

blood sample

Transverse relaxation time (7)) of 10-200 ms (Rasheed ef al., 2024)

capillary blood sample

3. Results and Discussion
3.1 Results
3.1.1 Results of Effect of Transverse Relaxation Time on NMR Spectrum of Signal Generated from Arterial
Blood Spinning Protons
Figure 1 with sub-plots (a-d) shows the results of the effect of the blood flow parameter, transverse relaxation
time of arterial blood on the NMR spectrum defined by Eq. (28) of the signal generated from arterial blood spinning
protons. The results showed that the area under the spectrum of arterial blood spinning protons varied with changes in
the arterial blood flow parameters 7 values of 228 ms, 245 ms, 262 ms, and 279 ms, with T} set at 1387 ms.
3.1.2 Results of Effect of Transverse Relaxation Time on NMR Spectrum of Signal Generated from Venous
Blood Spinning Protons
Figure 2 with sub-plots (e-h) depicts the results of the effect of the blood flow parameters, transverse relaxation
time of venous blood on the NMR spectrum defined by Eq. (28) of the signal generated from venous blood spinning
protons. The results indicated that the area under the spectrum of venous blood spinning protons varied as a function
of changes in the venous blood flow parameters 7> values of 158 ms, 173 ms, 188 ms, and 203 ms, with T, set at 1381
ms.
3.1.3 Results of Effect of Transverse Relaxation Time on NMR Spectrum of Signal Generated from Capillary
Blood Spinning Protons
The results of the effect of the blood flow parameters, transverse relaxation time of capillary blood on the NMR
spectrum defined by Eq. (28) of the signal generated from capillary blood spinning protons are shown in Figure 3 with
sub-plots (i-1). The results revealed that the area under the spectrum of capillary blood spinning protons varied in
accordance with changes in capillary blood flow parameters 7 values of 10 ms, 73 ms, 136 ms, and 199 ms, with T
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3.2 Discussion
The results for arterial blood samples indicated that the area under the spectrum of arterial blood spinning
protons flowing along the human blood vessels, represented by A, varied as a function of the arterial blood flow
parameter 7», which changed from 228 ms to 279 ms. Specifically, the computed values of 4, = 0.02155 Aradm™s™,
0.02150 Aradm's™, 0.02141 Aradm™s™, and 0.02097 Aradm™'s™ respectively when T, = 228 ms, 245 ms, 262 ms, and
279 ms at T; = 1387 ms. This means that changes in the relaxation time of arterial blood proton spins can affect the
number of blood-spinning protons in the arterial blood.
The results for venous blood showed that, when venous blood flow parameter 7> = 158 ms, 173 ms, 188 ms, and
203 ms respectively at T; = 1381 ms, the area under the spectrum of venous blood flowing through the human vessel
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has been computed to be As = 0.02416 Aradm™'s™, 0.02334 Aradm™'s™, 0.02270 Aradm's”, and 0.02259 Aradm's™”,
respectively. This implies that the number of blood spinning protons in the venous blood is affected by the transverse
relaxation time of venous blood proton spins. The results for capillary blood samples revealed that the area under the
spectrum of capillary blood spinning protons flowing along the human blood vessel denoted by A4, varied as a function
of changes in the capillary blood flow parameter 7. The observed simulated values of A, were found to be 0.00127
Aradm™s”, 0.01365 Aradm™s™, 0.02697 Aradm s, and 0.02530 Aradms”, respectively, at T; = 300 when T has
been set to 10, 73, 136, and 199. This means that the number of spinning protons in the capillary blood is affected by
the transverse relaxation time of capillary blood proton spins.

4. Conclusion

In conclusion, this study investigated the effect of the transverse relaxation times of arterial, venous, and
capillary blood samples on the area under the NMR spectrum of signal generated from blood proton spins. The study
was carried out theoretically by simulating and generating data from the newly developed governing equation for the
NMR spectrum, which was derived using Fourier transform signal processing technique. The results for arterial blood
samples showed that when the transverse relaxation time of arterial blood sample is 228 ms, 245 ms, 262 ms, and 279
ms, respectively, the computed values of area under the spectrum were 0.02155 Aradm's™, 0.02150 Aradm™'s™,
0.02141 Aradm’s”, and 0.02097 Aradms” respectively. Additionally, the results for the venous blood samples
showed that when the transverse relaxation time of venous blood sample is 158 ms, 173 ms, 188 ms, and 203 ms, the
computed values of the area under the spectrum were 0.02416 Aradm™s™,0.02334 Aradm's”, 0.02270 Aradm™s™, and
0.02259 Aradms™, respectively. To conclude, the results for capillary blood showed that when the transverse
relaxation time of capillary blood is 10 ms, 73 ms, 136 ms, and 199 ms, respectively, the computed values of area under
the spectrum were 0.001274radm s, 0.01365A4radm™ s, 0.02697Aradms™, and 0.02530 Aradm's™, respectively.
These results mean that for varied transverse relaxation times of arterial, venous, and capillary blood samples, the
number of blood protons varies over time as blood circulates through the human vessels.
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