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definition of the new concept is given, along with the joint-intersection and meet-

union of FFPS-groups. Furthermore, the basic properties of FFPS-group and FFPS-
subgroup are studied. Finally, we investigated the fundamental of FFPS-group

?:Zyzv;osr:é’set, Fuzsy Parameterized Soft properties via external product, homomorphism, isomorphism and factoring of

Set, Full Fuzzy Parameterized Soft Set, Full FFPS-group are defined and 1nvest1gated.

Fuzzy Parameterized Soft Groups

MSC 2020 Subject classification:
08A30

1. Introduction

In modern day Mathematics, despite the fact that fuzzy set (Zadeh, 1965) and soft set (Molodstov, 1999)
theories were proved to have high degree of effectiveness in solving the inherent problems of uncertainty, vagueness
and parameter dependence, it still remains a critical challenge for these problems to be completely addressed.
However, in order to enhance the applicability and efficiency of the theories of fuzzy set and soft set, researchers have
developed hybrid structures that combine the two concepts. Maji et al. (2001) were the first to contribute in this
direction, defining the concept of fuzzy soft set theory by incorporating fuzzy logic in a parameterized environment.
This formation led to several developments in different aspects of Mathematics like algebra, topology and information
science (Atkas and Cagman, 2007; Roy and Maji, 2007; Ali et al., 2009). Further developments include the work of
Cagman et al. in 2010 and 2011 on fuzzy parameterized fuzzy soft set and fuzzy parameterized soft set respectively.
So many efforts by different researchers have been explored in the direction of a fundamental algebraic structure
(Group Theory). These efforts include the definition of soft groups by Cagman et al. (2011) and fuzzy groups by
(Rosenfeld, 1971). These led to the introduction of fuzzy soft groups by Jun and Song (2009). In essence, Jun and
Song’s work provides a powerful framework for dealing with uncertainties in algebraic structures using the concepts
of fuzzy and soft sets, opening up new possibilities for applications in various fields including decision-making and
medical diagnosis. The authors also studied algebraic structures and properties including fuzzy normal soft groups and
fuzzy soft homomorphisms. This contributes immensely in algebraic structures with imprecise or parameter-dependent
information.
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Over the years, significant studies have been made in order to explore the algebraic aspect of fuzzy and soft

structures. In 2014, Hong and Qin investigated the algebraic structure of fuzzy soft sets, analyzing closures and
homomorphisms. In the same direction, Enginoglu and Cagman in 2020 introduced and study fuzzy parameterized
fuzzy soft matrices and its basic properties. The authors create a new algorithm (Prevalence Effect Method) and used
it in a performance-based value assignment. Reeta et al. (2021) studied lattice-ordered fuzzy soft groups (1 —FSGs),
including congruence relations and quotient structures and went ahead to prove that the set of all I —FSG quotient set
is a complete lattice. Also, in 2021, Akin defined multi-fuzzy soft groups and examined their structural properties.
In another direction, one notable advancement in the direction of merging the ideas of fuzzy set and soft set was full
fuzzy parameterized soft set, introduced by Elijah and Muhammad (2021) in order to enhance fuzzy parameterized soft
set by allowing complete fuzziness in the parameter domain. In the framework of full fuzzy parameterization, the
concept of full fuzzy parameterized soft expert set (Elijah et al., 2024) was introduced. This fully fuzzified experts’
opinions soft expert set.

However, Acharjee and Medhi in 2024, took their time to scrutinize the existing model in the aspect of fuzzy
soft theory and focus on refining concepts like t-norms, t-conorms, negations and implications- ensuring they align
with Molodtsov’s foundational principles of soft set theory. The idea of promoting complete fuzzification to both
underlying sets and parameter domains, and the fact that the existing models often don’t integrate full group structures;
therefore the need for a holistic algebraic framework that supports simultaneous full fuzzification and parameterization
within group theory. Hence, the introduction of full fuzzy parameterized soft group.

The purpose of this study is to introduce a basic form of full fuzzy parameterized soft group theory, which
extends the notion of a full fuzzy parameterized soft set theory to include the algebraic structures of full fuzzy
parameterized soft sets. This is in line with works like (Rosenfeld, 1971), who proposed the concept of fuzzy groups in
order to establish the algebraic structures of fuzzy sets, (Biswas and Nanda, 1994), who gave the first definitions of
rough group, rough subgroup and some properties of them, (Aktas and Cagman, 2007) who introduced the soft group
structure depending on the definition of soft sets given by Molodsov and showed a way to construct algebraic structures
based on the concept of a soft set.

2. Preliminaries
In this section, we provide some basic relevant definitions.

Definition 2.1. (Zadeh, 1965) Fuzzy Set: A pair (1, U) is called a fuzzy set, where U is a non-empty universe set and
W is a function from U into the unit interval [0,1], (i.e, u: U - [0,1]) and for all x € U, u(x) is referred to as the degree
of membership of x € U.

Definition 2.2. (Molodstov, 1999) Soft Set: Let U be a universe set, and E be the set of parameters. A pair (F,E) is
called a soft set over U if and only if F is a mapping from E into the set of all subsets of the universe set U, i.e., F: E —
P(U), where P(U) is the power set of U.

In other words, Soft set over U is a parameterized family of subsets of U.

Every set F(e), for every e € E, from this family may be considered as the set of e-elements of the soft set (F,E) or
considered as the set of e-approximate elements of the soft set. Accordingly, we can view a soft set (F, E) as a collection
of approximations: (F,E) = {F(e):e € E}.

Definition 2.3. (Maji et al., 2001) Fuzzy Soft Set: Let IV be the set of all fuzzy sets of U. Then a pair (f, A) is called a
fuzzy soft set over U, where A is a subset of the set of parameters E, and f is a mapping from A into 1V. That is, f: A —
1Y, and for each a € A, f(a) = f,: U - 1, is a fuzzy set on U.

Definition 2.4. (Cagman et al., 2011a) Fuzzy Parameterized Soft Set: Let U be an initial universe, E be the set of
parameters and A be the fuzzy set over E. A fuzzy parameterized soft set (FP-soft set) g4 on the universe U is defined
by the set of ordered pairs:

Fa = {(#A(x)/x' yA(x)):x € E, yA(x) € P(U)I.UA(X) € [Oll]}’
Where P(U) is the power set of U and the function y4: E - P(U) is called approximate function such that y,(x) = @
ifuax) =0
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Characterized by the membership function u,: E — [0,1]

The value 1y (x) of an element x of the parameters represents its degree of importance. And it is solely based on the
desirability of the decision maker.

Hence, this means that the approximate function is defined from fuzzy subset of E to the crisp subset of the Universe
set U.

Definition 2.5. (Edeghagba and Muhammad, 2021) Full Fuzzy Parameterized Soft Set: Let A ¢ E. A Full Fuzzy
Parameterized Soft Set (FFP-soft set) Fz on the universe U is given as:

Fi={0. fa0)) : 9 € A f2(9) € P(U), uy(x) € [0,1], x € E}

Where E is the set of all parameters, E is the set of all possible fuzzy set over E and A is a finite subset of E, f5: A —
P(U) represents the approximation function of Fj such that:
fa(P) = @ whenever uy(x) = 0Vx € E and y € A. Therefore, a fuzzy set 9 over E is as:

y= (#37(951)/951) uy(xz)/xz,...,,uf,(xn)/xn),

characterized by the membership function

up:E > [0,1], E = {x1,%5,..., X, }.

Definition 2.6. (Herstein, 1975) Group: A non-empty set G under binary operation * i.e (G,*) is said to be a group if
it satisfies the following properties:

1 Closure:¥a,b € G,a*b € G.

2.Associativity:Va,b,c € G,a* (b *c) = (a*b) *c.

3.1dentity  element:There  exist an  identity element e € G,such that axe=exa=a,Va€EQG.
4.Inverse: Va € G,3a' € G ,such thata *xa* = a' *xa = e.

Definition 2.7. (Rosenfeld, 1971) Fuzzy Subgroup: A fuzzy subset i of a group G is said to be a fuzzy subgroup of G
if
1 u(xy) = min{p(x),u(y)} Vx,y € G

2. pulxH=ux)vxeac
holds for all x,y € G.
Equivalently, u(xy) < u(x) Au(y) forall x,y € G.

Definition 2.8. (Atkas and Cagman, 2007) Soft Group. Let G be a group and (F, A) be a soft set over G. Then (F,A)
is called a soft group over G if and only if F (x) is a soft group of G for all x € G.

Definition 2.9. (Jun and Song, 2009) Fuzzy Soft Group: Let G be a group and (F, A) be a fuzzy set over G .Then (F, A)
is said to be fuzzy soft group over G if and only if for each a€A and x,y € G,then
1. fa(xy) = T(fa(x). fa®))

2. fa(x™1) = fa(x)

That is for each a € A, fa is a fuzzy subgroup in Rosenfield’s sense.

Definition 2.10. (Cagman et al., 2011b) Fuzzy Normal Subgroup: A fuzzy subset u of a group G is said to be a fuzzy
normal subgroup of G if the following axiom hold

u(xyx') = u(y) forall x,y € G,

Equivalently, u(xyxt) = u(y) for all x,y € G or u(xy) = u(yx) forall x,y € G.

3. Results

In this section, we introduce the concept of FFPS-group which is an extension of the notion of FFPS-set theory
to include algebraic structure. The FFPS-group is defined by using the concepts of the FFPS-set and classical group
together, and this exhibits an algebraic structure containing parameters and uncertainty. First, we give the definition of
FFPS-group, then define some of its basic operations and properties.
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3.1 The Concept of FFPS-group
Definition 3.1.1. (FFPS-group): Let U be the initial universe,E the set of parameters and E be the set of all fuzzy
subsets of E .Therefore,for A c E, Fj is said to be FFPS-group over U if

1. Fjis afull fuzzy parameterized soft set over U .

2. fa®<UVzREeEA
3. IfE is a group then in addition to (1) and (2) 9 is a fuzzy subgroup of E for all § € A.
Definition 3.1.2. Let F; be an FFPS-group over the group G, and e be the identity element of G
1. Ifforalld € A4, fg(ff) = {e}, then Fj is called the trivial FFPS-group over G. This is denoted by e;
2. Ifforalla € A, fz(@) = G is called the improper FFPS-group over G. This is denoted by Uz
We noted that it could be the case that |ez] = 1

Example 3.1.3. Let G = S3 and the subgroupness property set E = {e,,e,, e3,e,}, e, = normality, e,=cyclicness,
e;=commutativity, e,=centrality.
Clearly the trivial subgroup {e} of Ss is normal, cyclic, commutative, and it is center of S;. Therefore @ =

(i, i L —) € A is the only possible fuzzy set over E for 1z, thus fz(&) € Iz is the only element in ez

e1’e; ez’ ey
Definition 3.1.4. Let Fz and Gg be two FFPS-groups over the group G. Then F; is called FFPS-subgroup of G if for
each @ € A there exists b € B such thath < @ f4(@) < gg(B) written as Fz < Gg

Proposition 3.1.5. If F is an FFPS-group over the group G and has a trivial element, then ez is an FFPS-subgroup
Ong

Proof: Let Fz be an FFPS-group over G with approximate function fz, and suppose Fz has a trivial element in the
sense that for every fuzzy parameter @ € A, the subgroup fz(&) contains the identity element e, so {e} is a subgroup
of each fz(Q). The trivial FFPS-group ez assigns the singleton subgroup {e} to each parameter 4. To show ey is an
FFPS-subgroup of Fz, we check the condition from Definition 3.1.4. Therefore, for an arbztrary parameter @ € A (of
course @ is considered to be in the domain of ez) let b = @, then by the reflexive property b < @ and since for every
fuzzy parameter £ € A, e € fz(%) and fe;(@) = {e}, so it is the case that {e} = fezl(als f2(b) satisfying the
inclusion condition. Since the choice of @ was arbitrary, the condition holds for every @ € A. Hence ez is an FFPS-
subgroup of Fz.

We note that there exists an inverse relationship between the order of parameter and the size of the set. So, a higher
fuzzy parameter value produces a smaller approximate set.

Definition 3.1.6. Let Fz be an FFPS-group over the universe U with the approximate function f z, then a function O
is said to be a f ; - single valued generated function if for all & € A, 0;(@) € fz(&).

Example 3.1.7. Let E = {x;,x,,X3,x,} be set of all parameters and A = {@,, @,, @3} be the finite set of fuzzy set over
E and U = {U,U,,U;,U,}. Let Fz be a FFPS-group over U defined by approximate functions f;(a,) = {U;, U,},
fa(a,) ={U,,Us}, f5(a3) = {U,,}. Then the functions 05(a,) = U,, 05(a,) = Uy, 04(a3) = Us. Clearly, Oz is a
fa-single valued function.

Remark 3.1.8. fz(&) needs not to be empty for all & € A. We must note that O is generally not unique since each Oz
is an arbitrary element in f;(@) for all & € A.

The above remark indicates the need to have at least one @ € A for which fz(@) # @. Otherwise choosing a value for
0z would be able impossible and hence the definition fails. Since each of f (@) may be sets with more than one element
then it turns out that Oz has several choices hence Oj is not unique.

Example 3.1.9 demonstrates the definition of FFPS-subgroup.
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Example 3.1.9. Let U = S, and let E = {ey, e;, €3, €,} is the set of parameters where parameters: e; = Normality, e,
= Cyclicness, e; = Commutativity and e, = Centrality. We exhibit three FFPS-families A B,C c E with their
approximate functions. Each approximate image is a subgroup of S,

For thefamilyfi = {91, 92,93, 94}

Let y, = {ei,zi,ei,zj}, define fz(91) = {e, (12)(34), (13)(24), (14)(23)}. Clearly, this set is normal and abelian,
1 2 3 4

so a parameter with maximal normal and commutative values naturally selects it

Let y, = {i 12 i}, define fz(9,) = {e}. Clearly, the fuzzy with ones encodes the strongest possible requirement

e1’ e, e3’ ey
on every sub-groupness property, only the identity element satisfies all properties simultaneously.
035 09 1 E}, define f;(93) = {e, (13)(24), (1234),(1432)}. Clearly, this shows a subgroup that is

Let 35 = {0 5
cyclic and abelian. The moderate values in the fuzzy values reveal weaker properties than y,.
Let 9, = {%,?,?,%}, define fz(9,) = {e, (12), (13), (23), (123), (132)}. Clearly, this subgroup is non-abelian
1 2 3 4

(so commutativity is moderate) and contains cyclic subgroups; the fuzzy values reflect these mixed properties.
Suppose B = {24, 2,, 25},

5 — [L1 04,5501
Letz, = {el' e;’ ez’ 64}’
Define
Gz(21) ={e,(12)(34),(13)(24),(14)(32),(123),(132), (134), (143), (124),(142), (234), (243)}. Clearly, this
subgroup is Normal in S, (so normality is high), non-abelian (so commutativity is moderate) and contains cyclic

subgroups, the fuzzy values reflect these mixed properties.
03 0.9 095 0.1

Let 7, = {Z'Z’Z’Z} define Gg(2,) = {e, (1234),(1432), (13)(24)}. Clearly, this shows a subgroup with high
cyclic and abelian properties. The moderate values in the fuzzy values reveal a weaker properties.

Let 75 = {%,%,g,%}, define Gg(Z3) = {e, (12),(13),(23), (123), (132)}. Clearly, this shows a subgroup with
weak normality, cyclic and abelian properties, and very weak centrality. The moderate value in the fuzzy values reveal
weaker properties.

Suppose C = {t,,%,, 13},

Letty = {7, = = ), define He(2,) = {e}.

T
e1 €z ez €y

~ 1 0.35 0.3 0.05 A
Lett, = {;,Z,g,—% }, define H¢(T;) = {S4}
7y = {2,252 22} define He(f3) = {e, (12)(34), (13)(24), (14)(23)}
e1 €z ez ey

From above the approximate functions generate subgroups of S, determined by fuzzy membership levels of the
parameters, where f5(9;) is a subgroup of S, whose elements match with fuzzy group §; over E. Therefore fz(¥,)
represents a group {e} which is considered to be normal, cyclic, commutative and center with to the degree 1. However,
{e} or f5(¥,) is a subgroup of itself as well as fx(¥,), fx(¥3) and f5(9,). Here, as stated, we are to consider all the
parameters i.e., §;. Unlike in Cagman et al. (2011a) whereby all the parameters in E are attached with choice numerical
values and all together assigned against possible approximate value set. In (Edeghagba and Muhammad, 2021),
parameters of approximate value set are intra-dependently related, i.e., (putting into consideration, the impact
parameters have on one another).

In this work, we will consider the parameters group wise instead of element wise and we will also be dealing with
multiple entries.

Summary: From the above we have that:

V1 = 2 this implies that f 5(9,) < g5(Z1)
Vs = 2, this implies that f;(9,) < g5(Z2;)
V1 = Z5 this implies that f;(9,) < g5(Z23)
Vu = 24 this implies that f;(J,) < g5(23)
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This shows that an FFPS-group (F,A) is a FFPS-subgroup of(G, E). ie, (F,A) < (G, E). But (F,A) is nota
FFPS-subgroup of(H, C) since Y5 is not greater than any t;. Also (H, C) is not a FFPS-subgroup of(G, E) since T,
is not greater than any Z; for which the reverse order holds.

3.2 Basic Operations of FFPS-group

In this section, we introduce the concepts of joint-intersection and meet- union of FFPS-group, we then define the two
concepts. The symbol v and A means joint and meet respectively. Therefore, for £ € A and y € B, £v§y =
max{pg(x), uy(x)}, Vx € E. Similarly, £ A 9 = min{uz(x), uy(x)}, Vx € E

Definition 3.2.1. Let (F,/I) and (G, E) be any two FFPS-groups over the universe U, then the joint-intersection of
(F,A) and (G, B) denoted by:

(F,A) ny, (F,A)=(H,An, B)
where, AN, B = {‘f =R2VYy, R€dandy € E} we have the approximation function hsn,g: Any, B — PU)is
defined by

hin E’(f)={ fa@® n gz(@), if teAnB

i fa® 0 gz(D), if t=%vy, X#7J
The definition ensures that the approximation function is unique and well-defined for every parameter T.
Definition 3.2.2. Let (F , /i) and (G, E) be any two FFPS-groups over the universe U, then the meet-union of (F , A)
and (G, E) denoted by:

(F,A)u, (F,A)=(H AU, B)

where, AU, B = {‘f =XAy, R€dandy € E} we have the approximation function hzn,5: AUu,B—P)is
defined by

i i) U gz, if tednB
h/TUAE(T):{ fA() gB() f _ \ 2

fa(®) U gs(D), if t *y

Remark 3.2.3.
1. Clearly joint- intersection of FFPS-groups is an FFPS-group but and meet-union of FFPS-groups is
generally not an FFPS-group.

2. Generally, joint-intersection and meet-union are not unique. This follows from the definition.

Proposition 3.2.4. Let (F,A) = Fz and (G, B) = G be any two FFPS-groups over the group G, then the joint-
intersection of (F,4) and (G, B) is also FFPS-group over G.

Proof. Suppose Hs = Fz 0y, Ggand by definition, it follows that C = A N B. Therefore, for all ¢ € C, if there exists
a € Aandb € B such that ¢ = @ = b, then, h(¢) = (@) or he(&) = g5 (B) Otherwise, there exist some 4 € A and
b € B such that ¢ = @V b, thus; hs(¢) = fe(6) = fz(&) N gg(B). Therefore H:C — P(G) is a mapping. Hence
(H, C) = H¢ is a soft set over G. Now, for each @ € A, f5(@) < G and for eachb € B, g5 (B) < G, then it follows that
for any fixed ¢ € C for which ¢ = @ = b, then h¢(¢) = fz(&) < G or he(¢) = g5(b) < G. Thus, whichever of the two
sets is chosen as hzy,5(C), it is a subgroup of G and hence a FFPS-group over G. Next for for @ # b then ¢ = aVv b,
it follows that he(¢) = f7(@) N g5 (E) since (@) < G and g5 (B) < G, their intersection is also a subgroup of G.
Hence, H¢ is an FFPS-group over the group G. Therefore, the result follows.
0
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Proposition 3.2.5. Let Fz and Gg be two FFPS-group over the group G. Then meet-union of Fz and Gg is an FFPS-
group over G, if either V @ € A, 3 b € B such thatf (@) < gg(E) v b€ B, or3ac€Asuchthat gg (B) < fz(a).
Proof. Given that F; and Gg are two FFPS-groups over the group G and & € AU, B. Let H be their meet-union
denoted by Hs = Fz U, Gg, where, for each ¢ € C, if ¢ = @ = b such that gg(B) c fz(a) or f5(8) < gg(B). In any
case he(8) = fz(@) or he(€) = g5(b), coinciding with the larger subgroup hs(¢) < G, since for each @ € A,
f4(@) < G and for each b € B, g5 (E) < G. Since ¢ is arbitrary it is the case that for each ¢ € AU, B, then hzy,5(6)
is a subgroup of G. Hence, Hz = Fz U, Gz is an FFPS-group over the group G.
0

Example 3.2.6. With reference to example 3.1.9 above, S, is the universe, then

fa@) = {e, (12)(34), (13)(24), (14)(23)}

fa(¥2) = {e}

fa(@s) = {e,(13),(24),(13)(24), (12)(34), (14)(23), (1234), (1432)}

fa@a) = {e, (12),(13),(23), (123)(132)}

and then;

- . 1 06 102y 1 11 1y

A= <y1 B {e_l'e_z’e_s'z} gL {3_1'5'3_3’2}’}}3 P e; ' e; e’ e, e; ' e; es’ e,
Therefore, for all 93,94 € 4, fx(55) 0w f49:) = f495) 0 fa@) = (e, 1)} and (55 v 9) = {22,22,22, 25}
Therefore, the joint-intersection of fz(¥3) and fz(,), i.e,

0.5 0.7 0.6 0.5
£4@5) 0 F4@0) = {{— —.—.e—},{e,(la)}]

{0.5 0.4 0.3 0.5} . {0.5 0.7 0.6 0.3})

» Yo =

Now for all 93,9, € A,

fa(@3) Up faQa) = f2(P3) U fa(9a)

= {e, (12),(13),(23), (24), (13)(24), (12)(34), (14)(23), (123),(132), (1234),(1432)}, and (J5 A 9,) =
{E'%'E'E}

Therefore the meet-union of f 5(J3) and f;(J,) ie,
0.5 0.4 0.3 0.3
fa(@3) Up f20) =t —— = =16, (12),(13), (23), (24), (13) (24),

e; e, ez’

(12)(34), (14)(23), (123), (132), (1234) (1432)}}

Definition 3.2.7. Let Fz and G5 be two FFPS-group over the group G. Then Fy is said to be a normal FFPS-subgroup
of Gz, if F; is a FFPS-subgroup of G and for every @ € 4,3 b € B with b < @, such that

xfa(@)x" = f4(a)
For all x € gg(b). This is denoted by Fz 3 Gy.
Remark 3.2.8. When the fuzzy parameters collapse to crisp values, this definition reduces exactly to the classical notion
of a normal subgroup. The reverse-order condition b < @ reflects the semantic interpretation that higher degrees of
sub-groupness correspond to smaller, more structured subgroups, such as the trivial subgroup, which is normal in

every group.

Example 3.2.9. Let G = S; and E = {e, e;, e3} such that e, represent normality, e, represent cyoclgzcness and e
represent commutativity. For the FFPS-families A,B c E, let A = {@} and B = {b}, with & = { e —} and b =
{e— ot e—} clearly @ > b. Define F; and G by the approximate functions z

! ’ fa(@) = {e} and g5(b) = {e, (12)} R
Thus F7 and G are both FFPS-group over S;. Now for @ € A choose b € B, then for @ = b

fa@ < g5(b)

It then follows that F 7 is an FFPS-subgroup of Gp.
Finally, for any b € gg (5)
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gfa@g~" = fx(a) = {e},

Since conjugation fixes the identity element. Hence F; 3 Gp.

Proposition 3.2.10. Let F; be an FFPS-group over the group G. For the family {G;3,:1 € 1} of FFPS-subgroups of
F ;. The joint-intersection of the family is an FFPS-subgroup of Fz. I is the indexing set.
Proof: Let Kg = Ny{G;5,: i € I} and B = Ny{B;:i € I}. Suppose ¢ € B, then by Definition 3.2.1 the approximation
function of K is given as
ks(©) = N{gis (@i € 1),

For the approximation function g, 5, of G g,. By definition g; 5,(¢) < G for each ¢ € B;, since each G, is an FFPS-
subgroups of Fz. Then it follows that k() < G, since the intersection of an arbitrary family of Subgroups of a group
is again a subgroup. Therefore, K satisfies the FFPS-group condition. Now since each G; g, is an FFPS-subgroup of
Fz. Then it is the case that for each ¢ € B; there exists for each @; € A such that

al < C and gl,Bi(C) < fA(al)

Suppose
a=V{a;:ielj
Then
a < éand k() = N{gyp,(O):i €1} < fa(@).
Hence, the joint-intersection of FFPS-subgroups of F; is an FFPS-subgroup of F . o

Theorem 3.2.11. If F; and Gz are normal FFPS-groups of an FFPS-group H over the group G. Then Fz Ny, Gz is a
normal FFPS-group of H¢ over the group G. ~
Proof: Let Kzn,5 = Fz Ny Gg and ¢ € A Ny B. By definition ¢ € AN B or ¢ = aV b for suitable parameters @ €
A,b € B. For either case
kiny5(@) = fa(@) N 95(b).
Since F;z and Gg are FFPS-groups, fz(&) and g5 (b) are subgroups of G, their intersection, kzn,5(Q) is a subgroup
ofG Hence Kz, g is an FFPS-group. Next, since Fz < H¢ and Gg 2 He, for each @ € A, and b € B there exists
¢,d € C, suchthat ¢ < @andd < b, and R )
X f4(@) € he(€) and gz(b) S he(d).
LetzZ=2¢V d, then 2 < Giand kzn,5(W) € he(2). Then
kinys < He
Finally, let Fz and Gg be normal FFPS-groups of the FFPS-group He, g € he(Z) and h € kzn,5(1), then
ghg™' € f4(@) and ghg™* € g3(b)
Thus,
ghg™" € kan,5(@)
Therefore,
kin, 5@ g~ = kzn,5(@).
Therefore, the joint-intersection of two normal FFPS-subgroups of an FFPS-group is again a normal FFPS-subgroup.
0

Proposition 3.2.12. Let F; be an FFPS-group over the group G. Let Gz and H¢ be two FFPS-subgroups of F; such
that H¢ is a normal FFPS-subgroup of Fz. Then Hs Ny, G is a normal FFPS-subgroup of Gz.

Proof. Let Fz be an FFPS-subgroup over the group G, where G is an FFPS-subgroup of Fz and H ¢ is normal FFPS-
subgroup of Fz. Let J5 = Gg Ny Hz and D = B 0y, C. Since Gz < Fz and Hs < Fz. It follows that J5 < Gg. Next, we
show that Gz Ny He is a normal FFPS-subgroup of Gg.
Therefore, for any d € D, there exist b € B and ¢ € € such that

Jj5(d) = g5(b) N he (&)
¢. Since Gg and H¢ are FFPS-subgroups of Fz,
95(D) < fa(@y) and he(€) < fa(@2)

=N
(s )

whered =bVéford=b=¢

for some @,,a, € A.
Thus, j 5((2) is the intersection of two subgroups of G, hence itself a subgroup. Therefore, |5 is an FFPS-group over
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G. Ford € D fixb € B such that b < d and

jo(d) < 9a(b)
Lety € gg(B) and x € jﬁ(&) = gg(B) N he(6). Since He is a normal FFPS-subgroup of Fz, then exists @ € A
such that

he(&) < fa(@)

) Yhe(@©y™ = he(0)
forall y € fz(Q). Sincey € gg (b) < fz(a), it follows that
yxy~ € he(0).

and

Since g (B) is a subgroup,
yxy~t € gz(b).
Hence
i ) yxy ! €j5(d) ) A
Thus, we have that yjﬁ(d)y_1 = jﬁ(d)fOl" ally € g3 (b) Hence since our choice of b, ¢ and d are arbitrary, then
we conclude that |5 = Gg Ny Heg is a normal FFPS-subgroup of Gg.
0
33 Fundamental Properties of FFPS-group

Definition 3.3.1. Let Fz and G5 be two FFPS-groups over the groups G; and G, respectively. Then their external
product i.e Hzs = Fz X G is defined by; hs,5(@,b) = f1(@) x g5(b),
where (a,b) =anbforall (a,b) e Ax B

Proposition 3.3.2. Let Fz and G be two FFPS-groups over the groups G, and G, respectively. Then, the external
product Fz X G is an FFPS-group over Gy X G,.
Proof. The approximation function for the external product i.e., Hzys = Fz X G is given by

hixs: AX B — G, X G,
With the approximation function hjy g (d, B) = fz(@) X g3 (E) For each (d, B) € A x B with hgxg(a\, B) ={(x,y) €
fa(a@) x g,;(l}):x € fz(d),y € g,;(B)}, Since fz(@) and gg(B) are subgroups of G, and G, respectively. Then
(e, €c,) € f4(@) x g3(b) = haxz(a,b)
Thus, (eGl, er) is an identity element in hj.g (& A B) Jor eg, and eg, are the identity elements in fz(@) and gz (B)
respectively. Given that (x,y) € hzx5(@,b), we show that (x,y)™* = (x™,y™1) € hsx5(a A b). Again, since f;(a)
and gg(B) are subgroups of G, and G, respectively, then for x € fz(@),x™* € fz(8) and for y € gg(E),y'l €
gg(E). So, it follows that (x~1,y™1) € fz(&) x gg(B). So obviously we have that (x,y)~! € hgxg(d, 13) Next, let
(%1, 1), (%2, ¥2), (x3,3) € haxa(@ A D) since fz(@) <Gy and gz(b) < G, then for xi,%,,%3 € fz(@) and
Y1,¥2,¥3 € 95(b)
x1(x2x3) = (1x2)%3 in f (@) (1)
y1(v23) = (1y2)ys in g5(b) )

Respectively combining (1) and (2), we have

(e, Y[ (2, ¥2) (23, y3)1 = (g, ¥1) (X253, ¥273)

=x1(%2%3), y1(V2¥3) = ((xlxz)x3, (J’1J’2)J’3)

= (x1%2,¥1Y2) (x3,¥3) = [(x1,¥1) (%2, ¥2)1(x3, ¥3)

Thus, associativity holds.

Lastly, let (x1,v1), (x5, 7,) € hgxg(d X B), for x1,x, € fz(8) and y,,y, € gg(B). Since fz(8) < G, and g3 (13) <
G then x,x, € fz(@) and y1y, € QE(B)- Therefore, (x1X3,y1Y2) € fz(@) x gE(B): then (x1,y:1)(x2,¥2) € fa(@) x
gg(B) = hgxg(d X B) Thus, fz(@) X gg(B) is a subgroup of Gy X G, for all (d, B) € A x B. Hence, (H,/I X B) is
an FFPS-group over the group G, X G,.
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I}
Proposition 3.3.3. Let F; and Gg be two FFPS-groups over the groups G, and G, respectively. Then Fz X G is a
normal FFPS-group over G, X G,.
Definition 3.3.4. Let F; and Gg be two FFPS-set over the groups G, and G, respectively. Suppose ¢: G — G, and
0: A - B are two functions, the (¢, 0) is said to be an FFPS-homomorphism from Fz to G if the following conditions
hold:
1. ¢ is surjective homomorphism from G to G,

2. @ is a surjective function from A to B
3. ¢(fa@)=gs(6@) a<o@vaci

If in definition ¢ is bijective homomorphism and @ is bijective function, then (¢, 8) is said to be an FFPS-isomorphism.
i.e, (FFPS-isomorphism) from F; — Gz. This is denoted by; F; = Gz

Example 3.3.5. Let G, = Dg and G, = 7, X Z,. Define the surjective homomorphism ¢:G; = G, by, ¢(r) = (1,0)
and ¢(s) = (0,1), where Dg = {< r,s >:7v* =1,s> = 1,sr =r~1s}.

Consider the sets A and B of collection of fuzzy sets over E = {e;,e,,e3,e,}, a set of subgroupness property
parameters. The e; for i = 1,2,3,4 stands for the parameters 'normal’, "cyclic", "commutative"”, and "center"
respectively. Let

_ fr _f1 1 1 04\ . _ (1 05 1 05\ .~ _ (1 02 04 03) »~ _ (1 05 04 02
A—al—____,az—___,_,a3—___ )a4____1_;

e1’ ez’ ez’ ey er’ ez ez’ ey e1'ez’e3’z er’ ez’ ez’ ey
= ~ 11 1 04\ 2 1 04 1 1) 4 1 1 1 05 y ~
B = {bl = (a,;,g,z),bz - (a,;,g,z),% = (Z'Z'E'Z)} Where @; and b; are fuzzy sets OVfI’ E.
Therefore,  with — f5(81) = {e,r, 72,13}, fx(a;) = {e,r?, 57,57}, f4(@3) = f4(@) =Dy and gz(hy) =
‘E(O'O)' (1,003, 95(52) = {(0,0), (1,1)}, 95(53) = Zy X Ly such that 0(a,) = 31:9(612) = 33, and 6(az) = 0(a,) =
b,. We can deduce that ¢(fz(@)) = g5(8(Q)) for all & € A. Hence, (¢, 8) is an FFPS-isomorphism from Fz - Gg.

Proposition 3.3.6. Let Fz and Gz be two FFPS-set over the groups G, and G, respectively. Then, F;z X Gz is an FFPS-
isomorphic to Gg X Fj.
Proof. Let (¢,0):FzXGg > G X Fz. Therefore, from the set theory we know that mapping
¢: Gy X Gy = G, X Gy is given by ¢(x,y) = (y,x),
clearly, ¢ is bijective with ¢ "1G, X G, — G, X G, given by p~1(y,x) = (x,y), for x € G, and y € G,. Now, we show
that ¢ is homomorphism. Let xi,y, € Gi and X3,y, € G,, then, ¢>((x1,x2)(y1,y2)) = (l)((xlyl, xzyz)) =
(22, %171) = ((e2x1), 21)) = (%1, %) P (¥4, ¥2)- So ¢ is homomorphism and hence ¢ is an isomorphism. Also,
the mapping 6,4 x B — B x A is given by 9(&, B) = (B, &) and obviously 6 is a bijection with the inverse mapping.
0B xA - AxBisgivenby0(b,a) = (a,b)fora € Aandb € B. Lastly, let F5 X Gz = Hzy5 and Gz X Fz =
Dgw4, so we need to show that ¢ (hgxg (d A B)) =dgui (9(& A B))
Therefore, for all @ € A and b € B,
¢ (haxs(@n b)) =0(fa(@ x g5(h)) = d({(x,):x € £(@),y € g5(B)}) = {(x.y):y € ga(b). x € f4(@)} =
gg(B) X hg(@) =dgxi (9(& A E))
Hence, Fz X Gg is FFPS-isomorphic to Gg X Fj.

0

4. Conclusion

In this research work, we have seen that the complete fuzzification of elements of sets are studied in full group
structures. It is also clear in this context that the fuzzified set of parameters are mapped into the subgroups of the initial
universe which itself is a group. Furthermore, the operations of joint-intersection and meet-union are defined in terms
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of the new concept introduced. The investigation in this work as presented has opened a new direction that will facilitate
researchers to a further study in channeling the ideas of fuzzy and soft set theories in algebraic structures.
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