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1. Introduction

Zadeh in 1965 did a remarkable job by developing a very interesting concept (fuzzy set) which seems more
accurate in dealing with uncertainties. As opposed to the bivalent nature of classical set, fuzzy set assign degree of
belonging to each element of a set within the unit interval. As time passes by, Molodtsov (1999) introduced soft set
in order to take care of the inadequacy of parameterization tool associated with fuzzy set and other non-classical set
theories. Molodtsov also outlined several areas of application of soft set theory such as: Riemann Integration, Game
theory, Operations Research, Probability theory, etc. As a way forward in trying to handle uncertainties, fuzzy set
was introduced into the study of soft set theory by Maji et al. (2001), who were the first to define fuzzy soft set. In
2002, Maji and Roy defined several fundamental operations, such as subset, superset, null set, absolute set, union,
intersection, AND, and OR operations of soft set theory, to correlate with Molodtsov’s soft set. The concept of fuzzy
soft set served as inspiration for these definitions. Additionally, a few findings in the soft set context were confirmed
and the theory was applied to resolve a decision-making problem. In their study, Roy and Maji (2007) explored
several applications of the theory, thereby introducing a novel approach to object recognition from imprecise multi-
observer data, which entails building a comparison table from fuzzy soft sets in a parametric sense for decision-
making. However, this technique has significant drawbacks including the possibility of information loss during the
process of creating the final fuzzy soft set from the multi observer data. In order to compare choices, Kong et al.
(2008) updated Roy’s approach (Roy and Maji, 2007: A Fuzzy Soft Set Theoretic Approach to Decision Making
Problems) and provided a heuristic algorithm of normal parameter reduction. Also, the problems of sub-optimal
choice and added parameter set of soft set are analysed. The same year, in addition; Yao et al. (2008) introduced the
idea of a soft fuzzy set, went over some related qualities, and provided examples of how fuzzy soft sets and soft
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fuzzy sets connect to one another.

In sequel, Ali et al. in 2009 defined some new operations like restricted union, extended intersection,
restricted intersection and restricted difference of two soft sets and also proposed several assertions by Maji and Roy
(2002) on soft set theory are not true by given counter examples. Furthermore, in 2010, Feng et al. proposed that the
concept of choice value (Maji and Roy, 2002: An application of soft set in a decision-making problem) designed for
crisp soft sets is unfit to solve decision making problems involving fuzzy soft sets. And at the same time, proposed
an adjustable approach which can be more suitable to solve real life problems in an imprecise environment. Also,
Kharal and Ahmad (2010) investigated the notion of a mapping on soft classes and study several properties of images
and inverse images of soft sets supported by examples and counter examples; the notion was applied to the problems
of medical diagnosis in medical expert system. Additionally, Cagman et al. (2010a) explored the use of soft set
theory to commutative ideals in BCK-algebras. Also, in the same year, same authors introduce fuzzy parameterized
fuzzy soft set and its applications; where the fuzzification touches both the universal set and the set of parameters
(Cagman et al., 2010b).

In line with the fuzzy soft set definition, Cagman et al. (2011a) provided the fuzzy soft set theory definition
along with some related properties. They also developed the fuzzy soft aggregation operator, which enables the
creation of more effective decision-making techniques. The same authors (Cagman et al. 2011b) also tried to fuzzify
a set of parameters in order to solve more complex problems, and they developed the idea of fuzzy parameterized
soft set theory and they also provide properties associated with this theory and suggest a method of decision-making.
Furthermore, Adam and Hassan (2014a) introduced the notion of Q fuzzy soft sets and studied its operations (Adam
and Hassan, 2014b). Also, they introduced multi-Q fuzzy parameterized soft set and its application (Adam and
Hassan, 2014c). In 2016, Rodriguez et al. proposed the comparison score-based approach to solving fuzzy soft set-
based decision-making problems. Liu et al. (2017) pointed out that the choice value algorithm which was proposed
by Maji and Roy (2002) is not strongly fit for decision making because all attributes are good descriptions, and the
greater the value, the better. However, in practice, attributes may be good, bad or constrained. That is why the
algorithm needs to be further improved according to actual problem. So, the authors dedicated to the analysis of the
choice based algorithm and the comparison score algorithm and proposed a new decision making algorithm which
focus on the application of fuzzy soft set and ideal solutions in decision making problem by laying emphasis on the
analysis of decision objectives, attributes analysis and explicit decision function; for which they found that the core
of the decision process is the design phase, which is to formulate a model for an identified decision. Again, in recent
years, in addition to applying soft set and fuzzy soft sets to decision making, many authors like Nasef et al. (2018a)
presented another application of soft sets in a decision-making problem for real estate marketing with the help of
rough mathematics, and provided an algorithm to select the optimal choice of an object. Also, in the same year
(Nasef et al., 2018b) applied the notion of fuzzy soft sets in Sanchez’s method (1976, 1979) of decision making.
Furthermore, Alcantud and Torrecillas (2018) developed a way to solve intertemporal choice problems like; savings,
investments, spendings, etc., for fuzzy soft sets. Also in 2020, Dey et al. combined hesitant fuzzy set and multi fuzzy
soft set to develop hesitant multi fuzzy soft set and also introduced a new type of level soft set and called it RMSS-
level soft set, and present an algorithm and a novel approach to hesitant multi fuzzy soft set-based decision-making
problems by using the RMSS-level soft set. In 2020, Renukadevi and Sangeetha introduced a new notion pertaining
to certainty and coverage of a parameter, which is associated with the soft set and they proposed a novel approach
that leverages parameter certainty to address decision-making challenges. In trying to address the parameterized
difficulties of instability, Somen in 2021 proposed a fuzzy hyper soft set as a hybrid of a fuzzy set and a hyper soft
set. Also, Phaengtan et al. (2021) defined partial averages of fuzzy soft sets and provided a new approach for
handling a few partial average-based decision-making problems.

Interestingly, Alkhazaleh in 2022, devised the idea of effective set, thereby introducing the notion of
effective fuzzy soft set. The author outlined the fundamentals and gave several examples of how the novel idea may
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be used to solve practical decision-making and medical diagnostic challenges. In this direction of research, we
introduce the concept of effective fuzzy parameterized soft set in the framework of effective set; where the decision
on the selection of any element in the power set (P(U)) of the universal set U is influenced by the effect the elements
in the effective set has over each parameter. Thereby introducing a new concept upon which some results are
verified. In the last part of the paper, the new concept is applied to solve decision making problems by developing
new algorithm.

2. Preliminaries

In this section, we provide some basic definitions following from: Zadeh, 1965; Molodtsov, 1999; Maji et
al., 2001; Cagman et al., 2011a; Cagman et al., 2011b and Alkhazaleh, 2022.

Definition 2.1. (Fuzzy Set): A pair (u, U) is called a fuzzy set, where U is a non-empty universe set and y is a
function from U into the unit interval [0,1], (i.e, u: U — [0,1]) and for all x € U, u(x) is referred to as the degree of
membership of x € U.

Definition 2.2. (Soft Set): Let U be a universe set, and E be the set of parameters. A pair (F, E) is called a soft set
over U if and only if F is a mapping from E into the set of all subsets of the universe set U, i.e., F: E —» P(U), where
P(U) is the power set of U.

In other words, soft set over U is a parameterized family of subsets of U.

Every set F(e), for every e € E, from this family may be considered as the set of e-elements of the soft set (F,E) or
considered as the set of e-approximate elements of the soft set. Accordingly, we can view a soft set (F,E) as a
collection of approximations: (F,E) = {F(e):e € E}.

Definition 2.3. (Fuzzy Soft Set): Let IV be the set of all fuzzy sets of U. Then a pair (f,A) is called a fuzzy soft set
over U, where A is a subset of the set of parameters E, and f is a mapping from A into IV. That is, f: 4 — IY, and for
eacha € A, f(a) = f,:U > 1Y, is a fuzzy seton U.

Definition 2.4. (Fuzzy Parameterized Soft Set): Let U be an initial universe, E be the set of parameters and A be
the fuzzy set over E. A fuzzy parameterized soft set (FP-soft set) g, on the universe U is defined by the set of
ordered pairs:

Fa = {(1a() /%, ¥4 (x)): x € E,y4(x) € P(U), 14 (x) € [0,1]},
Where P(U) is the power set of U and the function y,: E — P(U) is called approximate function such that y,(x) =
if u,(x) = 0, characterized by the membership function u,: E — [0,1]
The value p, (x) of an element x of the parameters represents its degree of importance. And it is solely based on the
desirability of the decision maker.
Hence, this means that the approximate function is defined from fuzzy subset of E to the crisp subset of the Universe
set U.

Definition 2.5. (Effective Set): An effective set is a fuzzy set A in a universe of discourse A where A: A - [0,1]. A is
the set of effective parameters that may change the membership values by making positive effect (or no effect) on

values of memberships after applying it and defined as: A = {{a, §,(a)):a € A}

Definition 2.6. (Effective Fuzzy Soft Set): Let U be an initial universal set, E be the set of parameters, A be a set of
effective parameters, and / be the effective set over A. Let IV denote all fuzzy subsets of U; a pair (F,E), is called
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an effective fuzzy soft set (EFSS in short) over U where F is a mapping given by F: E — Y,
defined as follows:

F(ei)A: xj :ijU,eiEE
H("j)A
where Va, € A,
(1 - HU(xj))Zk 5ij (ax)
) — 'uu(x]) + IAl 4 lf”U(x]) € (011)1
A

Hy (x,-

Uy (x]-), o.w.
Where |A| stands for cardinality of 4, and O.W stands for “otherwise”.

3. Results

In this section, we introduce the new concept “Effective Fuzzy Parameterized Soft Set".
Note that throughout the rest of the work, the set of all Effective fuzzy parameterized soft set over U will be denoted
as EFPS(U)

3.1 Effective Fuzzy Parameterized Soft Set
Before defining the new concept, we need to consider some basic definitions.

Definition 3.1.1. An effective set is a fuzzy set w in a universe of discourse U, where w is a function given by
w:A — [0,1], and A is the set of effective parameters that may change the membership values by making positive (or
no) effect on them; defined as follows: w = {{(a, §,,(a)):a € A}

Definition 3.1.2. A fuzzy parameterized set is a fuzzy set y in a universe of discourse U, where Y is a function given
by y: E — [0,1], and E is the set of parameters from Molodstov’s soft set; defined as follows: y = {(e, I},(e)): e € E}
Now, we define the new concept.

Definition 3.1.3. (Effective Fuzzy Parameterized Soft Set): Let U be an initial universe, E be the set of parameters
and y be the fuzzy parameters set over E, let A be the set of effective parameters and w be the fuzzy effective set
over A. Then, a pair (Fg+,U) is called an effective fuzzy parameterized soft set (EFPS-set), where F is a mapping
given by F: E* — U, defined as follows:

ei* * Lo * (e* (e
Fg-= {(luE*—(ei*)'fE*(ei))e € E*, fp+(ef) € P(U), ug(e) € [0,1] - (1)

where E* is the set of reformed parameters obtained after the influence of the effective set on the set of parameters E,
fe+ is called the approximate function and pg+: E* — [0,1] is called the membership function of the EFPS-set F
such that foralla; € Aand alle; € E

(1-1,(e))- 560, (@)
4]

pp(ef) = I, (e) + - (2)
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Example 3.14. Let U = {u,,u,, u3} be an initial universe, let E = {e,, e,, e;} be the set of parameters, let A =
{ay, a,, a5} be the set of effective parameters and E* = {e;, e;, e5} be the set of reformed parameters.

Suppose the fuzzy parameters set over E is given by:
€ 1 €2 €3 _ (61 € €3
v = {5555 0507w = {3 05050 @) = (555 05)

Suppose the fuzzy effective set A is given by:
a, a, a a; a, a a, a, a
w(uy) ={_1,_2._3};w(u2) { =2 3} w(u 3)_{ 1,_2._3}-

0.6°0.5°0.9 03108 1°0.5°0.8
So that after applying equation (2) using the data above, we have;
Foru,:
Fg-

er e ez
= ) ) {ui}
05+ ((1 — 0.5)(0.63+ 0.5+ 0.9)) e ((1 - 0.6)(0.63+ 0.5+ 0.9)) > ((1 = 0.7)(0.63+ 05+ 0.9))

*

er e e
= Fi = {@' 0.87’@’{”1}}
Here, the above shows how we obtained the set of reformed parameters. It can be seen that the first element e; is
obtained after the influence of the fuzzy values from the effective parameters set on the parameter e;. The rest
follows.
So, by using the same method for u, and u;, we arrived at the following effective fuzzy parameterized soft set
(EFPS-set):

*

(Fe, U) :{(of.zsl;}’oz 83 1}) (517 06;9 001" 2}> (1 09;4 08;9 tu 3})}

In a tabular form, the above EFPS-set can be shown below:
Table 1: EFPS-set Table

U/EX U, Usg

e 084 07 1
e; 087 079 094
e; 09 091 089

Interpretation: The table above shows the fuzzy values of the reformed parameters with respect to the elements of
the universal set. For the element u,, the fuzzy values of e, e; and e; are 0.84, 0.87 and 0.9 respectively.
Next, we consider some of the basic operations of the concept of EFPS-set.

3.2 Basic Operations of EFPS-set

Here, we basically give the definitions of complement, union and intersection under the EFPS-set.

Definition 3.2.1. Suppose Fg+ = {(%,fy(ﬁ)) e €EE, fpe(ef) € P(U)}, then the complement of F- denoted
i

as F(g+c is defined by:
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u(e)”’

Example 3.2.2. Let Fp- = {%,%,;—38, {ui}}. Then, the complement of F - is given by:

Fgre = {( “ fE*(ei*)):fE*(ei*) € P(U)}a where p(e/)¢ =1—p(e).

e; e, e; }
F * P rwTrLrwY i
E"° {0.1 015 0.2’
e]f‘

Definition 3.2.3. Suppose Fj; = {(W fE;(ei*)> ref € Ef, fr(e)) € P(U)} and Gs = {(m gEz*(ej*)> ref €
t J

E;, 93 (e}‘) € P(U)}. Then, the union of Fg: and Gg; is a set Hg+ defined by:

uer)’
where p(e;) = max{u(e;),u(e;)} and hg-(e) = fr:(e) U gz (e)

H K— hE*<e,:)> cj, € E*,hy-(e}) € P(U)}

Example 3.2.4. Let Fg; = {%,%,%, {ui}} and Gg; = {&,%,0‘%, {uj}}. Then, the union of Fg: and Gg; is

* * *
: . _Jéa ] €3
given by: Hg-) = {0.92 ’0.88 7 0.92 uh}}'

Definition 3.2.5. Suppose Fg: = {(%,f};; (eg*)) ref €E], fp(e) € P(U)} and

Ggs = Ke—:}, gE;(ej*)) ref €E3, 93 (ej*) € P(U)]. Then, the intersection of Fx and Gpg; is a set Kg+ defined by:

u(<)
KE* = {(i kE*(e;)>e,: € E*, kE*(e;;) € P(U)}

uleg)’

where u(e;) = mi”{#(ei*)'#(ej*)} and k() = fE{ (eHu 9E; (ef)-

el e e e e e

Example 3.2.6. Let Fg: = {— — —,{ui}} and Gz = {— = —,{uj}}. Then, the intersection of Fgx and Gy

0908508 0.92’0.88°0.92
* * *
: : . _ )1 e €3
1S given by K(E*) = {E'E’ &, {uk}}.

33 Extended Definitions of the Basic Operations

Below, we re-defined the basic operations of EFPS-set based on the idea gotten from the work of
Alkhazaleh (2022).

Definition 3.3.1. The W ompiement Of the EFPS-set (Fg+, U) is the set w®, where w€ is the fuzzy compliment defined
by: w¢ ={(a,1 —6,(a)):a € A}

Example 3.3.2. Suppose w(u,) = {ﬁ,ﬁ, ;—i}, then the W omprement 1S given as;
cpy={& %2 4
@) = {54 5575.0)

Definition 3.3.3. The ¥ ompiement Of the EFPS-set (Fi+, U) is the set y ¢, where ¥ © is the fuzzy compliment defined
by:y¢ ={(e,1—TI,(e)):e € E}
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Example 3.3.4. Suppose y(u,) = {;—15,%,%}, then the ¥ omprement 18 given as;
cp) =L &2 &
v = {5554 53/

Definition 3.3.5. The Total.,mpiement Of the EFPS-set (Fg+, U) is the EFPS-set (Fgvye, U) where (E*)€ is the set of
complements of the reformed parameters defined by:

Fgnye = {(ME & )C),fE (ef )} such that;

(1 - I;/E(ei)) i 50;51 (a)
4]

pe(e))° = Le(e) + -~ (3)

Example 3.3.6. Using the data from 3.1.4, the W¢omprement (@°) is given by:

') = {7y o553 @@ = {55505 o ) = {558 53

Also, from 3.1.4, the ¥ comprement (¥©) is given by:

veQu) = {015 524 033} S {(f.l1’%'%}'yc(”3): {el S 6_3}

Hence, by applying equation (3) using the above data, we have;

Foru,:
F(E*)C
el e; e3 )
= e ) il ] _ ] u1
0.5+ ((1 0.5)(0.43+ 0.5+ 0.1)) 04+ ((1 0.4)(0.43+ 0.5+ 0.1)) 0.3 + ((1 0.3)(0.£§+ 0.5+ 0.1))
e; e*
= Fene = {0 67'0.6 }

By using the same method for both u, and u;, we have;

@ M TEh— o e, e e;
F *CIU ={(_J_’_I )’(_’_)_’ >’( ) ) ) )}
(Fere V) = (567706 053" ™) (T 0797051 02} (6237038 062 3
In a tabular form, the above EFPS-set can be shown below:
Table 2: EFPS-complement Table

U/(E) w U, Us

e; 0.67 1 0.23
e, 0.6 0.79 0.38
e3 0.53 0.51 0.62

Definition 3.3.7. The union of two EFPS-set (FE;, U) and (GE;, U) is the EFPS-set (Hg+, U) where E* = Ef U E;
and Hpg- is defined by;
Hg- = {(es/ule), hg-(e;)):e; € E*, hy-(ey;) € P(U)}, such that hy-(e;,) = fz:(e) U g (e).
The idea of this union is to create new fuzzy parameter set w resulting from the union of w’ and w"’, and a new fuzzy
effective set y resulting from the union of y’ and y"'.

ie, w(y) = max{w'(w), 0" (u)} and y(u;) = max{y’(uy),y" (w)}
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Hence, Hy~ is obtained by applying equation (2) using the data provided from w and y.
Example 3.3.8. Suppose for (F e U ), we have;

a a a a a a a a a
w'(uy) = {_1'_2,_3}’ ' (1) = {_1’_2,_3}’ ' (1) = {_1'_2'_3}, and

03’06’05 02’07’ 0 08’0.1°0.5

12 €1 € €3 r €1 €z e3 12 €1 €z e3
w)={e 2 2y = {22y w) = {22, 2
v (W) 0.8'0.7'0.6']/( 2) 0.8'0.5'0.4')/( 3) 03’ 0’02)

Also, suppose for (G e U ), we have;

" a, az as 17 a; az as " a, az as
" (uy) = {22,225 () = {52,928 () = 2,92 22) ang
(u) 06’05’07 (u2) 08’0305 (us) 1’06’ 02)

" _{e1 e2 €3 " —j& e & " _{e e €3
v (w) {08 0.7’ 08} MY {02 0.6’ 03} v (us) {0.5’0.4'0.1}’

Then, for (Hg+, U), we have;
a; a; as a, a; as a, a; as
w(ul) = {_I_l_}ﬁ w(uz) = {_l_l_}l a)(u?,) = {_1_)_}5 and

0.6 0.6 0.7 0.870.7° 0.5 106 0.5
={a e €& =Ja 2 & —1& e €&
y(uw) = {0.8 P07’ 0.8} v(u,) = {08 06’0 4} v (us) {0.5 ‘04’ o.z}’
Now, to get Hg+, we apply equation (2) using the above data.
Foru,:
HE*

er e; e3
= , ) fui}
08t ((1 — 0.8)(0.63+ 0.6+ 0.7)) '8 ((1 - 0.7)(0.63+ 0.6+ 0.7)) o ((1 u 0.8)(0.63+ 0.6+ 0.7))

S H { el e }
& = l0.930.89"0.03 1)
By using the same method for u, and u;, we arrived at the following effective fuzzy parameterized soft set (EFPS-

set):

e, e, /e; e/ ez* e, e e
H.« =
(He, U) {(0.93'0.89'0.93' ) (0 93’0.87°0.8’ {uz}) ( 5'0.82°0.76’ )}

Definition 3.3.9. The intersection of two EFPS-set (FE;, U) and (GE;, U) is the EFPS-set (Kg+, U) where E* = E; N
E5 and K+ is defined by;
Ky = {(ex/ule), k- (e;)): e € E* kg+(e;) € P(U)}, such that k- (e;) = f;(e}) N g3 ().
The idea of this intersection is to create new fuzzy parameter set w resulting from the intersection of w’ and w”’, and
anew fuzzy effective set y resulting from the from the intersection of y* and y".

ie, w(uy) = min{w'(uy), 0" (u;)} and y(uy) = min{y’(uy), " (u}
Hence, K- is obtained by applying equation (2) using the data provided from w and y.

Example 3.3.10. Suppose for (F e U ) we have;

’ _ a1 az as| s _Ja1 az as _Ja1 az as
w(ul)_[os‘o.e'os}’w(uZ) {02 0.7’ 0} ' (us) = {08 0.1’ 05} and

Yo = G555 g v ) = it 5 v ) = 55,553
Also, suppose for (G e U ) we have;

" a; az as 17 a a; as " a; az as
w (u1)={—,—,—} (uZ)_{ } (u3)—{1 0.6’ 02] and

0.6 0.5 0.7 08’03’05

viu) = {082 2y ) = {352,y () = {22, 2,
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Then, for (Kg+, U), we have;
a; az as a; az as a; az as
0w) ={ foa) = {5252, 2) o) = {52,52,52), and

03’05’05

02’03’ 0 08’01’02
— e e2 & — & &2 €3 =& &2 &
y(w) = {o.s 0.7’ 0.6}’ v(u2) {0.2 05’ 0.3}' v(us) {0.3 "o’ 0.1}'
Now, to get K+, we apply equation (2) using the above data.
Foru,:
Kg+

es e; e;
= ) ) A}
08t ((1 - 0.8)(0.33+ 05+ 0.5)) 07t ((1 - 0.7)(0.33+ 05+ 0.5)) E ((1 m 0.6)(0.33+ 05+ 0.5))

e; e e; }
0.89'0.83 077" ()
By using the same method for u, and u;, we arrived at the following effective fuzzy parameterized soft set (EFPS-
set):

:KE*:{

Kz 0) = { o e ef e e |
¢ 2 (0.89’0.83'0.77'{u1})'(0.34'0.59’0.42’{uz})'(0.56’0.37'0.43'{u3})

34 Algebraic Properties of EFPS-set Operations

* *

Here, we consider some of the algebraic properties of the basic operations of the new concept (EFPS-set).
Proposition 3.4.1. (De Morgan’s Laws): Let Fp:, G g € EFPS(U). Then De Morgan’s laws are valid:

c
1. (FEI* UGE}«) =F(E;)CnGE;)C
c
2. (FEI* N GE}«) = F(El*)c ) GE]*)C

Proof. From definition 3.1.3, we can see that;

Fey = u(e), Gy = u(ef), Hy;, = uley) and K = pi(e)
c
L. (Fg UGk;) =Fapen Ggye
From the left-hand side; By definition 3.2.3;

C,
(FE; U GE;) =1- max{y(ei*),u(e;)}
=1-—u(ey)
= plep)”
Also, by definition 3.2.5;

F(EI*)C N G(E}’)C = min {(1 - H(ei*));(l - #(ej*))}
= 1 max{u(e;), u(ef))
=1—u(ep)
= u(ey)”
which implies the left-hand side and the right-hand side are equal, hence the proof.
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c
(FEI* N GE]*) = F(EI*)C V) G(E]*)C
By definition 3.2.5;

c
(FE,* n GE]*) =1—min{u(e)),u(e})}
=1-—u(eg)
= u(ep)”
Also, by definition 3.2.3;

F(gpye U G(E]*)c = max {(1 — u(ei*)),(l - ,u(ej*))}
= 1 - minfu(en), u(e)}
=1—u(ey)
= pu(ep)”
which implies the left-hand side and the right-hand side are equal, hence the proof. O
We now give a numerical proof of the above proposition.

Example 3.4.2. Suppose: F: = {e—l £ & {ui}} and GE]* = {e—l £ e {u]-}},

09’085’ 08" 0.92’0.88" 0.92"’

. e e
The union = Hg = {o 927 0.88°0.92’ {u h}}

. . e. e e:
The intersection = K = {019 S ;5 038 {uk}}

Also, the complements:

_ (el e e S R e
F(EI*)C_{Ol 0.15’ oz{u }}andG( ) {008 0.120.08’ Au 1}}’

The complement of the union = H gy )ec = {0'% Oe—fz o W h}}
The complement of the intersection = K (gxye = {;—11 % ;32 {u k}}
(o
Now, (FEI* U GE;) = F(El*)c N GE]*)C
For the left-hand side:
* * * * * c
c e, e e e, €3
FoxUGr* = { } { , Ui })
( = El) ( 0.9°0.85° 08{ i) 0.92°0.88 0.92{ )

_ { e; e e
"( 0.92°0.88"0.92" "
And for the right-hand side:

:{008 012008 ““}}
which implies the left-hand side is equal to the right-hand side.

c
(FEI* n GE]*) = F(E,*)C U G(E]*)C
For the left-hand side:

({8 gaf })
Fzx N * = s i ] ) j
( Ef G%) ({09'035 0.8 431N 092" 0.88 092{”J
AR
~\0.9°0.85° 0.8 %S) Tl0.1’0.1 i

And for the right-hand side:

© 2025 Department of Mathematics, Modibbo Adama University.



121 Muhammad ef al. (2025) International Journal of Development Mathematics Vol 2 Issue1 | 111 - 130

PP L . L R T A S S
epe Y Gpe =15170.1570.2 3 Y 10,08 0.127 0,08 1
_{ef e €3 }
=0170.15 0.2 M)
Also implies the left-hand side is equal to the right-hand side. Hence, the proof.

W %

Proposition 3.4.3. (Distributivity): Let Ag;, By and Cg; € EFPS(U), then;
1. Ag, 0 (Bgy U Cg) = (Ag; N By ) U (Ag; 0 Cz)
2. Ag; U (Bg; 0 Cpz) = (Ag; UBg) N (Agy U Crz)

Proof. Suppose by definition,

Agy = u(ey), Bgy = uley), Cz = u(el), Dy = p(ey), Fgz = ulef), Gz = uley), Hy: = ple;) and Kp: =

ulex)
such that:
1. BEE U CEE == DEZ)’ AEZ nBE§ - FE;J AEZ n CEE - GEE;, AEZ n DEB == HEI":I, FE; V] GEE"; — KEI*(

Therefore,

Ag, N (BEg U CEE) = min{u(eg), max{u(e;), u(e)}}
= max{min{u(e,), u(ep)}, min{u(ez), u(e)}}
= maxtu(ef)u(e;)

Since = max{u(ef), u(e;)} = Fpz U G,
this implies left hand side is equal to the right-hand side.

2. The proof follows easily if we assume the following:

BE§ nCEE = DEZ)’ AE} UBEg = FE;,, AEZ V) CEé = GE(*;, AE:I UDEB = HE;{’ FE;, n GEE; = KE;(
O

In what follows, we give a numerical example to show the proof of the above proposition.
Example 3.4.4. Suppose:

ef e; e3 ef e e3 e; e; e3
A*={—1—2—3u}B*={—1—2—3u}andC*={—1—2—3u}
Eq 0.5’0.6’0.7‘{ alfs Ep 0.3’0.7'0.4'{ b} Ec 0.8'0.9'0.6'{ e}

1. For the left-hand side; Ag; N (BEE U CEE)

* * * * * * * * *
Eatwn((E e s wu(s s 2w

05’06’ 0.7
€1 € €3 } {31 e €3 }
=1=+,=2 = fu3Ni=,=%,=2,{u
{0.5'0.6’0.7’ a} 0.8’0.9’0.6’{ a}

_fel e e3
={Z.2.2 ) = H,

For the right-hand side; (A e, NB EE) u (A e, NC EE)
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_ €1 92 93 } { e; €3 }) ({91 ez 93 } {91* e; e })
= -, =, = —, =, = {u
([05 0.6’ 0.7’ Ua} 03’07’04’ wp}y) U 05’06°0.7" Aua} 08’09’06’ o}

= ({5 S U i 5 )

03’06 04’ WY 05’06’ 06" (Mg

* * *
_)é € €3
= (oot et ) = Ky

Since pu(ey,) and pu(ey) are equal, it implies the left-hand side and the right-hand side are equal.

2. The solution follows easily.

4. EFPS-set in Decision-Making

As an illustration, we used the data presented in the application part in Alkhazaleh (2022). The idea here, is
to outline new algorithm that is easier and more effective than that of Roy & Maji (2007) and that of Alkhazaleh

(2022).

Algorithm 4.1. Here, we give a new algorithm as a modification of Roy & Maji’s and Alkhazaleh’s.
1. Intwo separate tables, input the fuzzy effective set w and the fuzzy parameters set y.

2. Input the set of the reformed parameters E* over U.

3. Compute the corresponding resultant EFPS-set F g« and place it in a tabular form.

4. Compute the row sums 1; and the average row sum c; Yi in order to deduce the fuzzy score of each
candidate and place it in a tabular form. (Where r; = Yu(e;") and c; = ZTE(EI ))

5. Compute the ranking table.

Note that the ranking table contains different categories deduced based on the scores obtained in item 4 of
the algorithm. Also, there is no need for the comparison table because we are not dealing with multi-observer data.

So, for Roy & Maji’s algorithm, we used (H, E) which is clearly the basic union of (F, E;) and (G, E, ) as follows:
Table 3: Tabular Representation of (H,E)

U/E e e e e, e e

x; 08 04 06 06 08 0.6
x, 06 05 08 09 08 0.6
x3 09 07 09 08 09 09
x, 04 04 06 0.7 07 07
xs 08 05 07 04 05 0.6
xs 04 05 08 04 06 05

Now, for the row-sum and the average-row sum table of the above data, we have;
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Table 4: Tabular Representation of the row sums and the average row sums of (H,E)

U row-sum (7;) average row sum (c;)

X, 3.8 0.63
X, 42 0.70
X 5.1 0.85
X, 3.5 0.58
Xs 3.5 0.58
X 32 0.53

Clearly, we can see that after computing the average row-sums, X5 has the highest fuzzy value 0.85. It’s therefore the
best to select.

Also, from Alkhazaleh (2022);

Table S: Tabular Representation of (H,ls, I )

U/E e e, es ey es €

x; 091 0.73 082 0.82 091 0.82
x, 088 085 094 097 094 0.88
x3 093 078 093 0.86 093 093
x, 073 073 0.82 0.87 0.82 0.87
xs 094 085 091 082 0.85 0.88
xs 090 092 097 090 093 092

Now, for the row-sum and the average row-sum table of the above data, we have;
Table 6: Tabular Representation of the row sums and the average row sums of (H,ls, E )

U row-sum (r;) average row sum (c;)

X, 5.01 0.84
X, 5.46 0.91
X3 536 0.89
X4 4.84 0.81
Xs 5.25 0.88
X 5.54 0.92

From the above table, after computing the average row-sums, it is very clear that the decision is to select x, since it
has the highest fuzzy value 0.92. This clearly indicates that the introduction of the effective set made changes in the
decision-making process as prescribed before by Roy and Maji (2007).
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4.2 Application of EFPS-set in Efficiency Test

Example 4.2.1. Suppose two law firms merged together and are trying to run an efficiency test among the junior
staffers in order to determine whom to let go. Things to consider for the test are categorize into two; the individual
key performance indicator and professional skills.

Suppose we have the following information for the test:

Let U = {uy, u,,..., Uy} represents the members of staff in consideration- by which the new firm will be capable of
accommodating 14 out of the 20 members. Let E = {e;, e,, €5, €,, €, €6, €;} be the set of parameters to consider in
determining the individual key performance, where e,=client list, e,=billable hours, es=percentage of cases won,
e,=monthly expenses, es=number of task completed, ec=number of matters opened and e,=originating revenue
referred to the firm. Let A = {a,, a,, as, a,, as} be the set of effective parameters which will be used to determine the
professional skills of the staffers, where a,=analytical skills, a,=communication skills, as;=teamwork,
a,=commercial awareness and as=creative problem solving.

Suppose after collating the information of every staff, we have the following fuzzy values for each parameter in
relation to all staffers:

Table 7: Tabular Representation of the fuzzy parameters set

Y(U)/E e e e e e e ée

y(uw,) 04 05 04 06 06 07 0.6
y(u) 06 07 07 06 05 08 09
y(u3) 06 06 05 07 05 06 0.5
y(u) 05 06 05 07 06 05 05
y(us) 07 07 08 06 07 06 08
y(ug) 03 04 08 06 09 08 04
y(u,) 04 04 06 05 06 07 0.7
y(ug) 05 06 05 07 08 08 08
y(uy) 03 04 04 05 04 06 0.5
y(u,) 08 08 08 07 08 05 09
y(u;,) 07 08 07 07 06 07 0.8
y(u,) 05 05 09 05 09 0.6 04
y(u) 01 02 05 04 03 02 03
y(u,) 08 07 08 06 07 08 0.8
y(u;s) 03 04 04 03 05 05 05
y(u) 03 03 05 04 05 04 06
y(u;) 09 09 07 08 07 06 09
y(ug) 05 04 05 06 06 05 04
y(u,) 08 07 08 06 06 07 0.7
y(u,) 0.6 0.6 0.6 07 06 05 0.7
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Also, we have the following fuzzy values for each effective parameter in relation to all staffers:
Table 8: Tabular Representation of the fuzzy effective set

wW)/A a; a, a3 a, as

o) 05 07 02 07 05
w(,) 07 07 08 09 0.6
w(u;) 08 04 08 06 0.7
w(,) 03 08 08 07 04
w(us) 07 07 04 06 0.7
w(ug) 09 08 09 05 0.8
w(,) 03 05 06 05 04
w(ug) 0.6 05 07 0.7 0.6
w(u) 04 05 04 04 05
o, 09 07 06 07 09
w(,) 05 03 06 06 04
w(u,) 07 07 04 08 06
o) 07 04 04 06 07
w(u,) 06 08 08 07 05
o) 02 05 04 04 0.1
o) 04 04 03 06 05
w(,) 08 07 07 06 0.8
w(ug) 04 07 07 06 06
w(u,) 05 05 03 09 06
w(uy) 0.1 02 02 03 02

So that after applying equation (2) using the data above, we have;

Foru,:

e; e;

04+ ((1 — 0.4)(0.5 + 0.75+ 02+0.7+ 0.5)) 0.5 + ((1 —0.5(0.5+ 0-é+ 02+0.7+ 0-5)>
e; e;

04+ ((1 — 0.4)(0.5 + 0.75+ 02+0.7+ 0.5)) 0.6+ ((1 —0.6)(0.5+ 0-é+ 02+0.7+ 05))

FE* = A * * >

e: €6

06+ ((1 —0.6)(0.5+ 0.75+ 02+0.7+ 0.5)) 0.7 + ((1 —07)(05+ 0-é+ 02+0.7+ 0-5))

e
1= 0.6)(05+ 07102+ 07105y 4}
L 0.6 + 5
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e e e e, e e e;{}}
0.71°0.76°0.71°0.81°0.81° 0.86" 0.81’ t

:>FE*={

Here, the above shows how we obtained the set of reformed parameters for the first staff u, . It can be seen that
the first element e; is obtained after the influence of the fuzzy values from the effective parameters set on the
parameter e;. The rest follows.

So, by using the same method for the rest of the staffers (i.e., from u, to u,,), we have the following result:

Below is the tabular representation of the resultant EFPS-set (Fg+, U).

Table 9: Tabular Representation of the EFPS-set (F+,U)

* * * * * * * *
U/E e; e, e; es e: ee e;

u, 071 076 0.71 0.81 0.81 0.86 0.81
u, 09 092 092 09 087 095 097
u; 086 086 083 09 083 086 0.83
u, 08 084 08 088 084 08 0.8

u; 089 0.89 092 085 089 0.85 0092
ugs 086 0.87 096 091 098 096 0.87
u, 0.68 0.68 0.78 0.73 0.78 0.84 0.84
ug 081 085 081 089 092 092 0092
uy 061 0.66 0.66 0.72 0.66 0.78 0.72
u, 095 095 095 093 095 088 0098
u; 084 09 084 0.84 079 084 09

u, 082 082 09 0.82 096 0.86 0.78
u; 06 065 0.78 0.74 0.69 0.65 0.69
uy, 094 09 094 087 09 094 094
u; 052 059 059 052 0.66 0.66 0.66
u,s 048 048 0.72 0.66 0.72 0.66 0.78
u; 097 097 092 094 092 0.89 0097
ug 08 076 0.8 084 084 0.8 0.76
u,, 091 087 091 0.82 082 087 0.87
U, 0.68 0.68 068 076 0.68 0.6 0.76
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Table 10: Tabular Representation of the row-sums (1;) and the average row-sums (c;) of the (Fg+, U)

U row-sum (r;) average row-sum (c;)
w 5.47 0.78
u, 6.43 0.92
Us 5.97 0.85
u, 5.76 0.82
Us 6.21 0.89
U 6.41 0.92
w, 5.33 0.76
U 6.12 0.87
U 481 0.69
Wo 6.59 0.94
W, 5.95 0.85
Uy 6.02 0.86
Ui 4.8 0.69
W, 6.43 0.92
U 42 0.6
Wi 4.5 0.64
W, 6.58 0.94
W 5.6 0.8
Upo 6.07 0.87
Uy 4.84 0.69

Now, we used the scores obtained from the above table in order to deduce staff ranking as our final step:

Table 11: The Ranking Table

Ranking Members of Staff (U) Score (c;)

1st
an

3rd

4th
5th
6th
7th
8th
9th

Uy, Ug and Uy,

Uy, and u,,

Us
ug and u; o
Uy

ug and Uy

0.94
0.92
0.89
0.87
0.86
0.85
0.82
0.80
0.78
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Ranking Members of Staff (U) Score (c;)

10th Uy, Ug, Uy3 and Uy, 0.69
11t Uie 0.64
12t Uy 0.60

We can see that from the above table, we have 12 categories, and that staff u,, and u,, has the highest scores, while
staff u,s is with the lowest score. Since the firm wants to maintain 14 out of the 20 members of staff in
consideration, therefore staff u,s, Uy, Uy, Uy3, Ug and u, are the ones to let go.

5 Conclusion

As a way forward in dealing with uncertainties, we have introduced a new concept (EFPS-set theory) within
the frame work of effective set; where the fuzzification goes to the elements in the set of parameters, which proves to
be more perfect and efficient in decision-making. We study some of the basic set operations such as: union,
intersection and complement; and we used these operations to consider some algebraic properties by proving results
like the De Morgan’s laws and the distributive laws. Additionally, we developed a new algorithm by modifying the
algorithms given by Roy & Maji and Alkhazaleh; thereby giving a comparison test which shows that the new
algorithm can be adopted in solving choice making problems. Also, the new concept has been applied to solve a case
involving efficiency evaluation test; where a sample of 20 candidates are successfully examined. In sequel, further
research can be conducted on the application of the EFPS-set theory in areas like: decision-making, data analysis and
optimization problems. Also, experts in fuzzy logic and soft set theory may refine the framework and expand its
potential to handle uncertainties.

Acknowledgements: The authors respectfully appreciate the reviewers kind comments and corrections which have
greatly improved the work.
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