64 International Journal of Development Mathematics Vol 2 Issue 2 Page No. 064 - 087

INTERNATIONAL JOURNAL OF DEVELOPMENT MATHEMATICS

INTERNATIONAL JOURNAL
v

OF DEVELOPMEN
MATHEMATICS (1]DM)

ISSN: 3026-8656 (Print) | 3026-8699 (Online)

journal homepage: https://iidm.org.ng/index.php/Journals

Control Strategies to Curtail Transmission of Corruption using Mathematical Modelling

Approach

Mohammed Fori?", Samuel Musa®, Abdulfatai A. Momoh®, Shuaibu A. AhijoP and Samuel Adamu®

aDepartment of Mathematics, College of Education Waka Biu, PMB 1502, Borno State, Nigeria

bDepartment of Mathematics, Modibbo Adama University Yola, PMB 2076, Adamawa, Nigeria

°Department of Mathematics, Nigerian Army University Biu, PMB 1500, Borno State, Nigeria

ARTICLE INFO

ABSTRACT

Article history:

Received 01 January 2025

Received in revised form 04 Aprilr 2025
Accepted 28 May 2025

Keywords:
Mathematical model, Corruption, Pontryagin
maximum principle, Optimal control,

In this study, we propose a deterministic compartmental model to study the
behavior of corruption transmission under different control strategies. In the model,
reproduction number is formulated to analyze the accurate transmission dynamics
of the corruption and equilibrium points of the model were computed. Optimal
control theory is applied to the model to demonstrate the impact of various

strategies, including control effort on anti — corruption sensitization program U, ,

control effort on the arrest and prosecutions of individual accused of corruption U,

Numerical sijulaticiy and control effort for punishing individuals found guilty of corruption which will

MSC 2020 Subject classification:
97M10

serve as consequences of corruption U, . The results demonstrated that

implementing all three strategies, U; , U, and U, simultaneously appear to be the

most effective way to curb corruption. Furthermore, the effect of control strategies
on the model is analyzed graphically by simulating the model numerically.

1. Introduction

Research on corruption dynamics has been a focal point for many scholars, accumulating extensive expertise
and highlights. Through the development of rigorous mathematical models, they proposed effective controlled
measures to mitigate the spread of corruption. An extensive research has been undertaken by scholars to investigate
strategies for curtailing corruption, including law enforcement and awareness campaign, highlighting the need for
additional control measures to mitigate its spread. Alhasan et al. (2024) developed a mathematical model on the
dynamics of corruption menace with control strategies. Two time — dependent control factors were incorporated to
provide an ideal control that will help to stop the corruption from spreading across population. A public education
campaign against corruption and punishment of those found guilty of corruption are the two controls that were
examined for effectiveness using Pontrygin’s maximum principle. It has been noted that implementing the controls
either separately or both can significantly reduce the spread of corruption. Gutema et al. (2024) developed a
mathematical analysis of the corruption dynamics model with optimal control strategy. The method of deterministic
model approach was use to study the effect of corruption in the population base on the corrupt status. A qualitative
analysis of the model was conducted by showing that the solution of the model is positive and bounded. Hence, the
developed model is mathematically and epidemiology meaningful. Furthermore, the model was analyzed and extended
into optimal control strategy by incorporating two control variables, i.e. mass education and low enforcement. The
necessary conditions for optimal controls were investigated with the help of Pontrygin’s Maximum Principles. Lastly,
numerical simulations of the optimal model were examined by considering individually and combining the controls.
Rwat et al. (2023) developed mathematical models and analyzed it to investigate the transmission of corruption within
pulation. Aloke (2023) proposed to combat corruptions in Nigeria system by examine the dynamics of corruption and
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three control measures. Zerihun and Abyneh (2022) developed a mathematical model for the dynamics of corruption
transmission incorporating media coverage. Abayneh and Zerihun (2022) proposed a deterministic mathematical
model that explain the transmission dynamics of corruption by considering social influence on honest individuals and
analyze the model. Mokaya et al. (2021) developed and studied a deterministic model for the spread of corrupt morals
that involves a group of people who are going through a counseling and guidance procedure. Abdulrahman (2014)
proposed a mathematical model with constant recruitment rate and standard incidence for the transmission dynamics
of corruption as a disease. Legesse and Shiferaw (2018) proposed a mathematical model for corruption by considering
awareness created by anti-corruption and counseling in jail.

In this work, a mathematical model is developed to study the transmission of corruption across population.
Optimal control theory is introduced and applied to the development in section 3 and 4, the model is simulated
numerically to observe the effect of control strategies on the model.

2. Model Formulation

To analyze transmission dynamics of corruption, a compartmental model is constructed. The model consists
of all possible corruption dynamics. Corruption is seen as contagious diseases in nature, and cases have been rising in

most of the developing countries in the world. The model is divided into eight compartments: susceptible S(t),
Exposed E(t), Corrupt C(t), Trial T (t), Jailed J(t), Reformed S(t) R(t), Honest individual H (t) and anti —
corruption agencies Q(t) . The dynamics of the corruption are described graphically in Figure 1. Parameters used in
the model are described in Table 1.

2.1 Flow diagram of the model

The flow diagram in Figure (1) describe the transition of individuals from one compartment to another. In the
diagram, the dotted line represent interaction between anti — corruption agencies and the corrupted individuals to enable
arrest. The solid arrows represent movement of individual from one compartment to another.

(1 —gnT
/Sy

uE

Figure 1: Flow Diagram of the Model

Using the above depiction, a dynamical system of set of nonlinear differential equations for the model is
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formulated as

follows:
ds
E=A+(1—§)a)R—p,BSC—(l//+,u)S
%—Itz=pﬁSC—(c7+u)E
d—CzaaE—yCQ—uC
dt
dT
d—zyCQ—(nﬂt)T
t
dJ
—=nel —(0+u)J
prant/ @+ p)
drR
P 03 +(1-)nT +(1-a)oE - (w+ 1)R
dH
—=yS+¢{wR - uH
a4 SoR—pu
d—Q:ﬁ—é‘Q
dt 1
Subject to the initial conditions
S(0)>0, E(0)>0,C(0)>0,T(0)>0, J(0)>0, R(0)>0, H(0)>0, Q(0)>0 B

Since we are dealing with human population, we assumed that all parameters used in the model are non — negative.
Consider the feasible region as follows:

©:®1U®2CR1XR+,

where,

D, = {(S.E.C.T,J,R H) € RL:N sﬁ} and D, ={Q €R,:Q <7 3)

The region where D is positively invariant; all the solutions of system (1) remain in the feasible region (3), (Musa
& Fori, 2019).
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Table 1. Parametars used in the model

Parameterz Dezcription
a Cormption transmiszion probability per contact
g Contact rate betwean suscephible and corrupted mdriiduals
o Proportion of individuals that join the cormupted subpopulation from the expozed compartment
& Eate at which expozed mdividuals becomes cormuptad
¥ Ezate at which cormpted individuals are arrested
" Eate at which cormpted individuals on trial are taken to jail
g Eate at which jailed individuals ara reformed
o Bate at which reformed indriidual become honest
£ Proportion of individuals that jom the honest subpopulation from reformed compartment
o Proportion of individuals that jom the honest subpopulation from susceptible compariment
) Diecay rate of anfi—cormption agenciaz
i Matural d=ath rats
@ Proportion of individuals on trial that will zo to jail
A Eecruitment rats into the susceptibla compartmant
T Influx rate of anti-commuption agenciaz

2.2 Equilibrium points. By solving system (1), we obtained Corruption Free Equilibrium Point and Corruption
Endemic Equilibrium Point as follows:

El=[ L ,o,o,o,o,o,L,fJ

W+ p p(w+u) o "

E,=(s",E",.C",T",J",R",H",Q") -

where,

5 _ A+(1-¢)wR™ £ pBCTS™ -  acE” — yC Q"
pPC” +(v + 1) (o+u) Q" +4) nu

JﬂzmﬁT** RHZQJH+(1—¢)77T“+(1—05)0E“ Hﬁzws**JrgaR** 0" %
O+p O+ u H 5
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2.3 Basic Reproduction Number. The basic reproduction (Ro ) for the model was established following the next

generation matrix approach by Diekmann, af el. (2009). It is obtained as the spectral radius of the matrix ( FV _1) at

the disease — free equilibrium point, where F and V are as follows:

o+ u 0 0 0 ]
0 A_ﬂp 00 7T+ 5/1
v+u —00 (Tj 0 0
F=|0 0 0 0| and V = (6)
0O 0 00 0 —%” n+u 0
0 0 0 0 0 -ne O+ u|
Thus, the basic reproduction number is
4 aocl\ppo
R, = p(FV )= (7)
(F (y7 +6u) (o +u)(p+y)

3. Optimal control theory

Control measures play a significant role in controlling the spread of corruption. In this control theory, three
possible control variables are used as three possible control strategies. Since corruption is seen as contagious diseases,
it can infect any person who come in contact with a corrupt individual. Therefore, there is need to extend the model
into optimal control problem.

3.1 Extension of the model into optimal control

Optimal control is applied to corruption transmission dynamics to determine the most effective intervention
strategies for controlling corruption. Therefore, the optimal level that would be need to control corruption is minimizing
the number of exposed and corrupted population.

The optimal control interventions for effective controlling threat of corruption is presented in this section. It
observed that some parameters in the model have impact on the basic reproduction number of corruptions R,. To
address it, some controls are incorporated in the developed model, including the following:

i u;: control effort on anti — corruption sensitization program to prevent corruption cases
ii. u,: control effort on the arrest and prosecution of individuals accused of corruption
iil. us: control effort on punitive deterrent of individuals found guilty of corruption which will serve as

consequences of corruption

Adding the three controls of the model equation (1), the optimal control model is given by
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ds
E=A+(1—§)coR—(1—ul)pﬂSC—(l//+,u)S
((jj—ltzz(l—ul)pﬂSC—(a+y)E
C:j—(t::omE—yuZCQ—,uC

dT

E:7UZCQ_(77U3+,U)T

dJ

EZU¢U3T_('9+,U)J

dr
E=6’J+(1—¢)77u3T+(1—a)0'E—(a)+,u)R
dH

—=yS R—uH

et 4 +SoR—

dQ

—=7-0

a "

(®)
To explore the optimal level of efforts that would be required to control corruption in society, we constructed
an objective functional J ( u,u,, u3) , whose goal is to minimize the number of exposed and individuals accused of

corruption. Thus, the objective functional corresponding to the optimal control model in equation (8) is given by

min f 2 2 2
J= jl a1E+a2C+;(1ul L A | s g
U, U,, U, 0 2 2 2 9

Subject to the constraint given by system (8).

Where t; isthe final time, @, and &, are weight constants of the exposed and corrupted population, respectively,

2 2
u u
while ¥, %,,and }, are weight coefficients for each individual control measure. The term Zl—l, % and
2
X3Us

are costs associated with U;, U,and U;. We choose nonlinear cost function on the control based on the

assumption that cost takes nonlinear function, (Alemne, 2020). Our aim is to search for optimal control function

(U;, U;, U;) such that,
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3 (g, uz,uz ) = min{J (u,,u,, u;)] (uy,u,,u,) €U} o)

where U ={(ul,u2,u3)|ui(t) isa Lebesgue measurable on [O,tf ],Ogul <l =1,2,3} is a closed

set, that’s means U is the control set system of equation given by (8).

3.2 The Hamiltonia and optimal system

The optimal control model must satisfy the necessary conditions that are formulated by Pontryangin’s
maximum principle (Pontryagin,1962). The principle converts the system of equation (8) and (9) into a problem of

minimizing point — wise a Hamilton ( H; ) with respect to U, (t), U, (t) and U,(t) as

13 ds dE . dC dT dJ drR dH dQ
H, =aE+aC+= U+ — + L — A —F = — A+ Ay—+ A, —+ Ay —
TTAETE 221:(;( ) b di “~ORCdt det Tt Rdt T dt T dt

1
H; =aE+a,C +§(Z1u12 + 2o\ + Zsu32)

+As [ A+(1=&)oR—(1-u,) pBSC — (v + 1) |
+2 [ (1-u,) pBSC (0 + ) E |

+¢ [aoE —yu,CQ— uC]

+A; [yuzCQ —(mu, +,u)T]

+2, [npu,T = (0+ 1)J ]

+2x[ 03 +(1-¢)nu,T +(1-a)oE —(@+ u)R]
+ 2 WS +EwR— uH |

+4, [7—-6Q]

(1)

where Ag, Az, Ac, Ay, Ay Ay Ay s ;iQ , are adjoint variables to be determined. The adjoint system and the control

characterization is presented in the following theorem:

Theorem 1

Let U;, U; and U; be optimal controls and S*,E",C",T",J",R’, H*,Q* be the solutions of the optimal

control problems of system (11) that minimize J (ul,uz,u3)over U, then there exists adjoint variables

B A B s By P g A sty
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s — (e =) (1= W) PBC)+ (s — e o + st

d(iE =—a +(A —)o+(Ag— A )ao+ A u

dﬂ;c =—a, +(4 =2 )((1-U;) pBS ) +(Ac = A ) 7U,Q + At
dd—’iTz(ﬂ,r—ﬂJ—/lR)nuajtnuﬂRvLﬂTu (12)
%:(% RYISW

%:(/15 (1-&)+ Ay — Ay )@+ Aguu

%=(%—%)7Cuz+%5

where A, for 1=S,E,C,T,J,R, H,Q are adjoint variables and controls UI , u; and u; obey the optimality

conditions, such that

u, = max{o,min[l, PBCS (4 _AS)J}

X1

u; = max {0, min (1, M]}

Xo

u, = max{o, min[l, 1T GO e & ))]}

X3
(13)

Proof

The adjoint system is obtained using standard result by Pontryagin’s Principle. The differential equations
governing the adjoint variables are obtained by the differentiation of Hamiltonian equation (11) with respect to the
state variables. S, E,C,T,J,R, H,Q respectively. Then, we obtain the adjoin equation as
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d4 __dH; d. __oH d4 __dHy di __oH,
dt s’ dt OE dt oC dt oT
di,  oH, dl,  oH, di,  oH; ddy ~ oH,
dt -’ dt R’ dt oH ' dt oQ

The result obtained is evaluated at the optimal controls and the corresponding state variables. Thus, the adjoint
system presented in equation (12) is obtained. The computation is presented as follows:

di,  oH;

dt oS
~[ 4 ((@-v,) pBC = + 1))~ A ((1-1,) PBC) + A |
= (A =45 )((1-uy) pBC)+ (A = A Yy + As 1

dZ.  oH,

dt OE
:—[al—/lE (0'+,u)+/1ca0'—(1—0()o%R]
=-a, +(A — A )o+(Ag — A )ao + ul,

di.  oH,
dt | oC
=—[a,— A (1-u;) pBS + A (1-1,) pBS = AcyU,Q = Ap+ A yu,Q |
=—a, +(A — A )((1-uy) pBS )+ (A — A7 ) yu,Q + A 1
diy __oH;
dt oT
=—[ A (s + 1) + 2, (174U ) + A (1-6) U, |
= (AnUy + Ay 1 — AyUqh — AUy + AgnUsp ) Uy +—6J
= (4 =2 )1y + (A = 4y ) 11Uy + 2 1
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a4, _ oHy
dt 8J
=—[ 4, (0+ 1)+ 240 | = 2, (0+ 1) = 20 = (A, — 2 ) 0+ Ay

dho o
dt  6R
:—[—/13 (1-&)o-1 (a)—i-,u)+/1H§a)]

=2 (1-&)o+ A (0+ )~ Ay b =(As (1- &)+ Ay — Ay &) 0+ Apt

di,  oH;

=-—L=-[-,H]=4,H
dt oH -2 H1=2,
di, oH
dtQ :_aQT :_[—,10 (yuZC)+/1Tyu2C—ﬂQ5]

= 2 (7U,C )~ 4 7u,C — 4,6
= (A =4 ) U,C + 2,6

The zero final time is given by

s (1) = 2t ) = A0 (1) = A (1) = 4 (8 ) = A (1) = 2 (8 ) = Ao 1) =0 (14)

*

ug,uandu, o

Furthermore, using the optimality condition, we can find the value of optimal control functions

te[0t,] = .
. So, we can find characterization equation as follow:
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oA, =0, atu, =u;
ou,
oH, oH
=& =y, + A pBSC — A pfBSC =0
u, o 2+ A5 pp ePP
- PPSC (A~ 4)
’ 21
oA, =0, atu, = U,
ou,
oH, oH
=—= z,U, — A.yu,CQ+ A, yu,CQ =0 15
o0, =~ At AP CQ* A CQ (15)
i; Q4 4EE)
j X2
oA, =0, atu, = U,
ou,
oH, oH
5 L= —— =yl + 4,ngu,T + A (1—¢)77U3T—/17(77U3+,L1)T =0
U, ou,
R nt (/1R (1-¢)+(4 -4 ))
A3

Moreover, by using the boundary condition and simplifying the solution of (16), we obtain the following optimal
controls:

u :max{o,min[l, pﬂSC(;E _’15)]} (16)

X2

0l - max{o, min[l,wj} (17)

u; =max{0,min[1, T (e (1=9) + (4 — 4, ))]} (18)
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As described by Joshi (2002), the constraint is typical in control problem. Hence, the optimal control function is
described, and we can use the simulation of optimality system to determine the best strategies that minimize corruption
dynamics.

4. Numerical Simulation

In this section, numerical simulation for the analysis carried out in section 3 are presented. The optimal
systems were solved using forward - backward sweep to solve the state and adjoint system in order to obtain the optimal
strategy. The variables and parameters values used in the simulation are displayed in Table 2 and 3.

Table 2: Variables for the model

Variables Values
S(t) 2000
E(t) 1000
C(t) 500
T(t) 300
J(1) 95
R(t) 20
H (t) 30
Q(t) 2
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Table 3: Parameters for the Model

Parameter Value Sources
P 0.36 Abdulrahman
(2014)

B 0.234 Lemecha (2018)
a 0.3 Lemecha (2018)
o 0.007 Alemneh (2020)
y 0.21 Assumed

n 0.01 Assumed
0 0.35 Assumed

) 0.35 Alemneh (2020)
& 0.1 Assumed
P 0.03 Lemecha (2018)
é 0.01 Assumed

0.016 Lemecha (2018)

¢ 0.03 Assumed

A 85 Alemneh (2020)
I 1.0 Assumed
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The impact of implementing strategy A in controlling the spread of corruption
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Figure 2: Simulation results of the optimal control model showing the effectiveness of strategy A in averting the
number of individuals exposed to corruption against without control strategy.
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Figure 3: Simulation results of the optimal control model showing the effectiveness of strategy A in averting the
number of individuals accused of corruption against without control strategy.
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The impact of implementing strategy B in controlling the spread of corruption
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Figure 4: Simulation results of the optimal control model showing the effectiveness of strategy B in
averting the number of individuals exposed to corruption against without control strategy.
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Figure 5: Simulation results of the optimal control model showing the effectiveness of strategy B in averting the
number of individuals accused of corruption against without control strategy.
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The impact of implementing strategy C in controlling the spread of corruption
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Figure 6: Simulation results of the optimal control model showing the effectiveness of strategy C in averting the
number of individuals exposed to corruption against without control strategy.
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Figure 7: Simulation results of the optimal control model showing the effectiveness of strategy C in averting the
number of individuals accused of corruption against without control strategy.
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The impact of implementing strategy D in controlling the spread of corruption
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Figure 8: Simulation results of the optimal control model showing the effectiveness of strategy D in averting the
number of individuals exposed to corruption against without control strategy.
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Figure 9: Simulation results of the optimal control model showing the effectiveness of strategy D in averting the
number of individuals accused of corruption against without control strategy.
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The impact of implementing strategy E in controlling the spread of corruption
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Figure 10: Simulation results of the optimal control model showing the effectiveness of strategy E in averting
the number of individuals exposed to corruption against without control strategy.
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Figure 11: Simulation results of the optimal control model showing the effectiveness of strategy E in averting
the number of individuals accused of corruption against without control strategy E.
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Figure 12: Graph showing the control profile of strategy A.
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Figure 13: Graph showing the control profile of strategy B
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Figure 14: Graph showing the control profile of strategy C.
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Figure 15: Graph showing the control profile of strategy D.
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Figure 16: Graph showing the control profile of strategy E.
The impact of implementing the control strategies in preventing the cases of corruption

The number of individuals exposed to corruption and those accused of corruption prevented as a result of
implementing the strategies are presented in Tables 4 and 5, respectively.

Table 4: Number of individuals exposed to corruption prevented

Strategy Number of individuals Exposed to Corruption
 (only) 1.0404 x10°
g (U;only) 3.9271x10°
c (U & u;only) 5.2486x10°
p (U, & u;only) 3.9209x10°
g (Uy, Uy, ugonly) 5.2453x10°
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Table 5: Number of individuals accused of corruption prevented

Strategy Number of individuals Accused of Corruption
» (ugonly) 7.6334x10*

g (U, only) 1.0193x10°

c (U & u,only) 1.0214x10°

p (U, & ugonly) 1.0193x10°

g (Uy, Uy, ugonly) 1.0214x10°

4.1 Discussion of numerical results

To identify the most effective control strategy for mitigating the spread of corruption, numerical simulations
of the optimal control model were performed based on five different control strategies (A, B, C, D, and E). The results
are discussed in the following subsection. The simulation results revealed the impact of implementing these control
strategies on the dynamics of corruption over a period of 100 months. As observed from Figure 2 to Figure 11,
implementing any of these control strategies results in a significant reduction in the population of individuals exposed
to corruption and those accused of corruption. Conversely, failing to implement any of these control strategies leads to
a substantial increase in the population of exposed individuals and those accused of corruption.

Figures 12, 13, 14, 15, and 16 depict the control profiles of strategies A, B, C, D, and E, respectively. The
control profiles of these strategies reveal that to control the spread of corruption, efforts must be consistently maintained
throughout the implementation period. Furthermore, the simulation results of the optimal control model presented in
Tables 4 and 5 indicate that strategy A is the most effective in preventing the number of individuals exposed to
corruption. In contrast, strategies C and E are the most effective in preventing the number of individuals accused of
corruption.

5. Conclusion

In this study, a compartmental model is constructed to examine transmission of corruption within population.
Moreover, the basic reproduction number is formulated to calculate the threshold value of the corruption. In order to
develop strategies to counteract corruption, optimal control theory is applied to the model. In addition, in order to
advance this control theory, three control variables are introduced in the model in the form of control strategies. This
strategy includes sensitization program to prevent corruption cases by anti-corruption, arrest and prosecution, and
punishing of individuals found guilty of corruption. Individual and combined effects of these control variables on all
the compartments are observed and examined graphically by simulating the corruption model. Numerical simulation
of the model indicates that sensitization program, prosecution and punishing of corrupt individuals can reduce the
number of corrupted individuals which will further reduce the transmission of corruption, and even eradicate it to
bearable minimum level. A significant and interesting direction for future research is to implement parameter
estimation and cost-effectiveness analysis in the corruption dynamics model.
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