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ABSTRACT

We develop hybrid methods utilizing collocation at polynomial nodes for the
numerical integration of singularly perturbed non-linear initial-value problems.
The present methods are intended for solving nonlinear singularly perturbed
initial value problems without linearization and provide third and fourth-order
convergence results. We use piecewise-uniform meshes which resolve the
difficulties arising from the steep gradient of the solution in the initial layer.
Linear stability of these methods are studied. Numerical experiments are carried
out to verify the efficiency and accuracy of the methods. The new hybrid
integrators are effectively employed to achieve accurate representation of

singularly perturbed systems, providing physical interpretation of what they
represent in natural phenomena. These are illustrated through phase plots that
exhibit unusual and novel behaviors. The resulting surface phase plot curves
represent portions of the phase space of a perturbed system, frequently illustrating
real world observed phenomena. These are depicted graphically as surface phase
plot curves shown in Figures, while numerical values are presented side by side in
Tables.

MSC 2020 Subject classification:
34A30, 34A34, 92B05, 92-10

1. Introduction

Singular perturbation problems occur in numerous applied fields, including fluid dynamics, optimal control,
chemical reactor theory, dynamics of dry-flowing avalanches, etc. We shall be interested in the singular perturbation
problem obtained as the small positive parameter & tends to zero. Singularly perturbed system of ordinary
differential equation can be written in the form,

&y’ = (X y(x)), 0<x<1,
Y(Xo) = Yo

on a bounded interval (say, O < X <1) with smooth vector function f of dimensions M and with prescribed initial

(1)

vectors y(xo) . There are challenges in numerically integrating (1) because the solution frequently exhibits a narrow

initial boundary layer region of rapid change and so-called stiffness in the outer region where X > 0. The equation
develops insight and intuition based on a sequence of solvable model problems, and it relates a variety of literature
scattered throughout asymptotic and numerical analyses, stability and control theory and some specific topics in
applied mathematical modeling. The existence of a small parameter & in particular which is associated with the
highest derivative leads to the inadequacy of traditional numerical methods in producing satisfactory results.
Consequently, it is essential to explore specialized techniques for the numerical resolution of singular
perturbation problem of the type in equation (1). It fosters understanding and intuition through a series of
manageable model problems, while also connecting diverse literature found across asymptotic and numerical
analyses, stability and control theory, as well as some subjects in applied mathematical modeling. Our focus will be
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on the singular perturbation problem that arises as the small positive parameter & approaches zero. Experimental and
theoretical findings indicate that an adiabatic tubular reactor, undergoing a straightforward first-order irreversible
exothermic chemical reaction, may display multiple stable steady states. The chemical and mathematical frameworks
for these phenomena are detailed in the works of Aris (1969) and Ramos et al. (2010). The mathematical
representations of these chemical reactions consist of differential equations where the highest order derivative is
multiplied by a small positive parameter & as shown in equation (1). Specifically, one should examine the nonlinear
initial value problem that emerges in the context of chemical reactions as given in Burghardt and Zaleski (1968).
Some challenging illustrative examples are considered in detail.

Definition 1.1: Butcher (2003). The function f satisfies a one-sided Lipschitz condition, with one-sided Lipschitz
constant I, if for all xe [a, b] and all u,ve RN,

( f(xu)=f(x,v),u-v)<lju —VHZ,

. : 2 . . :
where the norm is defined by ||u|| ={U,U) assuming that there exists an inner product on RN

It is possible that a problem will have a very large Lipschitz constant, but a manageable one-sided Lipschitz
constant. This can help us find realistic growth estimates for the effects of perturbations, as can be seen in the
following theorem.

Theorem 1.1: Butcher (1987), If | satisfies a one-sided Lipschitz condition with constant I, and y and z are each
solutions of (1) then for all X 2 X,

[y(x) = 2(x)]| < exp(l (x =X, )Y (o) = 2(X, )|

From this result, it shows that the distance between any two solutions will not increase rapidly or may even
decrease if the equation has an adequate one-sided Lipschitz constant. Since stiffness is closely related to the
behavior of perturbations to a given solution, it is important to find out the effect of small perturbations with a one-
sided Lipschitz condition.

Consider the type of equation in (1) with Y(X), a solution, and &Y (X), a small perturbation to the given solution.

Replace Y(X) in the equation by Y(X) + &Y (X) and expand the solution in a series in powers of & up to the second
order, then we get,

y'(X)+&Y'(x) = f(x, y(x))+g%Y(x). (2a)

Subtract the equation in (1) from equation (2a) and simplify it, then finally obtain the equation which controls the
behavior of the perturbation,

oy OF
Y'(x) _@Y(x) (2b)

=J(X)Y (),
where J(X) is the Jacobian matrix of f(X,Y(X)). We can use the spectrum of eigen-values of J(X) to
characterize stiffness. The eigen-values of J(X) determine the growth rate of the perturbation with a moderate
change in the value of the solution and a very small change in J (X) in a time interval AX . The existence of one or

more large and negative values of A where 4 € 0(J(X)) and X € AX indicates that the stiffness is present.

To find the approximate solution of (1) based on Taylor series method of expansion we consider a
polynomial of the form in Yakubu et al. (2017) given by

© 2025 Department of Mathematics, Modibbo Adama University.



3 Yakubu et al. (2025) International Journal of Development Mathematics Vol 2 Issue 1| 001 - 021

i
Y(X) =ap + X+, X 4+ a, X=X (20)
i=0

Setting p =1+ Sto be able to determine uniquely {Oli }where t > Ostands for the interpolation points used and
S > O are the distinct collocation points chosen from the interval X i € {Xn, Xnu } Our main objective is to utilize not
only the interpolation points {Xn ‘i } but also several collocation points on the interpolation interval by differentiating
equation (2¢) to fit both Y(X)and Y'(X)in the sense of Yakubu et al. (2017). To determine the parameters

{ai }, = 012,..., p —1, we consider the following interpolation and collocation conditions as follows:

Yo = Y(X, +ih), ie{012,...,t-1}

/ - i : 3)
Yooi = fooy = £ + 0 y(x, + jh), (1=012,...,5-1).

When we combine the expression in (2¢) with the interpolation and collocation conditions in (3), we obtain a matrix
form of equation as follows:

DC=1, “4)

where [ is an identity matrix of appropriate dimension

G v % huyg -hog,
So o Ha hUz,o hUZ,s—l
C= l93,0 I93,t—1 hUs,o hU3,s—1 _p* 5)
940 G hUA,o hUA,s—l
‘gp—l,o ""gp—l,t—lhup—l,o hUp—l,s—l
and
2 3 p-1
1 X, X, X X
2 3 p-1
D = Xnta Xnea Xnea o Xowa (6)
2 1y P—2
0 1 2x,  3x; --- DX
2 1y P2
0 1 2Xn+s—l 3Xn+s—1 - D Xnrsa

where D’ in (6) represent the first derivative corresponding to the differentiation with respect to X . Similar to the

Vander Monde matrix, D in equation (4) is non-singular. Therefore, a close form solution for the system in equation
(4) is presented which has been obtained by considering the inverse of D , that is,
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cC=D" (7)

Re-arranging equations (4)-(7) to have the multistep collocation formula of the form
=1 s—1
y(X) = Zlgj (X) yn+j + hzuj (X) fn+j ’ (8)
j=0 j=0

where 9. (x) and v; (X) are continuous coefficients of the method and are assumed polynomials of the form

t+s-1
G() =9, jeiol2.. . t-1} ©)
i=0
t+s-1
ho;(xX)=h> v, . X", j=012,...s-1. (10)
i=0

The step size h in equation (8) can be a constant or varied in the numerical integration process. The basis function
{XI } in equations (9) and (10) is defined by

Wi(x):ixi.

Here Yy and f are smooth real N-dimension vector functions. The numerical constants coefficients Gia

and v.. ,in equations (9) and (10) are to be determined. In fact, the above constants coefficients can be obtained

J i+l

from the component of the matrix D~*. The choice C = D leads to the determination of the numerical constants
19j'i+1and Ujmin equations (9) and (10) respectively. Actual evaluation of the matrices D and C are carried out
with a computer algebra system, for example maple software.

2. The Solution Methods
2.1 Hybrid method from polynomial nodes of order 3 with two off-step points

In this section we consider some hybrid methods which will be competitive with their counterparts in
literature by careful selection of the collocation points, which will make the methods to have smaller error constants
and zero-stable. This is because among the hybrid methods, those with smaller error constants, A-stable and L-stable
are preferred when integrating differential equations. Therefore, the (M —1) collocation points called the intra-step
points are introduced to improve the accuracy of the methods. They are denoted by U,V and specifically chosen to
ensure that the methods can accurately integrate linear and nonlinear singularly perturbed initial value problems and

to maintain the zero-stability (see, Fatunla (1991). Following Yakubu et al.(2017) we obtain the first hybrid method
and the coefficients are compactly shown below,

—205+65+/5y; -35+19/5 205-891/5 95-55\5 |-,
Ynsu Yn 120 120 120 120 Ynsu
_ -205-657/5y;, 205:8945 _35-19/5 95+55V5 || \,r
yn+v - yn + h 120 + h 120 120 120 yn+v (1 1)
5y, 254125 25-125 5 !
yn+1 yn 50 50 50 50 yn+1
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2.2 Hybrid method from polynomial nodes of order 4 with three off-step points

The second method, here we choose the collocation points very carefully to have a better and accurate
method of higher order with requirements as specified above in the first subsection. Therefore, in addition to the
interior collocation points U and V we select W to have three accurate interior collocation points, as shown below:

[ —21270+9150/5y, | [1074-870J5 24192115205 9174-4110/5 —12270:5550V5 |-,
Yosu Y, 3600 3600 3600 3600 3600 Yisu
5530y, 464+270J5 2688 464-2705 1030 ’
yn+w yn 9600 9600 9600 9600 9600 yn+w
= +h +h (12)
y y —21270-91505y, 9174+4110/5 24192115205 1974+870J5 —12270-5550V5 y’
n+v n — 3600 3600 3600 3600 3600 n+v
’
Yoa Yn 1140y, 17887205 2304 1788-7205 -1440 Yoa
3600 1 L~ 3600 3600 3600 3600 |-

The application of the derived methods is very easy, since it should be in block solution form.

3.0 Analysis of the numerical properties of the hybrid methods
3.1 Order of the hybrid methods

Order of a method is one of the fundamental properties of a new derived method, aside zero-stability and
consistency, order of convergence and stability characteristics. Therefore, here we calculate the order of the derived
methods. We demonstrate the calculation of order using method (12) in subsection 2.2 above, following Lambert
(1973) page 23, we have

1 1 0 0 0
4 : 4 9 4 L 4 g 4 0
0= 4|0 Yu=T o > Uy = > VL= ’
1 0 0 1 0
1 0 0 0 1
[ —21270:9150/5 | 1974-870J5 [ 24192115205 |
3600 3600 3600
5530 464+270/5 —2688
o e 9600 Ry 9600 L = 9600
0 —21270-9150V5 |’ H 9174141105 |’ w 24192111520/5
3600 3600 3600
=1140 1788+720/5 2304
1\ 3600 | T 5 3600 "
917441105 | [ 22701555045 |
3600 —3800
464-270V5 1030
L = 9600 D= 9600
v 197418705 1| 12270555045
3600 3600
1788-7201/5 =14407
3600 J L 3600 _

To obtain the order, we substitute the above matrices into the following, to have

Co=%+4+4,+4+9=0
C,=[3 +()g, +(w)3, + (V)& |- (v, +v, +v, +v, +1,)=0

C, =49+ (P4, + (WP, + (v}, |- (0 + U, + W, + (V) )=0
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C,=% [9 +(u) 8, +(W)39W+(V)39VJ %[Ul W20W+(V)2UVJ=O
C, =49 +()'s, +(W)419W+(v)48VJ—(§)[ul+( Fo, + (W Fo,|=0

Co =49+, +(w )st+(v)59vj_(%)[ul+(u)4uu+(W)4UW+(V)4UVJ¢0

and after routine algebraic simplifications we have
C,=C,=C,=C,=C, =0, butC, #0.

This shows that the highest order of the newly derived hybrid methods have attainable order of four (4) with
error constants displayed in Table 1.

3.2 Zero-stability analysis of the hybrid methods

If a numerical method for singularly perturbed or singly perturbed or dynamical systems of ordinary
differential equations advances the solution in time while maintaining the stability of the trivial solution, that is, the
solution in which all variables equal zero, it is referred to as zero-stable. This implies that any little changes to the
initial circumstances won't grow or make the solution limitless; rather, they will stay modest as the solution is
calculated. For numerical methods, zero stability is a crucial feature since it guarantees that the method will yield
significant findings even in cases when the initial conditions are only roughly known. Zero-stability assessments,
which involve applying the method to test issues and analyzing the behavior of the solution, can be used to evaluate
the stability of numerical methods. As the solution is calculated, a numerical method that is not zero-stable may yield
solutions that deviate from the actual solution or become unbounded. In these situations, the method can be deemed
untrustworthy and might require revision or improvement to yield more accurate findings. By effectively considering
a numerical approach as a difference scheme, zero-stability offers a way to analyze its stability. Well-posedness of
the resulting difference scheme is equivalent to  zero-stability of a numerical method.
Therefore to determine the zero-stability of the hybrid methods the following equations results from writing the
hybrid method in matrix form:

Uy, =uh  +hlvOF,  +vOF, ), (13)

where

(yn+u’ Yorw Ynevr yn+1) , u—l (yn—u 1 Yn-wr Yn-vs Yn )T >

_ T T
Fy - (fn+u’ fn+w’ fn+v’ 1:n+1) ) Fﬂ—l = (fn—u’ fn—W' fn—v’ fn) )
and U® U@ v ®and V Qi this case are maximum of 4 by 4 matrices with their corresponding entries given by

the coefficients of the methods in subsection (2.2). The matrices for the method are given as below where U @) is the
matrix identity and of dimension 4,

; (14)

o O o o
o O O o
N N

© 2025 Department of Mathematics, Modibbo Adama University.
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[ 21270:91505 ] [1974-870/5 24192115205 9174-4110/5 —12270+55501/5 |
3800 3600 3600 3600 3600
5530 464+270J5 2688 464-270J5 1030
VO _ 9600 VO _ 9600 9600 9600 9600
—21270-9150V5 | 9174+4110J5 24192:11520/5 19741870V5 —12270-5550v/5
3600 3600 3600 3600 3600
1140 17887205 2304 1788-720Y/5 -1440
L 3600 _ L~ 3600 3600 3600 3600

The zero-stability is always the stability of the difference system by taking the limit when h tends to zero. Hence, as
h — 0, the method in (12) becomes,

Uy, -u® =0, (15)
with p(R) as the first characteristic polynomial of the system written as
p(R) =det(RUY —u @) (16)
Substituting the matrices U ® andU © from equation (14), into (16) we have
1000 0 001
R)=|R 0100 0 0 01 -
P71 N0 01 0( o001 ok
0 0 01 0 001

Simplifying (17) to obtain,
p(R)=R*(R-1)=0, = R=(0,0,01). (18)
Since R =(0,0,0,1) the method in (12) is zero stable.

Similarly, it is possible to show that method (11) is zero-stable following the same calculation.

Definition 3.1: Lambert (1973) (Zero-stable) The family of methods in (8) are said to be zero-stable if the roots
condition

K
p(A) = det{z A%k‘l} =0, (19)
i=0

satisfies the inequality‘ﬂ,j‘ <1 j=1 2, 3,...,k. But when the inequality reduces to ‘/1]‘ =1, then the
multiplicity should not be greater than one.

Based on definition 3.1, the newly derived hybrid methods are zero-stable which are attractive for handling
dynamical systems as well as singularly perturbed initial value problems.
Table 1 displays the derived hybrid collocation methods' orders and error constants based on our computations. The
Table makes it evident that the hybrid collocation techniques are higher-order and, therefore, more accurate than
some of the current collocation techniques in literature.

© 2025 Department of Mathematics, Modibbo Adama University.
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Table 1: Order and Error Constants of the Hybrid Collocation Methods
Method Order Error constants

)Y, P=3  C.=64583x107
Method (11) ) Yna ! .
i)y, ,.P=3  Ce=6.3750x10
iy, p=3  Ce= 3.3333x107°
+v 1
) Ypur P=4  Cs=9.8958x107

Method (12) i) P=4  Cs=31250x107
yn+w’ - % ’

-2
iy, p=4  Cs= 4.6875x10

_ -2
)y, P=4 Cs=7.4404x10

Definition 3.2: Lambert (1973) (Consistency) The family of methods in (8) are consistent if the order p of the method
satisfy the inequality p >1,
(i) () =0 and
(ii) P'(D) =o (1), where p(z) ando(z) are 1% and 2" characteristic polynomials which are
assumed to have no common factor.

From Table 1 and definition 3.1, we can attest that the derived hybrid collocation methods are consistent.

Definition 3.3: Lambert (1991) (A(« )-stable). The family of methods in (8) are A(«& )-stable if the inequality
0 < a < 7/ 2and the angular sector

S, = {z eC:larg(-2)|<a,z# 0},

is contained in the stability domain R .
When the interval of absolute stability consists of the negative real axis, the method is said to be AO —stable.

Definition 3.4: Ramos and Patricio (2014) The family of methods given in (8) are said to be irreducible if the
continuous coefficients 3, (X) and v;(X) have no common factor.

3.3 Order of convergence of the hybrid numerical integration methods

The order of convergence of the recently derived block hybrid numerical integrators (methods) is examined
in this section. We give some definitions to aid in our analysis of the convergence of the techniques. We use the
block approach described in (12) as an example.

Definition 3.5: Lambert (1973) 4 function f (X, y) satisfies the Lipschitz condition on the domain D < R if there
exists a constant L > O such that,
[Fooy =y <Ly-y].

forall(X,y),(x,y)eD.

Definition 3.6: 4 linear multistep method (LMM) is said to be convergent, if for all initial value problem subject to
the above Lipschitz condition:

imy, =y (x,)

for all solutions {yn }ofthe method (see, Lambert (1973).

Assuming that the exact solution of y, , is y: .1 Which is written precisely as

© 2025 Department of Mathematics, Modibbo Adama University.
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. 1140hf, (1788+720V5hf,,  2304hf ., (1788-720V5hf, ., 1140hf,,
+ +

. N B
Yoa = Yn 3600 3600 3600 3600 3600
25 .
+——hoy"® +R,,
366 y (gn) 6

where Ry is the remainder term. Subtract y_, from y: ,, to obtain

* * ‘ ! *
Yo = Yo = yn yn_@ f (Xn ' Yn )_ f (Xn’ Ya )]+ 1788 + 720\/5 [f (Xn+u v Yoru )_ f (Xn+u v Yoiu )]

3600 3600

+ 2304h [f ( ) )_ f (Xn+w' Yoiw )] i 720\/7

n+w? J n+w

Xy y;+v )_ f (Xn+v Yoy )]

3600 3600
_1140h 4\ 250° 0
3600 [f (Xn+1' yn+1) f (Xn+1' yn+1 )] 336 (5 ) R

Lettingdn = yn - yn pas dn+v = yn+v - yn+v’ dn+1 yn+1 yn+1’ then we have

d,,< ( 1140h LJ‘d ‘+(1788+720f)n PP LT 1788 - 720fh
m=7 ze00 )" 3600 mel* gg0p O 3600

1140h 25h®

3600 A + 336 7
This simplifies to

Y (&)+Rs

1140h 1140h !1788+720f b ., 2304h
1 3600 - Al =( 1~ 3600 3600 Ll 73600 Ao
(1788 -7205h 25h° s .
+ 3600 L‘dn+v‘ + 336 y (é:n )+ O(h )

As h — 0 with the exception of |d n | every other term on the right hand side tends to zero while on the left hand side

we are left with |d n+l| and by definition of convergence, we have

Ilm yn+l yn+1

The convergence of Y, , is established in agreement with the works of Ismail et al. (2020) and Akinola and
Akoh (2023). Therefore, it can be shown that the other members of the block, y, ., ¥,., andy,, converge. Hence,
we have shown that the new block hybrid numerical integrators are convergent, the remainder term R, which is

defined as

R,., =C,,h"2y"®3(g)=0(h?).

p+2
Therefore, the highest order of convergence of the new block hybrid methods is 6.

3.4 Regions of Absolute Stability of the Hybrid Methods

It is a combination of order and stability which ensures convergence of a numerical scheme to the exact
solution. Here we choose to utilize the capabilities of our computer algebra system to automate the task of finding
stability regions for numerical methods in the following section of the paper.
The concept of linear stability or stability is very important in the study of newly derived method, where it is used to
determine the long-term behavior of a system and to identify critical points that determine the stability of the system.
It is also used in control theory to design controllers that stabilize unstable systems, and in engineering and physics to
study the stability of structures and fluid flows. The step-length AX —> O characterizes the behavior of the
underlying numerical technique. This behavior is connected to the idea of zero stability, which we discussed earlier
in subsection 3.2 and is related to the behavior of the method. In other situations, though, a practical point of view
requires a different idea of stability. To be stable, a numerical method must be able to reliably give results for some
non-zero value of the step-length, denoted here by the notationh > Q. For the numerical approach that is being

© 2025 Department of Mathematics, Modibbo Adama University.
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considered, this kind of behavior is referred to as the linear stability behavior, and it involves applying the strategy
described by Dahlquist (1963) for solving a linear test problem of the form

% =2y(t), AeCand RA<O0, (Cisacomplex number), (20)

with a fixed positive step size h > 0 is usually used since it is very helpful in predicting the stability behavior of
numerical methods. In such a typical stability analysis for (20) which is considered as having oscillatory solution,
any of either, A( & )-stable, A-stability, L-stability is very much preferred. It is an established fact that R(z) the
stability function is a major tool to measure the stability behavior of numerical solution. But, since our numerical
integration methods are first aimed for numerical solution of singularly perturbed or dynamical systems (using block
hybrid collocation methods) we suppose that the methods should possess unlimited regions, that is,  A-stability.
Note, that in particular the A-stability and L-stability properties were originally introduced as criteria which show
how well numerical approximations trace the important properties of the exact solutions in form of the exponential
function. Therefore, to study the stability properties of the block hybrid collocation methods we reformulate (11) and
(12) as general linear methods (see, Burrage and Butcher (1979, 1980). Hence, we use the notations introduced by
Butcher (2008) where a general linear method is represented by the partitioned (S+ )X (S+I)matrices
(containing A, U, B and V). For the sake of simplicity, we swap the matrices U, V with C, D, respectively. These
matrices are denoted in a simplified form as

A:(aij)s,s, C=(cij)s,r, B=(bij)r,s, D:(dij)r,r. (21)

The formulae for the stage values and the output values using Kronecker product notations for an N -dimension
problem, gives

Y=e®y,+h(A® 1 )F(Y), (22)
yn+1: yn +h(bT ®IN)F(Y)’

where

e= [1]SX1, A= [aij JSXS, b= [bi ]sxl

and
Y, f(Y,)

Y= TZ . F(M)= f(:Yz) . (23)
v ()

The coefficients of, A, C, B and D show the relationship between the numerical quantities which arise in the
determination of the region of absolute stability (RAS).

For the stability regions, we adopt the approach of Akinola and Akoh (2023) where the block hybrid numerical
integrators are expressed as:

© 2025 Department of Mathematics, Modibbo Adama University.
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all o aln yn+u bll o bln yn—u
. ‘. . PR S ¢ ‘. . . +
an1 o ann yn+1 bnl o bnn yn
Ciy o Cin fn+u d11 dln fn-u
Cnl Cnn fn+1 dnl dnn fn
with
AY_=BY_,+hCF, +hDF, . (24)

Using method (12) to show the calculation of region of absolute stability following Akinola and Akoh (2023) we
have the method expressed as

1 00 O} VY 0 00 1|V,
Al|01 0 0] o 5 [0 00 1y,
- 1 ™ l
0010]y,, 0001y,
000 1)y, 000 1]y
[ 19748705 24192115205 9174-4110J5 -12270:5550J5 |
3600 3600 3600 3600 fn+u
46442705  _ 2688 464-270\5 1030 f
C= 9600 9600 9600 9600 n+w
9174+4110/5 24192115205 1974:870J5 -12270-5550\5 | f ’
3600 3600 3600 3600 n+v
1788+720J/5 2304 1788-720V/5 —1440 fnJrl
3600 3600 3600 3600 |-
i 2127+9150J5 |
0 O 0 3600 fn—u
5530
D= 000 9600 fn—w
21270-9150V5 || f
0. Ov'Qp 2zeE
1140 f
000 o |[f

Substituting the matrices into the characteristics equation we have
yr =M@y, n=12,...N1, 2= 40,

where the stability matrix M (z) is defined by
M(z)=D+zB(1-zA)"'C.

We also define the stability polynomial (77, z) by the relation
p(n,2) = det(nl —M (2))

_ det(r(A—Cz — DIz) — B). @)

The region of absolute stability of the method R is given by
R=xeC:p(n12) =1:>|77|S1.
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12

These are plotted to produce the required graphs of the regions of absolute stability of the hybrid collocation methods

as shown in Figure 1.
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Remark: The stability of the proposed methods given in (11) and (12) where as their absolute stability regions are
plotted in Figure 1(i) that contains the complex plane. The corresponding 3D graphics surfaces (3D stability
surfaces) for the proposed third-and fourth-order methods are also shown in Figurel (ii) and (iii), respectively. For
a method having a nonlinear structure, considerations concerning regions of absolute stability are an old concept.
Nowadays, the concept has been taken over by the new concept of graphic surface of a nonlinear function. Some of
the renowned works (see, Qureshi et al. (2021) and Ramos et al. (2021) introduced theoretical aspects of the graphic
surface that are now considered to be the most powerful approach for the formulation and analysis of numerical
schemes.

4. Results and Discussion

In this research work, an attempt is made to devise a family of methods which has been found to be stable.
This feature makes them more suitable for solving stiff and singularly perturbed systems in ordinary differential
equations. These methods have demonstrated their ability to handle different type of problems with different
difficulties in solving them numerically. We apply the newly derived methods to stiff, singular, and singularly
perturbed initial value problems (IVPs), each with its peculiarity. Here, we use a fixed step size to show their
capability in handling the mentioned problems, some of which have singularities and cannot be solve with method of
limited region of absolute stability. We use Matlab codes to implement the new derived methods. In the discussion of
results we use NfE to represent number of function evaluations and EXt to stand for the exact solutions for

comparison purposes.

Example 1: A singularly perturbed IVP (see, Ramos et al. (2010)): In the following a nonlinear singularly
perturbed initial value problem which is a pseudo-second-order kinetic equation used to describe time evolution of
adsorption under non equilibrium is considered in the interval [0, 1],

au'(x) = u(x) —u(x)®, x e [01],
u(0)=0.1,

with the exact solution given as,

L
exp| —
u(x)= =l

99+ exp(zxj
&

The maximum point wise error obtained from the solution on uniform mesh are given in Table 2 which shows that

the hybrid algorithm is working for the given value of the parameter & = 107 on the uniform mesh. As observed the
new method performed better than the method in Yakubu et. al. (2023). Thus, the two methods were obtained from
polynomial nodes.

Table 2: Absolute errors in the numerical integration of Example 1

X u Method (11)[u(t) —u, (t)| Yakubu et al.(2023)[u(t) — u, (t)|
2 u 1.053492207543638 x 10-% 4.096607446246153 x 1002
50 u 6.280533093594443 x 10°% 1.462301231214269 x 1007
150 U 1.110223024625157 x 1016 1.110223024625157 x 10716
250 U 1.110223024625157 x 1016 1.110223024625157 x 1016

© 2025 Department of Mathematics, Modibbo Adama University.
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Figure 2: Solution curves for Example 1 using the new methods with nfe =500

Example 2: A nonlinear Riccati equation: This problem is coupled with initial value given by

u'(x) =—4+4u(x)-u(x)?>, u(0)=1,
whose exact solution is U(X) = 2X—]/ X —1land also has a pole at X=1. This is a very challenging singular

nonlinear problem, especially for method with limited region of absolute stability. Based on the solutions presented
below, the two methods have no difficulty in dealing with problem of this type. We observed that the bigger the
number of steps is so is the corresponding error. The solution curves are shown in Figure 3a and 3b, while graphic
surface curves are displayed in 3¢ and 3d respectively.

Table 3: Absolute errors in the numerical integration of Example 2

x u Yakubu et al.(2004)|u(t) —u, ()] Method(12) [u(t) —u, (t)|

2 u 2.684297228938704 x 10712 8.038014698286133 x 1014
50 u 1.354034662170989 x 1010 3.935629599993717 x 1012
150 U 4.377839202263090 x 10710 1.196909238387889 x 107
250 U 7.788761857696613 x 10710 2.000277721236898 x 10t
500 U 1.836328311632940 x 10°%° 4.009115261993657 x 101t

© 2025 Department of Mathematics, Modibbo Adama University.
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Figure 3: Graphic surface curves for Example 2 using the new method with nfe =500

Example 3: A singularly perturbed IVP Ramos et al. (2010): This problem is characterized by the presence of a
small perturbation parameter € in the solution or discontinuity. The problem is given by

au'(x) = exp(-u), xe[0]],
u(0)=0,

© 2025 Department of Mathematics, Modibbo Adama University.
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whose exact solution is given as,

u(x) = Iog(1+§j
&

Upon the application of the derived new methods for the small parameter & = 10% the maximum pointwise absolute
errors on the nodal points in the integration interval are obtained as shown on the Table of values below, which
indicates the necessity of the uniform order method for singularly perturbed initial value problems. As observed, one
can see the third order convergence from these results.

Table 4: Absolute errors in the numerical integration of Example 3

X u Method (11) u(t) —u, (t)| Method (12) u(t) —u, (t)|

2 u 1.338011398725747 x 10°% 4,017898420859123 x 1010
50 u 5.457658576457636 x 1070 1.965931872220487 x 10
150 U 1.186757261906202 x 1007 5.960124983524565 x 10-%
250 U 1.488292379336897 x 1077 9.930420074612256 x 10%
500 U 1.675240302034808 x 1007 1.975274433758251 x 107
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Figure 4: Solution curves for Example 3 using the new methods with nfe =500

Example 4: A singular initial value problem Odekunle et al. (2004) This problem is characterized by the presence

of a pole in the solution or discontinuity. This problem has been used as a numerical test for different integrators

intended for numerically solving singular initial value problems. The problem is given by

© 2025 Department of Mathematics, Modibbo Adama University.
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u'(x) =1+u(x)?, u(0)=1,

with theoretical solution U(X) = (X+7z'/ 4)which has a simple pole when X is equal to 7, / 4 . The solution of the

problem becomes unbounded in the neighbourhood of the singularity at X =7 / 4 as observed by Odekunle et

al.(2004) As the right-hand side of the differential equation is a polynomial inU of second degree, our method
integrates the problem exactly, that is, without local truncation error. In Table 5 we present the results obtained from
the newly developed scheme which are more accurate than that obtained by Odekunle et.al. (2004), using an inverse
Runge-Kutta scheme of order four. The obtained results are clearly better for this problem and we observe the ability
of the method to overpass the singularity. In Figure 5 the exact and the discrete solution with N = 0.1 are shown on
the interval [0, 1]. In addition, if one extends the interval of integration including more singular points, it seems that
the numerical approximation follows the analytical solution without serious effects as shown in Figure 5(a, b). In the
Figure we have plotted the graphic surface of both the exact and discrete solution obtained with h = 0.1.

Table 5: Absolute errors in the numerical integration of Example 4

x U Kwami ef al. 2016)[u(t) — U, (t)] Method(12) u(t) —u, (t)|
2 u 1.110223024625157 x 1026 1.110223024625157 x 1026
50 u 5.415745629733237 x 1071 5.278000259067994 x 1013
150 u 1.752904932317279 x 107 1.612487920965577 x 10712
250 u 3.125618874832981 x 10 2.712052804554332 x 1012
500 u 7.450735584058066 x 10° 5.519584789226428 x 1012
150 T T T T T 150
— u(x) 160 ——y(x) 60
e YX)EXE e y(X)Ext
100 1 100 1
r 150 50

40

30

20

10 10

-100 : : - t -100
0 0

(a) (b)
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Figure 5: Graphic surface curves for Example 4 with nfe =500

Example 5: Stiff differential equation: A stiff differential equation which involves rapidly increasing or decaying
transient solution, which results in a difficulty for most of the numerical methods especially those with limited
regions of absolute stability is considered. The method in (12) was tested on the problem written as

u’(x) =-100u(x) + 99 exp(2x), x €[0,10],
ﬁ@za

with exact solution given by,
33 _
u(x) = _(GZX - 100x)
34

The problem has been integrated on the interval [0, 10] with h =0.1 and the results are presented in Table 6, while the
graphic surface plots are shown in Figure 6.

Table 6: Absolute errors in the numerical integration of Example 5

X u Method (12) [u(t) —u, (t)| Kwami et al.(2016) u(t) —u, (t)|
2 u 3.339342691255354 x 107 4.943961906533900 x 1017
50 u 5.551115123125783 x 107 6.800116025829084 x 1016
150 U 1.110223024625157 x 1016 2.053912595556540 x 1015
250 U 2.775557561562891 x 1016 2.331468351712829 x 10715
500 U 1.110223024625157 x 1016 3.330669073875470 x 10715
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Figure 6: Graphic surface curves for Example 5 with nfe =500

5. Conclusion
In this study, we have formulated two numerical methods for approximating both linear and nonlinear

singularly perturbed initial value problem in ordinary differential equations. This was accomplished through the
combination of various collocation techniques. Specifically, we employed a one-step and multistep collocation
processes to develop the hybrid collocation methods of third and fourth orders. Our analysis indicates that these
methods exhibit convergence when appropriate stability and consistency conditions are fulfilled. In conclusion, we
support our analysis with several test problems and computationally validate the convergence order of the methods,
as illustrated in the accompanying Table of values and the efficiency graphic surface curves presented in the previous
section's Figures. In a forthcoming publication, we will discuss implicit block hybrid collocation methods capable of
achieving high orders, including symmetry characterization. Additionally, we aim to broaden the applications of
block hybrid collocation methods to address modeled differential equations encountered in various fields, including

cardiac electrophysiology and tumor-immune interaction population models.
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