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1. Introduction  

According to Asher and Pearce (2014), asthma is one of the most common respiratory illnesses which affect 

children worldwide, with a very high prevalence among children under the age of five years (<5 years). Frequent 

hospitalization depicts the significant health burden the disease has on the healthcare system and the family. Children 

in this age group display high susceptibility as a result of the undeveloped nature of their immune systems, leading to 

high sensitivity to environmental factors, alongside the difficulty in management of asthma (Diaconu et al., 2024). Of 

interest from a public health standpoint is the temporal and spatial variation of asthma severity among this cohort 

(Wang et al., 2024). In the statistical analysis of asthma case data, the special statistical issues caused by overdispersion, 

time dependence (which are characteristics of count data) and the presence of underlying subpopulations with varying 

risk profiles has been a serious limitation (Jamaludin et al. 2020).  

In analyzing case of asthma, Time-series methods have been frequently used by many researchers to examine 

the trends and patterns of the disease. Magalhães et al. (2021) applied a time-series study design in conducting an 

analysis of trends in asthma hospitalization among children’s populations in Brazil. Chang et al. (2019) in their study 

analyzed asthma hospital admissions and fine particulate matter air pollution (PM2.5) in Jackson, MS, based on a time-

series analytical approach. However, traditional time-series models may not accurately capture the complex and 

heterogeneous nature of being count data (e.g. asthma cases). Although conventional time-series approaches have been 

commonly employed to analyze asthma trends (e.g., Chang et al., 2019; Magalhães et al., 2021), these approaches 

might not properly reflect the complicated and heterogeneous nature.  
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 A B S T R A C T 

This study investigates asthma cases among children under five in Mubi North LGA 

of Adamawa State. Secondary data was obtained from National Health 

Management Information System as recorded in the Mubi Zonal center of 

Adamawa State for a period of 3 years. Through the use of Mixture Poison 

Autoregressive AR(q) process, a time series model was estimated. The results 

revealed through descriptive statistics analysis a multimodal distribution in the 

cases of asthma in the study area, indicating several peaks that may be attributed to 

distinct risk factors or subpopulations affecting the incidence of asthma. In the case 

of the Mixture Poisson Autoregressive model, the results also show that a three-

component Mixture Poisson Autoregressive model offers the best fit to the 

observed asthma data. The estimated parameters of the model show considerable 

temporal correlations among the components and fluctuating rates of asthma cases. 

The significant (p<5%) mixing proportions suggests that the third component plays 

an important role in the model, indicating a higher average rate of asthma cases. 

The results for the out-of-sample forecasts demonstrated considerable variability in 

predicted asthma cases for the next 6 days, reflecting the influence of external 

factors.   
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The recent development in distribution theory and statistical modeling has provided novel techniques for the 

analysis of data (e.g. count) that enable researchers to identify patterns and trends that might otherwise not be apparent 

(David et al., 2024, Mathew et al., 2024). One such method is the Mixture Poisson Autoregressive model (Mixture 

Poisson AR(p)), proposed by Yaska et al. (2025), which possesses a systematic approach to the modeling of count data 

that may possess overdispersion and time dependencies. The model combines the flexibility of mixture models, which 

identify and detect latent subgroups in the population, with the structure of autoregressive processes, which model 

temporal dependencies in the data. This article is a study of asthma in children less than five years old based on this 

Mixture Poisson AR(q) model for analyzing the prevalence of asthma in children less than five years old in Mubi North 

Local Government Area of Adamawa State.  

2 Literature Review 

Yang et al. (2024) analyzed global regional trends in childhood asthma prevalence, mortality, and disability 

in the 2019 Global Burden of childhood disease study. Their study found that prevalence and incidence rates are 

increasing, also, death rates and disability-adjusted life years (DALYs) have decreased, especially in the Western 

Pacific countries such as Japan have made great progress in reducing the asthma burden.  The study emphasized the 

need for continued collaborative efforts to address persistent disease burdens worldwide. Magalhaes, et al. (2021) 

utilized time series analysis to examine hospital admissions for asthma in children and adolescents in Brazil from 2008 

to 2017. Their findings revealed that the proportion of admissions in Higher hospital rates for children and boys aged 

5-9 years were highest in the Northeast region. Trend analysis indicates that hospital admission rates nationwide are 

decreasing which indicated an improvement in asthma management during the study period. 

Jamaludin et al. (2020) conducted a detailed investigation into asthma cases in Johor Bahru, a region 

experiencing rapid development and facing significant pollution challenges, which have contributed to the prevalence 

of asthma in the area. The study aimed to analyze the behavior of asthma cases using a count-based statistical approach, 

specifically the Poisson Integer Generalized Autoregressive Conditional Heteroscedasticity (Poisson-INGARCH) and 

Negative Binomial INGARCH (NB-INGARCH) models, incorporating both identity and log link functions. René et 

al. (2019) examined the impact of biomass combustion on asthma risk in children under five in Yopougon municipality. 

They found that indoor air pollution from biomass fuel significantly increased asthma risk, with butane gas emerging 

as a safer alternative to reduce pollutants. The findings underscored the role of environmental interventions in 

mitigating asthma triggers.  

Chang et al. (2019) investigated the relationship between ambient PM2.5 pollution and asthma 

hospitalizations in Jackson, Mississippi, from 2003 to 2011. They observed a 7.2% increase in daily asthma admissions 

for every 10 μg/m³ rise in PM2.5 levels, particularly among males and Black individuals. These findings highlight the 

adverse health effects of fine particulate matter, even in areas with relatively low pollution levels. Adelou et al. (2016) 

studied the prevalence and pattern of acute asthma exacerbations in children presenting to the emergency room of the 

University of Nigeria Teaching Hospital, Enugu. Their study showed that in cases Most are mild to moderate. The 

prevalence is higher during the rainy season and also reported that children taking controlled drugs were less likely to 

develop severe disorders. 

3 Methods 

This section presents the methods utilized in the analysis as well as the source of the data. The data on Asthma 

was collected from National Health Management Information System as recorded in the Mubi Zonal center of 

Adamawa State.  

Autoregressive Processes AR (p) 

The autoregressive process implies a model which explains the present value of the series, Ct, as a function of the 



269                                         Yaska et al. (2025) International Journal of Development Mathematics Vol 2 Issue 2 | 267 - 278 

© 2025 Department of Mathematics, Modibbo Adama University.  

lagged values of the response variable 1 2( , , , )t t t qC C C  
. In mathematical form, an autoregressive process of 

order pp is written as: 
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is white noise, i are the autoregressive coefficients, and pp is the order of the autoregressive process. 
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a stationary linear AR(p) process. This model has two major components:
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distribution describing the conditional mean of a homogeneous Markov process, and the transition equation:
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Mixture of Poisson Autoregressive (MPAR) model 

Yaska et al. (2025) showed that the Mixture Poisson Autoregressive (q) model can be expressed as: 
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where; 𝜋𝑗= mixing weight, ∑ 𝜋𝑗 = 1𝑘
𝑗=1  and 𝜋𝑗 is nonnegative; 𝑘= number of components in the mixture distribution; 

𝜌𝑖𝑗= coefficient of autoregressive parameters for the 𝑘𝑡ℎ components; 𝑞 = total number of lags; 𝑐𝑡= current 

observation; 𝑐𝑡−1= immediate past observation; 𝜇𝑗= mean of a give kth component; 𝑐𝑡−𝑖= previous 𝑐𝑡−1 observations  

Expectation–Maximization (EM) Algorithm  

Steps Involves in Fitting the Model 

 The likelihood for a mixture model can be determined as: 
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where =⃛ is used for the assumption that 𝑦1, … , 𝑦𝑛 are independent and identically distributed. 

Obtaining the log likelihood is to determine which component does the variable or sample data belongs to. Let 

Z𝑖,𝑘 being the unobserved variable assuming two components  
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Therefore, the log-likelihood can be written as: 
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         The 𝑍𝑖𝑗 here is the incomplete (missing) datum because we do not know whether it is 𝑍𝑖𝑗 = 0 or 𝑍𝑖𝑗 = 1 for 

𝑐𝑖 and a specific 𝑘. Therefore, using the EM algorithm, we try to estimate it by its expectation. 
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Using Bayes rule,  
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Assuming for k component the marginal probability in the denominator is: 
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 is called responsibility of 𝑦𝑖  (Friedman et al, 2009). 



271                                         Yaska et al. (2025) International Journal of Development Mathematics Vol 2 Issue 2 | 267 - 278 

© 2025 Department of Mathematics, Modibbo Adama University.  

1 1 1 1 2 2 2 1

1

ˆ ˆ ˆ( ) log ( , , ) log ( , , ) log ( , , )
n

t t k k k t p

i

Q f y f y f y            
  



              
 (8)  

The M-Step  

The M-Step in a mixture model, the algorithm computes new parameter values that maximize the expected log-

likelihood,  
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The equation (9) is a problem that can be solve through optimization as follows: 

Using Lagrange multiplier by introducing a new variable ∝ known as Lagrange multiplier 
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Chose the value of 𝜔, say 𝜔(𝑣), that maximizes   
( )( , ) ( )v

c
Q L from E-step with 𝑍𝑖𝑗 replaced with 

ij
. 

The E-step and M-step are alternate repeatedly, wherein their subsequent executions, where the initial fit parameters  

𝜔 replaced by the current 𝜔(𝑣) , say 𝜔(𝑣−1) at the k-th stage. The process stops when it converges, say when the 

difference between the current parameters and the previous or initial parameters is 0.0001 or 𝐿(𝜔(𝑣+1)) ≥ 𝜔(𝑣). Using 

equations (11) and (12) we obtain the new values of the estimations 𝜌̂𝑘 , 𝜆̂𝑘 𝑎𝑛𝑑 𝜋̂𝑘 in every iteration. 
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Estimating the number of components  

To estimate the number of required components in a given set of data, the Akaike Information Criterion (AIC) 

was adopted. The expected number of components is 𝑘 > 1 since. The number of components with least BIC is said 

to be the best fit for the data. 

𝐴𝐼𝐶 = 𝑛 × 𝐼𝑛(𝑚𝑡) + 𝑘 × 𝐼𝑛(𝑛)        (13) 

where 𝑚𝑡 is conditional mean with parameters as 𝜌, 𝜇 𝑎𝑛𝑑 𝜆 

Hartigan's Dip Test Statistic for Unimodality 

The Dip test statistic determine whether a dataset is unimodal or multimodal. The test statistic, known as the Dip 

statistic, measures the maximum difference between the empirical distribution function and the unimodal distribution 

function at any point in the sample (Hartigan & Hartigan 1985). 

Test Statistic: The test statistic is called the "dip" statistic, denoted as;  

maxD F x U x
         (14) 

where: F(x) is the empirical distribution function U(x) is the unimodal distribution function that minimizes the 

maximum difference.  

4    Results 

The data on Asthma was collected from National Health Management Information System as recorded in the Mubi 

Zonal center of Adamawa State. The data consisted of daily and weekly records of counts on Asthma among children 

of under five years was for a period of 240 days a total of 1334 reported cases.    

                                                                                                      

 

Table 1, the descriptive statistics provide a summary of the central tendency, dispersion, and shape of the 

asthma case data among under-five children. The mean number of cases is 2.000, with a minimum of 0.00 and a 

maximum of 14.00. The variance is 3.081, indicating moderate variability in asthma incidence. The skewness is 2.237, 

which indicates a highly positive skew, suggesting that while most children experienced few or no asthma symptoms, 

a small proportion of the population experienced very high frequencies of asthma. Furthermore, the kurtosis value of 

10.061 implies a leptokurtic distribution, indicating a higher peak and heavier tails than a normal distribution. This 

suggests that extreme values i.e., children with recurrent asthma are more frequent than expected under normality 

assumptions. These characteristics highlight the heterogeneous nature of the data and suggest the presence of 

subpopulations with varying asthma risks. 

Table 2 presents the Hartigan's Dip Test of Unimodality for asthma cases, which assessed whether the 

distribution follows a unimodal or multimodal pattern. The D-statistic, with a value of 0.13292, is relatively large, and 

Table 1: Descriptive Statistic 

Cases Minimum Maximum Mean 
Standard 

Deviation 
Variance Skewness Kurtosis 

Asthma 0 14 2.000 1.7553 3.081 2.237 10.061 

 

Table 2: Hartigans' Dip Test of Unimodality  

 Test Statistic P-value 

Asthma  0.13292 2.2e-16 
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the p-value is extremely small (2.2e-16). Therefore, this finding leads to the rejection of the null hypothesis of 

unimodality, implying that the distribution of asthma cases among children aged less than five years is multimodal. 

The existence of more than one peak in the distribution, as revealed in Figure I, may be due to the presence of various 

underlying subpopulations, varying etiologies, or different risk factors influencing asthma-related admissions. The 

results also validate the suitability of applying the Mixture Poisson AR(p) model to the study, given its capability in 

adequately addressing both the temporal dependence and the intrinsic heterogeneity of the data. 

 

a:Original Time series Plot of Asthma data 

 

 

b: Histogram of Asthma data 

 

 

c: Density Plot 

 

 

d: Autocorrelation plot for Asthma data 
 

e: Partial Autocorrelation for Asthma Data 
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Figure 1: Visualizations Summarizing the Distribution and Temporal Behaviour of Asthma Cases 

 

Figure 1 present various visualizations of summarizing the distribution and temporal behavior of asthma data. a: 

The original time series plot of asthma cases with temporal variation. b: Histogram of asthma data showing frequency 

distribution. c: Density plot displaying the shape and skewness of the distribution. d: Autocorrelation plot showing the 

existence of serial correlation in the data. e: Partial autocorrelation plot indicating the strength of correlation at varying 

lags. f: A probability plot verifies if the dataset is normally distributed and g: A boxplot shows range, mean, and outliers 

in asthma data. 

Figure 1 indicates the characteristics associated with the Asthma data, the top left graph is the original time series 

plot of the data this shows that the data is time series as the graph line indicates sine waves up and down movement of 

the points depending on the number of counts at that particular time, and the histogram at the top right hand is showing 

multiple components or subpopulations as the bars shows grouping due factors influencing the data, both the 

Autocorrelation and the partial autocorrelation located at the center implies that the data is non-stationary as some of 

the spikes are outside the control line of the data, the probability plots shows non-normality of the Asthma data this is 

because some of the data falls below the normality line of the plot and the boxplot indicates overdispersion of the 

Asthma data this is because some data falls outside the whisker line, and non-symmetric of Asthma data as one tail of 

the boxplot is longer than the other, several data points appeared to be an outlier as they are outside the whisker lines.   

Model Selection 

The number of components with the least AIC shall be selected as the best fit for the set of data. 

Table 3: Model Selection for Asthma Cases 

Datasets  Components AIC 

Asthma 

2 4624.735 

3 4234.709* 

4 5051.558 

5 4614.215 

* Best fit model 

 

 

f: Probability Plot for Asthma data 

 

g: Boxplot for Asthma data 
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Table 3 presents the results of model selection for a Mixture of Poisson Autoregressive models applied to Asthma 

dataset. The models are compared based on the number of components (2, 3, 4, and 5) and Akaike Information Criterion 

(AIC) was adopted as the measurement value. The model with the lowest AIC value is considered the best fit for the 

data, as indicated by an asterisk (*). The results revealed that the model with 3 components is also the best fit, with 

AIC value of 4234.709. This indicates that a three-component model is most appropriate for modelling the asthma 

data. 

Application of MPAR Model to Asthma Data Set   

Table 4: Parameter Estimates for Asthma data 

Components 

 

Parameters Estimates Std Errors Z-score p-value 

  
 

0.244 0.0623 3.9183 0.0001 

1 0.2497 
 

0.8071 0.0089 90.8756 0.0000 

  
 

0.177 0.0623 2.8426 0.0045 

2 0.1811 
 

0.4129 0.0089 46.4966 0.0000 

  
 

0.5559 0.0623 8.9283 0.0000 

3 0.5692 
 

0.3715 0.0089 41.8324 0.0000 

 

Table 4 presents the parameter estimates of the Mixture Poisson Autoregressive (Mixture Poisson AR) model 

that has been applied to the asthma dataset. The model comprises three distinct components, each described by different 

set of parameters: λ (mean), ρ (parameter at lag 1), and π (mixing proportion). In regard to the first component, an 

estimated value of λ is 0.2440 with a standard error of 0.0623. A corresponding Z-score of 3.9183 is statistically 

significant (p-value = 0.0001), and therefore this component is significantly contributing towards the model. The 

autoregressive parameter ρ is estimated to be 0.8071 with a corresponding standard error of 0.0089 and a highly 

significant Z-score of 90.8756 (p-value = 0.0000), and hence there is strong temporal dependence. A mixing proportion 

for this component is estimated to be 0.2497. 

Regarding the second factor, the estimate of λ is 0.1770 with a standard error of 0.0623. The Z-score of the 

latter is 2.8426, which conveys statistical significance (p-value = 0.0045). Additionally, the estimate of ρ is 0.4130 

with a standard error of 0.0089 and a Z-score of 46.4966, denoting high statistical significance (p-value = 0.0000). 

Further, the mixing proportion is 0.1811. The third component has an even higher estimated λ value of 0.5559 with a 

standard error of 0.0623 and a Z-score of 8.9283, which is statistically significant (p-value = 0.0000). The 

autoregressive parameter ρ is estimated to be 0.3715 with a standard error of 0.0089 and a Z-score of 41.8324, which 

is also statistically significant (p-value = 0.0000). The mixing proportion for this component is estimated to be 0.5692, 

meaning it contributes the most to the mixture overall. 

The mean parameter λ is the number of asthma instances predicted for a specified time. A λ of 0.2440 in the 

first component indicates a relatively low mean rate of asthma incidence in children who are less than five years old. 

The second component with a λ of 0.1770 indicates an even lower rate, maybe a subpopulation with limited exposure 

or diminished risk factors. Contrarily, the third factor offers a λ value of 0.5559, suggesting an elevated average rate 

that may be associated with children showing greater vulnerability or those experiencing frequent exposure to asthma 

triggers. The autoregressive coefficient ρ quantifies the temporal correlation observed in asthma events. The high ρ 

value of 0.8071 for the first component indicates strong persistence of the symptoms of asthma over time, which means 
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that following an initial attack of asthma in a child, subsequent attacks are probable. Additionally, the ρ values of 

0.4130 and 0.3715 for the second and third components, respectively, also give evidence for the presence of moderate 

but strong temporal correlation, indicating that asthma events are not independent over time. 

The mixing proportions, denoted by π, are the relative sizes of the subpopulations. The third component (π = 

0.5692) is the dominant component in the distribution, implying a high percentage of children belong to this high-risk 

category. In contrast, the first and second components with proportions 0.2497 and 0.1811, respectively, imply smaller 

populations with lower prevalence of asthma. The importance of λ and ρ parameters in all the components shows the 

strength of the Mixture Poisson AR model in its ability to satisfactorily explain both the frequency of asthma events 

and the respective temporal trends. The results corroborate the assumption that asthma events in children under the age 

of five years in the Mubi North Local Government Area are influenced by underlying subpopulations with varying 

asthma risk profiles and temporal trends, thereby justifying the application of a mixture-based time series modeling 

framework. 

Forecasting 

The out-of-sample forecast values for asthma cases (presented in Table 5) over the next 6 days show a more 

variable pattern, with forecast values ranging from 0 to 9. The results suggests that asthma cases may not follow a clear 

seasonal trend but rather fluctuate with peaks and troughs throughout the period. The highest number of cases is 

predicted on day 3 (9 cases), and the lowest on day 4 having no reported cases with several days showing no predicted 

cases. This variability may reflect the influence of multiple factors such as air quality, weather changes, or individual 

triggers that can vary on a daily basis. The forecasts for the health conditions in Mubi North Local Government Area 

provide valuable insights into potential future health service needs and can inform public health planning and resource 

allocation. 

Table 5: Forecasting Values for Asthma Cases in the next 6 days in year 2024 

 Days  1 2 3 4 5 6 

Forecast Value 2 3 9 0 2 8 

 

5.    Discussion  

Results of the Mixture Poisson Autoregressive (Mixture Poisson AR) model applied to asthma incidence data in 

Mubi North show the presence of three subpopulations with varying risk levels of asthma and time dependencies. The 

estimated mean rates (λ) and mixing proportions (π) show that a large proportion of children belong to a high-risk 

group with a very high average incidence of asthma (λ = 0.5559; π = 0.5692). These observations are consistent with 

the reports of Yang et al. (2024) and René et al. (2019), who pointed out regional variations in asthma prevalence and 

the roles of environmental exposures, such as indoor air pollution, in increasing asthma risk in children. Additionally, 

identification of subgroups with lower incidence is in line with findings from Magalhães et al. (2021) of improved 

asthma control and the need for healthcare intervention in susceptible groups. The autoregressive coefficients (ρ) in all 

model components being significant suggest the presence of strong temporal dependence of asthma events, i.e., past 

events strongly influence future episodes. This is consistent with the modelling approach of Jamaludin et al. (2020), 

who modelled similar dynamics for asthma data using autoregressive count models. That asthma attacks are persistent, 

particularly for the highest-risk group, underscores the chronic nature of the disease and the need for constant 

monitoring and intervention. These results complement Chang et al. (2019) and Adelou et al. (2016), who recognized 

increased asthma events associated with environmental determinants and seasonal trends.  
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6.     Conclusion 

The study examined childhood asthma incidence in Mubi North Local Government Area using a Mixture 

Poisson Autoregressive model. Results on multimodal distribution of cases of asthma presented many peaks reflecting 

various risk factors, with the best fit being by the three-component model with strong temporal correlations. Out-of-

sample prediction demonstrated significant variability owing to exogenous factors like meteorological and 

environmental conditions, and predictive significance was evident in the high-risk subgroup. The findings validate 

population heterogeneity for asthma incidence and establish the applicability of Mixture modelling for capturing 

complex inherent in time series count data. Identification of distinct risk subpopulations validates targeted intervention 

strategies for particular exposure types and evidence-based policy. Compared to previous drawing on aggregated data, 

this research used individual-level observations within a probabilistic context and provided greater precision in 

characterizing patterns of incidence and forming a methodological foundation for epidemiological surveillance activity 

in limited-resource environments. 
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