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1. Introduction  

In recent decades, there has been a lot of interest in the development of numerical methods for approximating 

the solution of initial value problems (IVPs) in ordinary differential equations (ODEs). In biology, physics, 

engineering, and chemistry, a broad study of ODEs is frequently used in mathematical modeling (Alkali et al., 2023). 

This mathematical modeling turns the problems from an application domain into mathematical formulations whose 

theoretical and numerical analysis offers insight, solutions, and direction helpful for the original application (Asnor et 

al., 2019; Adamu, 2023). There are many uses for ordinary differential equations in the sciences and engineering (Kida 

et al., 2022).  Therefore, an adequate numerical method is required to solve the ODEs arising from real-life occurrences, 

as some of them are extremely non-linear and some of them lack analytical solution (Adamu, 2023; Ajayi et at., 2022).  

The branch of mathematics and computer science known as "numerical mathematics" develops analyzes and 

applies algorithms to numerically solve continuous mathematics issues (Aduroja et al., 2024). These problems, 

which typically contain variables that change over time, are the basis of real-world applications of algebra, geometry, 

and calculus (Kida et al., 2022).  

This paper develops a numerical method for the solution of first-order ODEs of the form: 

    ],[  ,  ,, 00 baxyxyyxfy 
        (1.1) 

where : R R Rmf    satisfy a Lipschitz condition (Biala et al., 2015; Adamu et al., 2020). Stiffness issues, which 

describe coupled physical systems with components that fluctuate with different time scales are common in fields of 

quantum mechanics, celestial mechanics, biological sciences, and engineering sciences (Biala et al., 2015).     
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 A B S T R A C T 

Collocation and interpolation of power series approximation solution is used to 

develop a continuous hybrid Second Derivative of Simpson's scheme with four off-

grid points for the solution of the Stiff System of ordinary differential equations 

(ODEs). Evaluating the continuous scheme at various grid and off-grid points, the 

discrete schemes are obtained and written in block form. The block method's 

fundamental characteristics, including order, zero stability, and stability region, 

were examined. After testing the block method on a few numerical instances, it was 

discovered to provide a better approximation than comparable methods reported in 

the literature. 
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Numerous numerical techniques for solving ordinary differential equations were developed by academics. 

The majority of real-world problems that come up in different fields of study are first mathematically modeled before 

being solved (Mohammed et al., 2012). Differential equations are used to simulate a wide range of problems, including 

chemical kinetics, orbital dynamics, circuits, and control theory (Alkasassbeh & Zurni, 2017; Biala et al., 2015). Biala 

(2015) develop a Block Hybrid Simpson's Method, which solves stiff systems by using two off-grid points. This is 

achieved by evaluating the continuous scheme at three different points to generate discrete schemes and combining the 

three discrete schemes to form the Block Hybrid Simpson's Method (BHSM). The order of the method developed by 

Biala (2015) can be increase, so also the accuracy of the result need improvement. 

Enhancing the numerical solution of ordinary differential equation initial value issues attracted the attention 

of numerous scholars. One of the results is the development of a class of techniques for solving ordinary differential 

equations known as block methods, which were first put forth by Milne (1953). who only developed them as a way to 

get initial values for algorithms that use predictor-correctors. At specific grid points, the Block Method produces an 

independent solution that doesn't overlap. In comparison to the predictor-corrector approach, it is less costly in terms 

of the number of functions evaluated; also, it has the Runge-Kutta method's characteristics of self-starting and not 

requiring initial values. 

By building a continuous representation based on the hybrid second derivative method (HSDM) for stiff 

systems of first order ODEs, Ngwane and Jator (2012) examines a numerical approach for approximation solution. 

Both initial and boundary problems can be solved directly using the self-starting block approach (Skwame et al., 2018). 

A second derivative block approach for approximating ordinary differential equations was derived by (Sahi et al., 

2012; Ezzeddine & Hojjati, 2012; Adamu et al., 2019). 

Later, Adee et al. (2005) generated beginning values for the Numerov approach using a hybrid formula of 

order four. develop a novel hybrid block approach for ODEs, which was discovered to be zero stable, consistent, and 

convergent. The numerical result demonstrates that the techniques are more accurate than the current methods and are 

computationally trustworthy. 

At specific grid points, the Block Method produces an independent solution that doesn't overlap. In 

comparison to the predictor-corrector approach, it is less costly in terms of the number of functions evaluated; also, it 

has the Runge-Kutta method's characteristics of self-starting and not requiring initial values. The block approach for 

solving functional equations is the subject of (Ngwane & Jato, 2012; Skwame et al., 2018; Alkali et al., 2023; Adamu, 

2023). 

Hybrid technique and Second derivative terms were introduced to derive integrators which are highly stable and 

efficient for the solution of differential systems (Adamu et al., 2020). Second derivative terms tend to increase the 

order of the method and accuracy of the solution. 

Therefore, by developing the Second Derivative Hybrid Simpson's Method for the Solution of Stiff Initial Value 

Problems of Ordinary Differential Equations, this study enhanced the approach of (Biala et al., 2015). The new 

numerical method will have higher accuracy and wider region of absolute stability and can be adapted to cope with the 

integration of stiff systems in ODEs. 

2. Methodology 

Considering the polynomial approximate solution of the form; 

  i

i

i

xaxy 



7

0 .          (2.1) 
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Interpolate (2.1) at 
nx  and collocate the first derivative of (2.1) at points 2 4

3 3
( ) , ,1, , 2,n j n jy x f j



    and 

collocate the second derivative (2.1) at points ( ) , 1,2n j n jy x g j


    to get the system of equation in the form  

UXA            (2.2) 

where 
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Solving (2.2) for 
ja s  with the aid of scientific workplace software and substituting the result back into (2.1) to obtained 

the continuous hybrid multistep method  
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where 
js 

, 
js 

 and 
js 

 are continuous coefficients expressed as function of ,t  where  1 ,nx x

h
t 
   1 .dt

dx h
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 ,n jf 
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Evaluating (2.3) at 
2 4 1 5
3 3 3 3
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 to obtained the following six discrete schemes: 
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Writing (2.4) – (2.9) in block form as 
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3. Stability Properties of the Block Method 

3.1 Order of the block method 

Evaluation (2.4)-(2.9) in Taylor series about nx
 give  
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9 np

 

where n  is the order of the differential equation. Therefore, the order of the BHSDSM is  [7,7,7,7,7,7]Tp    with 

error constant  

 

 

 

3.2 Zero Stability of the block method 

The block method (2.10) is zero stable since the roots , 1,2,3,...,sz s n  of the first characteristics polynomial 
 

 

is defined by  

       0det 10  AA 
 

where 

649378 8 8 8 8649 113 128 1
43401015 7620480 8680203 59535 5555329920

17365 8

1111065984

, , , , ,
Error Constant

T

h h h h h

h

 
  
  
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  01556  
 

Solving for   we have  0,0,0,0,0,1  . Hence the block method (2.10) is zero stable. 

 

 3.3 Consistency of the block method 

Since the methods have order 7 1p   , therefore, the block method is consistent. 

 

3.4 Convergence of the method 

The BHSDSM (2.10) is also consistent since each of its numerical integrator has order 1.p   According to [7], we 

can assert the convergence of the method. 

3.5 Region of absolute stability 

The region of absolute stability of the block method is ,A stable   because the region consists of the complex plane 

outside the enclosed figure as shown in Figure 1. 
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Figure 1: Region of Absolute Stability of the Block Method 

4. Numerical Examples 

In order to compare the findings with those of other approaches in the literature, a few numerical examples that were 

established in the literature were solved. All calculations are performed with MATLAB 2015a. 

Abbreviation and its Meaning 

[10] = Biala et al., 2015 

[13] = Ngwane & Jato, 2012 

[15] = Sahi et al., 2012 

[19] = Jackson et al., 1974 

[20] = Cash, 1981 

[21] = Wu & Xia, 2001 

Example 1 We consider the following IVP which was also solved by (Biala et al., 2015; Jackson et al., 1974; Cash, 

1981) on the range 0 1x    

 1 1 2, 1 2 1 2 295 (0) 1,   97 , 0 1y y y y y y y y
 

        , where the analytical solution is given by 

    xxxx eexyeexy 962

2

962

1
47

48

47

1
   ,

47

48

47

95  
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Table 1: Comparing the absolute Errors for example 1 

H Ey  [19] [20] (p=4) [20] (p=5) 

0.0625 Ey1 3 
710  3 

710  1 
810  

 Ey2 4 
710  3 

710  1 
810  

0.03125 Ey1 1 
810  1 

810  - 

 Ey2 1 
810  1 

810  - 

 

 

Table 2: Comparing the absolute Errors for example 1 

H Ey  [15] [10] BHSDSM 

0.0625 Ey1 9 
1110  4

1010  
91009.5   

 Ey2 1 
810  8

1010  
111036.5   

0.03125 Ey1 4 
1210  7

1210  
131031.2   

 Ey2 4 
1210  7

1410  
151043.2   

 

The tables show that increasing the number of off-step points caused the method's results to converge more 

quickly. This confirms the method's consistency and zero stability and supports the idea that the procedure becomes 

more accurate as the step size increases. Table 1 below displays the errors in the solution derived using the block 

method with fixed step-sizes. Comparable outcomes were seen in (Biala et al., 2015; Sahi et al., 2012; Jackson et al., 

1974; Cash, 1981). In Problem 1, it is evident that the new block method outperforms those in (Jackson et al., 1974; 

Cash, 1981) and is fiercely competitive with (Biala et al., 2015; Sahi et al., 2012). 

Example 2 Consider the following nonlinear IVP which was also solved by (Biala et al., 2015; Ngwane & Jato, 2012; 

Sahi et al., 2012; Wu & Xia, 2001) using different step sizes. 

      10  ,1  ,10 ,10001002 222121

2

211 


yyyyyyyyy
 

where the exact solution is given by 
    xx exyexy   2

2

1 ,
. 
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Table 3: Comparison of Exact Errors for example 2 

X H Ey  N [21] h N BHSDSM 

1 0.002 Ey1 500 3.3588
910  0.1 5 

2.79
1010  

  Ey2  2.3048
1110    

1.67
0910  

10 0.001 Ey1 1000 4.7728
2210  0.01 500 

2.61
2310  

  Ey2  5.6175
1810    

5.11
1910  

 

Table 4: Comparison of Exact Errors for example 2  

X H Ey  N [13] N [10]  BHSDSM 

1 0.1 Ey1 10 5.6763
1310  5 3.3588

910  2.79
1010  

  Ey2  6.5675
1310   2.3048

1110  1.67
0910  

10 0.01 Ey1 1000 7.0972
2210  500 4.7728

2210  2.61
2310  

  Ey2  7.8198
1810   5.6175

1810  5.11
1910  

 

Comparing example 2 to the technique in (Wu & Xia, 2001), which employed step sizes of {0.002, 0.001}, it 

is clear from the numerical findings in table 3 that the BHSDSM method works very well for smaller step sizes h = 

{0.1, 0.01}. It was demonstrated that the approach presented in (Biala et al., 2015; Ngwane & Jato, 2012; Wu & Xia, 

2001) performed exceptionally well on stiff problems. The computational results in table 4 clearly show that BHSDSM 

outperforms the method in (Wu & Xia, 2001) in terms of accuracy and step size, and that it is highly competitive in 

terms of accuracy but outperforms those in (Biala et al., 2015; Ngwane & Jato, 2012) in terms of computational 

efficiency with fewer steps. 

5. Conclusion 

Interpolation and collocation approach is used to develop Simpson's Method for solving Systems of Initial 

Value Problems in ordinary differential equations. It is discovered that the new approach is A-stable, convergent, 

consistent, and zero stable. Two numerical examples of stiff initial value problems of first order ODEs were used to 

test the proposed approach. The errors arising from Example 1 and Example 2 using the new method were compared 

to some of the methods that were already in use. The results clearly demonstrate that the newly developed method 

outperforms the current one. The method's high order of accuracy makes it desirable as well. Additionally, the 

developed approach is convergent, zero-stable, and consistent. 



36                                        Sunday et al. (2025) International Journal of Development Mathematics Vol 2 Issue 2 | 026 - 037 

© 2025 Department of Mathematics, Modibbo Adama University.  

References 

 Adamu, S. (2023). Numerical Solution of Optimal Control Problems using Block Method. Electronic Journal of 

Mathematical Analysis and Applications, 11(2), 1-12, 2023. http://ejmaa.journals.ekb.eg. 

 

Adamu, S., Bitrus, K. & Buhari, H. L. (2019). One step second derivative method using Chebyshev collocation point 

for the solution of ordinary differential equations. Journal of the Nigerian Association of Mathematical 

Physics, 51(May), 47-54. http://nampjournals.org/publications-download/vol51/. 

 

Adamu, S., Danhausa, A. A., Stephen, L. &Williams B. (2020). Two Hybrid Points Block Methods for the Solution of 

Initial Value Problems. Journal of the Nigerian Association of Mathematical Physics, Volume 54, January 

issue, 7-12. http://nampjournals.org/publications-download/vol54/. 

 

Adee, S. O., Onumanyi, P., Sirisena, U. W., & Yahaya, Y. A. (2005). Note on Starting the Numerov Method More 

Accurately by a Hybrid Formula of Order Four for Initial Value Problems. Journal of Computational and 

Applied Mathematics, 175, 369-373.  

 

Aduroja, O. O., Adamu, S. & Ajileye, A. M. (2024). Radial Basis Neural Network for the Solution of Optimal Control 

Problems Via Simulink. Turkish Journal of Computer and Mathematics Education (TURCOMAT), 15(2), 

291--308. DOI: https://doi.org/10.61841/turcomat.v15i2.14728. 

 

Ajayi, S. A., Muka, K. O., & Ibrahim, O. M. (2019). A family of Stiffly Stable Second Derivative Block Method for 

Initial Value Problems of Ordinary Differential Equation. Eartthline Journal of Mathematical, 1(2),221-239. 

 

Alkali, A. M., Ishiyaku, M., Adamu, S. & Umar, D. (2023). Third derivative integrator for the solution of first order 

initial value problems. Savannah Journal of Science and Engineering Technology, 1(5), 300-306. 

https://www.sajsetjournal.com.ng/index.php/journal/issue/view/5. 

 

Alkasassbeh, M., & Zurni, O. (2017). Implicit one-Step Block Hybrid Third-Derivative Method for the Direct Solution 

of Initial Value Problems of Second-order Ordinary Differential equations. J.Appl. math., 91-103. 

 

Asnor, A. I., Yatim, S. A. M., & Ibrahim, Z.B. (2019). A Numerical Solver for Second Order Stiff Ordinary Differential 

Equations. ASM Science Journal, 12(1), 33-40. 

 

Biala, T. A., Jator, S. N., Adeniyi, R. B., & Ndukum, P. I. (2015). Block Hybrid Simpson's Method with Two Off- 

            Grid points for Stiff Systems. International Journal of Nonlinear Science. 20(1) 3-10. 

 

Cash, J. R. (1981). On the exponential fitting of composite multiderivative linear multistep methods, SIAM J. Numer. 

Anal., 18, 808-821. 

 

Ezzeddine, A. K. & Hojjati, G. (2012). Third Derivative Multistep Methods for Stiff Systems, International Journal 

of Nonlinear Science, 12(4); 443-450. 

 

Jackson, L. W., & Kenue, S. K. (1974). A fourth order exponentially fitted method, SIAM J. Numer. Anal., 11, 965-

978. 

Kida, M., Adamu, S., Aduroja, O. O. & Pantuvo, T. P. (2022). Numerical Solution of Stiff and Oscillatory Problems 

using Third Derivative Trigonometrically Fitted Block Method. Nigerian Society of Physical Sciences, 4(1), 

34-48, 2022. DOI:10.46481/jnsps.2022.271.  

 

Mohammed, R., & Yahaya, Y. A. (2012). A Sixth Order Implicit Hybrid Backward Differential Formulae (HBDF) for 

Block Solution of Ordinary Differential Equations. Amer. J.Math. Statistics, 89-94.  

 

http://ejmaa.journals.ekb.eg/
http://nampjournals.org/publications-download/vol51/
http://nampjournals.org/publications-download/vol54/
https://doi.org/10.61841/turcomat.v15i2.14728
https://www.sajsetjournal.com.ng/index.php/journal/issue/view/5


37                                        Sunday et al. (2025) International Journal of Development Mathematics Vol 2 Issue 2 | 026 - 037 

© 2025 Department of Mathematics, Modibbo Adama University.  

Milne, W. E. (1953). Numerical Solution of Differential Equations, John Wiley and Sons, New York, NY USA. 

 

Ngwane, F. F., & Jator, S. N. (2012). Block Hybrid Method-Second Derivative Method for Stiff System. inter. J. Pure 

Appl.Math., 41, 543-559. 

 

Skwame, Y., Sabo, J., & Althemai, J. M. (2018). The Family of Four, Five and Sixmembers Block Hybrid Simpson's 

Methods For Solution Of Stiff Ordinary Differential Equations, Journal of Engineering Research and 

Application, 8(6); 59-64. 

 

Sahi, R. K., Jator, S. N., & Khan, N. A. (2012). A Simpson's- Type Second Derivative Method for Stiff Systems. 

International Journal of Pure and Applied Mathematics. 81(4), 619-633. 

 

Wu, X. Y., & Xia, J. L. (2001). Two low accuracy methods for stiff systems, Appl. Math. Comp., 123, 141-153. 

 


