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5 and 6 for the solution of first-order initial-value problems (IVPs) in ordinary
differential equations (ODEs). The methods are obtained by continuous
approximation using multi-step collocation techniques. The new embedded block
Heywords: . . hybrid method for k = 5 (EBHMS) and k = 6 (EBHM6) consist of five and six
mbedded, block methods, single-step, stiff 2 A \ A N
problems discrete formulae, respectively, which are simultaneously used as integrators.
Analyses of the EBHMS5 and EBHMG6 indicate that the methods are respectively of
orders six and seven, hence consistent. In addition, both methods are zero-stable
and therefore convergent. Linear stability analyses indicate that the methods are A-
stable, hence suitable for stiff problems. The new methods are used to solve some
numerical examples, and the absolute errors show a better rate of convergence when
compared with existing methods in the literature.

MSC 2020 Subject classification:
65L05

1. Introduction

The wide applications of ordinary differential equations (ODEs) in the natural sciences, technology, physics,
economics, engineering, mechanics, astronomy, biology, the computation of radio technical circuits or satellite
trajectories, stability of a plane flight, and the theory of oscillations (Atabo & Adee, 2021) make ODE:s active area for
research especially as researchers continue to seek for more accurate solutions to such problems.

However, in most cases, analytical methods of solution to ODE:s are difficult to come by or are applicable to a limited
class of equations. Many times, ODEs appearing in real life do not fall under the 'limited class of equations', therefore,
one is obliged to use numerical methods. Numerical methods are of great advantages and importance, due to the
introduction of computing machines which makes numerical work much easier and faster.

We seek an approximate solution to first-order ODE as an initial value problem (IVP) of the form

Y =f,y(x),y(x0) =¥ 1)

on the interval [x,, xy]. Several scholars proposed numerical methods for solving (1). They include Aboiyar & Luga
(2015), Abdelrahim et al. (2016), Adesanya et al. (2012), Adeyefa & Fadaka (2017), Abolarin et al. (2020), Akinfenwa
et al. (2011), Bothayna & Muhammed (2019), Chu & Hamilton (1987), Fotta et al. (2015) and Akinfenwa & Jator
(2015) among others. Among these, Akinfenwa & Jator (2015) developed an extended continuous block backward
differentiation formula of step number k = 4 (ECBDF4) for the solution of (1), which was now embedded into a single
step (i.e. k = 1) by Adee et al. (2022) for the EHBM which yielded smaller absolute errors, hence better performance.
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Extending the work of Adee ef al. (2022) and in the context of Akinfenwa and Jator (2015) for k = 4, this study seeks
to develop and implement higher single-step methods by constructing similar one-step embedded block methods for
step numbers k = 5 and 6 respectively.

2. Derivation of the Proposed New Methods
For k = 5 (EBHM5)

Adee ef al. (2022) defined the general one-step embedded block hybrid method as

k-1
kK
y(©) =Y a;@©y_; +h|Bea®Ff, -1+ (Dt @
; k k 3 k
j=0
where a]-(t), j=0,.. ,%,ﬁﬂ and f3; are continuous coefficients to be determined.
k

They also considered an approximate polynomial p(x) of the form

t+m

()= ) ax 3)

j=0

as basis function, where t and m are the interpolation and collocation points respectively and a; € R, are coefficients
to be determined. The idea is to approximate the exact solution y(x) of (1) in the interval [a, b] with partitions at a
constant step size of h = x; — x;_,,i = 0,1,..., N. Taking the first derivative of (3) yields

t+m

P = ) i O
=0

Furthermore, they interpolated (3) at x,,,;,t = 0, 4; and collocated (4) at x,,,,,, m = 0,4;, k, where i is the off-grid
points and k is the step number.

Now, fix k = 5 in (2), evaluating (3) at the points X, i,i = 0(1)4 and (4) at the points X, i i = 4,5, we generate a
5 5
system of seven linear algebraic equations expressed in matrix form as

- 2 3 4 5 6 -
1 x, x5 X5 Xn x; Xp
1 X, 1 x2+1 x3+1 x4+1 x5+1 x6+1 [ Yn ]
5 ntsg s s LS 5 rQoy |Vl
5
1 x,,2 x2+3 x3+3 x4+3 x5+3 x6+3 af |y 2
5 n+sg ntg n+g ntg i a, n+g
5 6 3
1 x 3 xZ x3 x* x x N A
ntg n+§ n+% n+§ n+§ n+§ as| =|"ntg (%)
Ay Vot
1 x4 xPa 2. xta x5. x5, - n+g
| Qg ] n+g
0 1 2x,s 3x24 4x3 a4 5x'a 6x°.f° 5
5 n 5 n 5 n 5 n 5 —fn+1-
2 3 4 5
L0 1 2xn+1 3xn+1 4xn+1 5xn+1 6xn+1-

Solving for the unknowns, a;, j = 0(1)6 in (5) and after some simplifications, we obtain the continuous method of the
form
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4 5

PO = @@y, i+ ) BOF, . ©)

j=0 j=4
wheret =x—x,,0<t <1,

7450 571475t 2725625t* 3458125t 11171875t* 578125t°

@O =—cat T7zene ~ 63048 T 4728t 18o1zie | 3152h8
(19400 885200t 869125(* 7466875  2171875( _ 1421875¢°
) = To1h ~ 177302 T 394R 177304 5917° 1182h¢
9450 190950t 7971375t7 42431256 15984375t% 27656625t5
ax(t) = — + - + + +
2 197h T 197mz  1576m° 394n° 1576h5 788h°
(o 35800782800t 30173756 _10536875(% 10671875¢ 2609375t
23\ = T51h ~ 5912 39473 591ht 591hs 394h6
(o 19400 104059750 275726752 | 1494931256 _208015625¢!  39078125¢°
@) =~ =51 T 1a18an2 630417 14184K7 1891215 945616
(o 745101345t BIS12SI? 15306250 22031251% 42812517
B% T 197 1182 1576h2 1182h3 1576h* 788h5
48 1120t 7125t2 1875063 21875t* 9375t
Bi(t) = ——+ - + - +
197 T To7n  To7mz T o7 197wt T 197

Evaluate (6) at t = h, its derivative, p'(t) att = %, %, %, 0 and after some rearrangement, we obtain the five discrete
formulae:
AR 100 300 25 o | i,
Y+t = =17 Yn 197Vl T 197 Yne T 197Yned T 1977 net T 197 M0t T g7 M
228 27 117 | 864 45 591
Vil = 72065 Mt Tarz0 Mt Y0t T 59 Va2 Y 413Vl T 3137 T 3130 U e
_ 157, P 748 404 41 3%,
Y2 = 1575 M st = 1575 n1 T 5207 net T 3157 ned T 9257 ne T 12607 T 1575 Ve
501 4895 621 53 43 591,
Vid = T 3290 M st T 17as Mt ¥ 3792Vt T gog”ne2 T 32970l T 270277 1745 Vs
447 179 567 149 591
Yo+t = 3580 st ™ Jazs —hfpir + 7 Y2 353 Vne2 T Vel T 3ggVn T Iggg (M

The discrete methods in (7) constitute the one-step embedded hybrid block method for k = 5 (EBHMS) for the
solution of (1).
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For k = 6 (EBHM®6)

Similarly, fix k = 6 in (2), evaluating (3) at the points X i i = 0(1)5 and (4) at the points X . i,i = 5,6 generates a
6 6

system of seven algebraic equations of the form

xn xn xn xn xn xn xn
Xn+1 X2 1 X3 1 x4 1 XS 1 x6 1 X7 1 Yn
5 TL+E Tl+g Tl+g n+g n+g Tl+g ao y +1
nal
1 X, .1 x2 1 x4 x* 4 x> 1 x6 1 %4 a i
3 nty nty nts nt+s n+s n+yg 1 yn+§
a
1 x 1 x21 x21 x*a: x> x%1 x7a 2 y, .1
n+; n+- n+= n+= n+= n+- n+> a n+
2 2 2 2 2 2 7 3| 2 (8)
- 2
1 x .2 x*2, x32 x*2 x°., x°. «x7. a4 y"+§
n+s n+- n+- n+z n+z n+- n+-
3 3 3 3 3 3 as Vois
n+s
1 x5 x5 xs x*s xs x5 x’ s |\ae 6
nte n+= n+= n+- n+= n+= n+- f 5
6 6 6 6 6 6 a, nd®
6
0 1 2x s 3x’s 4x>s 5x's 6x° s 7x°s
n+eg n+— n+— n+— n+— n+- fn+1
6 6 6 6
2 3 4 6
0 1 2xp0 3xf4y 434 Sxpyn 6Xne 7X5y
Solving for the unknowns a;,j = 0(1)7 in (8) leads to the continuous interpolant of the form
5
PO =) @@y, i+ § BiOF s ©
*e

]:
wheret =x—x,,0<t<1,

32813 1015544t 1082903t* 261416t3h 67632t* 1119312t> 297864t

) =— 1 —~ L
@® =~ 3070n T 517502 1isom® T 1iow 23hs | 575h¢ 575h7
1025 20195¢ 119943t 3272223 457785 319788t° _88452¢°
@ () = o - + - +
23\ h n2 E i hs he n7
(o (5050, 129790c 300732:* 909888 _ 1368720t  1008288(% _2903041°
1 3 3n2 h3 he hs % %
(o L (19700 545660t 462196(* 151391263  2428620c _1883952t°  Se54881°
A =230 9n? h3 h hs ho %
1/ 4675 67070t 1073241t 1857528t 3144960t* 2562192t5 8028725
ar(t) = = ———+ = + - + -
d0=3\""n n2 TE T E he %
(o 75732551723t 69217891 4892826t 1694907t' _35267812t°  112787641°
@\ = Zash T 172502 575k 115h 235 575h6 575h7
(o 345, 45958t 12611417 905161 1597501t | 679752t% _2222640°
Bs() = ——co~+ 34~ 118R2 2318 23h 115k 115hs

50 1490t 4 1399¢2  5200¢3 4 9600t* 8640t° 4 3024t°
207 207h 23h2 23h3 23h* 23h5 23h

Bi(t) =
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Evaluate (9) at t = h, its derivative, p'(t) at t = %,% %,%, 0 and after some rearrangements yield six discrete
formulae:
12 25 200 : 34 , ,
Yni1 =53 (9 Yn— yn% TVl T g Yt Oym% BERCTAEY fn+§ t3 fn+1)
~ 217 136 398 418 23
yn+é_630 Ry T TR TEACO AT S Wt e DA R T T LI ST A
~ L 1073 48 21 202 53 23
Yuet = T 155 + 372 Mnet T 155078 T 31 e T2l Y93 Vet T 23280 T 12 Vs
_so X, o201 1773 387 636 31 207h
Vil = 5810 ns® T 581 M+t T 53007 nsE 581 Ve T 23247 net T 581 7nek T 207570 581 Vs
236 > 18566 2 148 1736 / 227 46h
Y2 T T 1425 tg5s Mt 108 VoS T 19nsl T 285 Ynel T 855 Vned T 2137577 T 95 s
_1s70 250 . 70125 15375 25250 98500 32813
Yif = 17573 M nsS T 52710 Mt T 35126V ne2 ~ 17573V nek T 175734k T 5271972 T T054387"
345
17573 hfn (10)

Again, the discrete methods in (10) constitute the one-step embedded hybrid block method for k = 6 (EBHMO6) for the
solution of (1).

3. Analysis of The New Block Methods
Error constant and order

The local truncation error of (2) is the linear operator L, given as

k-1
kK
k—1
Lly(x);h] = %y (x + i h) hﬁk%y’ (x + Th) —hBy'(x +h) (11)

=0

—.

where y(x) is an arbitrary function, continuously differentiable on [a,b]. By expanding y (x + i h) and the
derivatives y' (x + % h) and y'(x + h) using Taylor series about x and collecting the like terms in (11) we obtain

k
LGkl = )" GhIyI(0) = coy(@) +crhy!(e) + -+ cghy*(x) + -

j=0

where

o
o
I
gy
5
[~

-
]
(=]
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k .
J

G = (;0‘1 —/31>
— k k
Jj=0

4 NG

e (@ @ L)
Cq _Zj=0< pr ai 7=y B};{),q 2,3,... (12)

Therefore, the method (1) is said to be of order p if ¢, = ¢; = ¢, =+- =¢, =0 butc,,; # 0 and ¢y, is called the

error constant (Adee et al. 2022). Following from (11) and (12), the error constants and order for EBHMS and EBHM6
are given in Table 1 and Table 2 respectively.

Table 1: Error constants and order for EBHMS5

Method Order Error constant
2
Yni1 6 — '
21556875
y 1 6 b 159
ntg 1129296875
Yy 2 6 . I 4
nty 369140625
227
Yy 3 6 I Ccums
ntg 3817187500
y 4 5 209
ntg 1060937500

Table 2: Error constants and order for EBHM6

Method Order Error constant
5
Yni1 7 cpe 3 2 BN
1622509056
Y .1 7 — W -
ntg 14814213120
Y .1 7 o
n+zy 14579066880
y 1 7 227
nty 91079976960
y 2 7 S S
nt3y 33508339200
y 5 7 775
ntg 118063567872

Tables 1 and 2 indicate that EBHMS and EBHM6 are consistent respectively, having orders 6 and 7 accordingly.
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3.1 Stability Analysis

The stability analysis of the methods EBHMS5 and EBHM6 are carried out by applying the test condition y' = Ay on
each method. The stability polynomial of EBHMS yields

68808357 .5 , 206425071 . 1169742069 . 619275213

T3058406968750" 2 ' 195738046 2 4893451150 2 T 19573804600
3142248303 68808357 619275213 68808357

_ r5z4 5,5 4 4,2
1223362787500

5,3

PS(T,Z) =

611681393750" 2 1 978690230" ~ ' 978690230  °
206425071 , . 298169547 , . 206425071 . 206425071

+97869023000" © 12233627875 © 97869023 ' ' 97869023 "
(13)

4

Similarly, the stability of EBHM®6 gives

839523 2518569 279841 292154004

6,6 __ 6.5 5,6 L
42005471299 © T 4295456255 2 ' 84190942598 ° ' 30068193785
525

3078251 90668484 _ ; 2518569  _ , 4533424200

t 60136387570' 859091251 8590012510 ' 6013638757
120891312 _ , 19584392544 1813369680 _ , 39168785088

T 6013638757 2 6013638757 " © 6013638757 ' 6013638757 |
13056261696 . 39168785088

T 6013638757 '~ 6013638757

6,4

pé(rl Z) =

6,2

(14)
3.1.1 Zero stability

A linear multistep method (LMM) is said to be zero stable if no roots of the characteristic polynomial have modulus
greater than one, |z,| < 1, and every root of modulus one is simple and distinct (Endre & David, 2003).

Therefore, setting z = 0 in (13) yields

ps(r,0) = — 2222 p(r — 1) (15)

97869023

Finding the zeros of (15) and their moduli leads to |r;| = 1, |r2,3‘4,5| = 0 which confirms that EBHMS is zero-stable.
Likewise, by setting z = 0 in (14) gives

39168785088
———rS(r—1)
6013638757

Pe(r,0) = (16)

The zeros of (16) and their moduli yield |r; | = 1, |r2‘3,4‘5,6| = (0 which confirms that EBHMG is also zero-stable.

3.1.2 Convergence

The necessary and sufficient condition for LMM to be convergent is that it must be consistent and zero-stable (Endre
& David, 2003).

Hence, both methods (7) and (10) are convergent since they are all consistent and zero-stable.
3.1.3 Region of Absolute stability

The region of absolute stability of EBHMS and EBHM6 are obtained by plotting stability polynomials (13) and (14)
respectively with its derivatives in written MATLAB codes. These are jointly shown in shown in Figure 1.
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Figure 1: Regions of absolute stability for EBHMS5 and EBHM6.

By definition, a numerical method is said to be absolutely stable if its region of absolute stability contains the whole
of the left-hand plane (ReAh < 0) (Dahlquist, 1963).

Figure 1 clearly shows that EBHMS and EBHMG6 of eq. (7) and (10) respectively are absolutely stable with EBHMS
possessing a larger region of absolute stability than EBHM6.

4. Numerical Examples

To test the efficiency of the methods EBHMS (7) and EBHMS6 (10), we implemented each of them as a block
integrator that simultaneously yields approximate solutions y,.;_;, to the exact solution y(xp,;_;,) for i =
0(1)5,u = 3 in the case of EBHMS5 and i = 0(1)6, = 2 for EBHMG6 on

TN =Xy <Xy <Xg oo < Xp < Xpy1 < <xy=b
h=xp,,1—x,n=0(1)N—-1

where h is the constant step-size of the partition 7wy of [a, b] by solving some numerical examples in the literature. The
results obtained using EBHMS and EBHM6 were compared in terms of the absolute errors |y(x,) — y,| or the
maximum absolute errors |y(x,) — ¥,| in the specified interval with some existing problems in the literature as
follows:

EHBM = Method by Adee et al. (2022) fork = 1,p =5
7SBM= 7-step block method by Abolarin ez al. (2020) fork = 7,p = 8.

EBHMS = Method (7) fork = 1,p = 6.

EBHM6 = Method (10) fork = 1,p = 7.
All computations are carried out in MATLAB codes.
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Problem 1
We consider a stiff system:
yi ==y, — 30y, +30e™~ »(0)=1
y; =30y, —y, —30e™* ¥,(0)=1,0<x<20,h=0.01
The stiffness ratio of the system is 1:200, and its exact solution is y; (x) = e™*,y,(x) = e™*.
Source: Adee ef al. (2022). The result is measured in terms of the absolute errors are shown in Table 3.

Table 3: Absolute errors |y(x,) — y,| for problem 1 for h = 0.01.

X Vi EHBM EBHMS EBHMG6
(k=1,p=35) (k=1p=06) (k=1,p=7)
1.0 Vi 1.11 x 1071t 0 5x 1071
v, 8.88 x 10-1° 2.0x 10715 4.0x 10715
10.0 Vi 1.22x 1071 0 0
v, 3.86x 1071 0 0
20.0 Vi 5.33x 10723 0 0
Vs 2.77 X 10723 0 0
Problem 2

We consider another stiff system of initial value problem solve by Adee et al (2022) for different step sizes;
-21 19 =20 1
y'(x)=| 19 -21 20 |y(x), y0)=(0 |,0<5x<20
40 —40 -—40 -1
The three components of the theoretical solution of the problem are given as

1 e % + e *0%(cos(40x) + sin(40x))
y(x) = | e7* = e7**(cos(40x) + sin(40x))
2e~*0%(5in(40x) — cos(40x))

The main aim is to show the order and accuracy of the EBHMS5 and EBHM6 for different choices of the constant step
size h. The results are shown in Table 4.
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Table 4: Maximum absolute errors |y(x,) — y,| on [0,20] for problem 2

h EHBM EBHM5 EBHM6
(k=1,p=>5) (k=1p=6) (k=1p=7)
0.01 2.52x 1078 3.27 x 1078 1.52 x 10710
0.005 2.54 x 10710 1.03 x 107° 3.59 x 10712
0.0025  6.74x 10712 3.24x 10711 1.23 x 10711
0.00125  1.07 x 10713 3.57 x 10711 4.82x 10711
0.00625 1.61x 107 1.22 x 10710 1.91 x 10710
Problem 3

The SIR model is an epidemiological model that computes the theoretical number of people infected with a
contagious illness in a closed population over time. The name of this class of models derives from the fact that they
involve coupled equations relating the number of susceptible people S(t), number of people infected I(t), and the
number of people who have recovered R(t). This is a good and simple model for many infectious diseases including
measles, mumps and rubella. It is given by the following three coupled equations:

Ak 1-S§ IS
= u(1=5)-p

& L [ —yl +pIS

L R +yl
T 14

where u,y, [, are positive parameters to be determined. Define by y,tobey =S + 1+ R
and adding this coupled equation, we obtain the following evolution equation for y,
y=ul=y)
Taking p = 0.5 and attaching an initial condition y(0) = 0.5 (for a particular closed population), we obtain,
y'=0.5(1-y),y(0)=0.5
whose exact solution is
y(t) =1—0.5e705t
Source: Abolarin et al. (2020).

The goal here is to compare the absolute errors and the results are shown in Table 5.
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Table 5: Absolute errors |y(x,,) — y,,| for problem 3

x 7SBM EBHM5 EBHMG6
(k=7,p=8) (k=1,p=6) (k=1p=7)
0.1 9.103829 x 10715 0 1.0 x 10715
0.2 7.105427 x 10™1° 0 0
0.3 8.881784 x 10715 1.0 x 10715 1.0 x 10715
0.4 2.120526 x 10714 0 2.0x 10715
0.5 1.367795 x 10713 1.0 x 1071° 3.0x1071°
0.6 7.982504 x 10713 1.0 x 1071° 3.0x 10715
0.7 3.98819 x 10712 1.0 x 1071° 3.0x1071°
Problem 4

A bacteria culture is known to grow at a rate proportional to the amount present. After one hour, 1000 strands
of the bacteria are observed in the culture; and after four hours, 3000 strands. Find the number of strands of the bacteria
present in the culture at time t : 0 <t < 1.Let Nt, denote the number of bacteria strands in the culture at time t,
the initial value problem modeling this problem is given by,

dN

— = 0.366N, N(0) = 694
dt

The exact solution is given by

N(t) = 69403

Source: Abolarin ef al., (2020). The results are shown in Table 6.
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Table 6: Absolute errors |y(x,,) — y,| for problem 4

x 7SBM EBHMS5 EBHM6

(k=7,p=8) (k=1,p=6) (k=1p=7)
0.1 6.821210 x 10713 1.023 x 10712 1.14x 10713
0.2 6.821210 x 10713 1.023 x 10712 5.68 x 10713
0.3 6.821210 x 10713 1.819 x 10712 1.02 x 1072
0.4 3.410605 x 10713 2.728 x 10712 1.59 x 10712
0.5 7.503331 x 10712 2.728 x 10712 2.27 x 10712
0.6 5.024958 x 1071 2.956 x 10712 3.07 x 10712
0.7 2.373781 x 10710 3.752 x 10712 2.96 x 10712

5. Discussion and Conclusion

Two higher-order single-step embedded block hybrid methods (EBHMS5 & EBHMS6) are developed for
solving first-order stiff ordinary differential equations using a multi-step collocation technique. Both methods are
consistent (with orders 6 and 7) and zero-stable, hence convergent. The stability analysis revealed that both methods
are A-stable, making them viable methods for solving stiff ODEs. Applying the methods on these four problems,
although both the EBHMS (7) and EBHMS6 (10) have lower step numbers k = 1, they yielded the least absolute errors
or maximum absolute errors compared with EHBM (same step number k = 1) or even a higher step number k = 7
block method on the same problem. It is observed that the new EBHMS and EBHMS6 yielded the least absolute error
in problem 1, as it mostly converged to the exact solution as compared with the existing EHBM. Hence, the results
from the four examples indicate that the new methods compete favorably with other existing methods
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