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1. Introduction  

On December 31, 2019, the coronavirus disease 2019 (COVID-19) persisted in Wuhan City, Hubei Province, 

China. It quickly then spread all over the world and an epidemic initiated. due to an abrupt spike in the intensity of 

transmission, the World Health Organization (WHO) considered the COVID-19 outbreak to be a global pandemic on 

March 11. Direct interaction and aerosolized droplets may pass the infectious disease COVID-19 from one person to 

another. The WHO has also enforced security measures, such as isolation, quarantine, heightened home confinement, 

endorsement of face mask use, travel restrictions, closure of public places, and cancellation of events. Around 517 

million confirmed cases and over 6.25 million fatalities were recorded worldwide by Aba Oud et al. (2022); Mahmoudi 

et al. (2021); Sardar et al. (2020); Duan et al. (2020) & Klompas (2022). 

Mathematical modeling is a useful tool for investigating real world spectacles and procedures of Ogana, W et al. 

(2021); Ivorra et al. (2020); Aljohani et al. (2024); Khan et al. (2023); Medvedeva et al. (2024); Shokri et al. (2022); 
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 A B S T R A C T 

Infectious diseases such as MERS, SARS, AIDS, COVID-19, and polio have 

completely decimated the social and economic structure of the global population. 

The COVID-19 is an infectious disease that spreads rapidly all around the world. 

In the present article, the novel COVID-19 mathematical model containing the 

resistive class together with the class of quarantine is offered and examined. The 

analysis of disease-free and endemic equilibria stability focuses on the basic 

reproductive number, which is examined in detail. The non-standard finite 

difference (NSFD) scheme is established which conserves important characteristics 

of the continuous model and provides precise results for all finite step sizes. It is 

shown that NSFD is unconditionally convergent, solutions remain positive and 

produces better outcomes in all respect. To demonstrate the local and global 

stability of the equilibria for the NSFD scheme, multiple existing criteria from the 

literature are used. To sustenance the theoretical discoveries and illustrate the 

compensations of NSFD scheme, numerical simulations are also conducted. 

Numerical simulations indicate that NSFD scheme maintains the key aspects of the 

continuous model. The data which is provided in this paper can be utilized to 

monitor the spread of the transmissible COVID-19 disease.  
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Simos et al. (2024) & Medvedeva et al. (2024). The purpose of epidemic disease mathematical models is to investigate 

the nonlinear mechanism involved in the behaviours of infectious diseases and to develop the most effective suitable 

method for controlling them. It is usually acknowledged that mathematical models can be employed to forecast the 

occurrence of infectious diseases. This allows predicting the possible outcomes of an epidemic disease, which is 

beneficial for public health initiatives. Compartmental models can be used as a fundamental mathematical framework 

to investigate the intricate dynamics of epidemiological procedures given by Rao, F et al. (2019). Many researchers 

initially endeavor to comprehend the dynamics of a disease by using mathematical models, and then they create 

prevention and treatment strategies by Brauer et al. (2017); Castillo-Chave et al. (2002) & Kumar et al. (2019). 

Mathematical model is also a useful tool for demonstrating COVID-19 dispersion, and assumptions may be made using 

its simulations. During the COVID-19 outbreak, modeling caught the attention of numerous biologists, 

mathematicians, pharmacists, and epidemiologists. During COVID-19 epidemic, the WHO top objective was to 

evaluate the efficacy and safety of vaccines. To ensure vaccination efficacy, WHO works collaboratively with 

researchers from all around the world to develop and put into practice international standards and norms. A number of 

publications of Acuna-Zegarra. M.A et al. (2020); Francis et al. (2022), Kaur et al. (2020) & Zeb, S. et al. (2024) are 

recently available on the effectiveness of vaccines that have been introduced. The mathematical modeling is a valuable 

means in this regard to focus on the process of how an unstoppable infection can spread over a community.  

There are various mathematical models of Ahmad, S et al. (2021); Ali et al. (2021); Moore et al. (2021); 

Contreras et al. (2021) & Adak et al. (2021) that are accessible in the literature that do not take the quarantine into 

account, despite the fact that it is essential to the control of the COVID-19 disease. Recently in Ahmad, S et al. (2021), 

the authors take into account the COVID-19 mathematical model together with resistive compartment in addition to 

the quarantine class. The model is distinct from earlier models observed in the literature due to the occurrence of 

resistive and quarantine classes together. The authors examined the necessary analytical results, containing the stability 

of equilibria for the continuous model. The intention of present paper is to control the transmission of COVID-19 and 

examine its extortions to the health of public. The NSFD scheme is created to evaluate different characteristics of the 

model and show their ecological viability and suitability. The results of this study show that the previously mentioned 

scheme adequately defines the continuous model for any step size and is dynamically consistent. The novelty lies in 

applying a fuzzy NSFD scheme to COVID-19 modeling with dynamic fuzzy parameters, offering improved stability 

and realism compared to existing deterministic or crisp NSFD approaches of Diekmann et al. (2010). 

The paper is managed in the manner listed below. The mathematical model is given in Section 2, and each parameter 

is described thoroughly. In Section 3, the disease-free and endemic equilibria of the model are deliberated. The 

reproductive number, which is the best substantial threshold quantity worked to explain the local and global stability 

of equilibria is presented in Section 4. In section 5, the advanced discrete NSFD is constructed for the given model. In 

the same section, the local and global stability of both the equilibria for NSFD scheme are investigated using a variety 

of existing criteria. The numerical simulations are also presented at each section to validate the theoretical conclusions. 

The conclusions are offered is last section. 
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2. Methodology 

2.1 Mathematical model 

The dynamical system of COVID-19 given by Ahmad, S et al. (2021) based on susceptible population S, 

resistant population H, infected population I and quarantine population Q, respectively is given as follows. If the total 

population be denoted by 𝑁(𝑡), then 𝑁(𝑡) = 𝑄(𝑡) + 𝐼(𝑡) + 𝐻(𝑡) + 𝑆(𝑡). Fig.1 shows a thorough explanation of the 

model.  

𝑑𝑆(𝑡)

𝑑𝑡
= Λ − 𝛾1𝑆(𝑡)𝐼(𝑡) − (𝜔 + 𝜇)𝑆(𝑡) 

𝑑𝐻(𝑡)

𝑑𝑡
=∈ −𝜏𝐻(𝑡)𝐼(𝑡) + 𝛹𝐼(𝑡) − (𝜔 + 𝜇)𝐻(𝑡) 

𝑑𝐼(𝑡)

𝑑𝑡
= 𝛾1𝑆(𝑡)𝐼(𝑡) + 𝜏𝐻(𝑡)𝐼(𝑡) + 𝜎𝑄(𝑡) − (𝜔 + 𝜇 + 𝜂 + 𝛹)𝐼(𝑡)                (1) 

𝑑𝑄(𝑡)

𝑑𝑡
= 𝜂𝐼(𝑡) − (𝜔 + 𝜇 + 𝜎)𝑄(𝑡). 

The parameters and their detailed depiction are presented in Tab. 1. All of the parameters are taken to be constant 

positive constants.  

 

 

Figure 1. The flow chart of COVID-19  

Table1: Parameters and their biological meanings. 
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Parameters Depiction of parameters Reference 

Λ Rate of susceptible recruitment Assumed 

𝛾1 Rate of disease spread. Captures how quickly an infectious 

person generates new infections per unit time 

Assumed 

𝜔 Rate of natural fatality Assumed 

𝜏 Rate of transmission of disease in well human. Represents 

transmission from infectious to apparently well/active 

community members 

Assumed 

𝜇 Decease rate of individuals due to disease related virus  Assumed 

𝜖 Rate of healthy human recruitment Assumed 

        Ψ Rate at which people are cured in quarantine class. 

Represents recovery (or successful treatment) rate for 

quarantined/isolated individuals 

Assumed 

𝜎 Rate at which people are infected in quarantine class. 

Captures residual transmission occurring inside quarantine 

Assumed 

 𝜂 Rate at which infected people are transferred into 

quarantine class. Describes the speed of case detection and 

movement of infectious individuals into 

quarantine/isolation  

Assumed 

 

2.2 Equilibria of model  

All classes other than susceptible and resistant classes are set to zero in order to govern the disease-free 

equilibrium (DFE) point, i.e. if 𝑄, 𝐼 = 0, then we obtain 𝑆 =
ʌ

𝜔+𝜇
, 𝐻 =

∈

𝜔+𝜇
. Consequently, the DFE point denoted 

by 𝐸0(𝑆0, 𝐻0 , 𝐼0, 𝑄0) becomes 𝐸0= (
ʌ

𝜔+𝜇
,
∈

𝜔+𝜇
, 0,0). 

We solve the system (1) simultaneously for 𝑆, 𝐻, 𝐼 and 𝑄 to get the endemic equilibrium (EE) point. If the EE point 

be denoted by 𝐸∗(𝑆∗, 𝐻∗, 𝐼∗, 𝑄∗), then from the model (1), we get 𝑆∗(𝑡) = 

ʌ

𝛾1𝐼
∗(𝑡)+(𝜔+𝜇)

, 𝐻∗(𝑡) =
∈+𝛹𝐼∗(𝑡)

𝜏𝐼∗(𝑡)+(𝜔+𝜇)
, 𝐼∗(𝑡) =

𝜎𝑄∗(𝑡)

(𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗(𝑡)𝑆∗(𝑡)−𝜏𝐻∗(𝑡)

 and 𝑄∗(𝑡) =
𝜂𝐼∗(𝑡)

(𝜔+𝜇+𝜎)
. 

2.3 Reproduction number (𝑹𝟎) 

The quantity 𝑅0 by Akinpelu et al. (2018) is a significant threshold that determines whether or not a 

transmissible disease will propagate among people. To obtain 𝑅0, we use transmission 𝐹(𝑥) and translation 𝒱(𝑥) 

matrices, respectively. The matrices mentioned above can be represented for model (1) as 

𝐹(𝑥) = [𝛾1𝑆
0 + 𝜏𝐻0 0
0 0

] and 𝒱(𝑥) = [
𝜔 + 𝜇 + 𝜂 + 𝛹 −𝜎

−𝜂 𝜔 + 𝜇 + 𝜎
]. 

From above, we get  
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𝐹 = [
𝛾1ʌ+∈𝜏

(𝜔+𝜇)
0

0 0
] and 𝒱 = [

𝜔 + 𝜇 + 𝜂 + 𝛹 −𝜎
−𝜂 𝜔 + 𝜇 + 𝜎

]. 

As we know that 

𝑅0 = ρ(𝐹𝒱
−1). 

Therefore, using 𝐹 and 𝒱 we obtain 

𝑅0 =
(𝛾1ʌ+𝜏∈)(𝜔+𝜇+𝜎)

(𝜔+𝜇)[(𝜔+𝜇+𝜂+𝛹)(𝜔+𝜇+𝜎)−𝜎𝜂]
. 

2.4 The non-standard finite differences (NSFD) scheme 

The most important purpose of this section is to construct discrete NSFD scheme that is dynamically compatible with 

the continuous model (1). The NSFD schemes are widely used in ecology, epidemiology, and population modeling’s 

Darti et al. (2020); Ochoche et al. (2014); Rao et al. (2018); Shabbir et al. (2019), Dang et al. (2019) & Zeb, S. et al 
(2026). To produce NSFD scheme for model (1), we employ 𝑆𝑛, 𝐻𝑛, 𝐴𝑛 and 𝑄𝑛 as mathematical measures of 

𝑆(𝑡), 𝐻(𝑡), 𝐼(𝑡) and 𝑄(𝑡) at 𝑡 =  𝑛𝜑 where 𝑛 = 0,1,2,… and 𝜑 indicates step size. By employing the Mickens 

concept Mickens (1994), we can develop the NSFD scheme for system (1) as given below. 
𝑆𝑛+1 − 𝑆𝑛

𝜑
= ʌ − 𝛾1𝑆𝑛+1(𝑡)𝐼𝑛(𝑡) − (𝜔 + 𝜇)𝑆𝑛+1(𝑡) 

𝐻𝑛+1 − 𝐻𝑛
𝜑

= 𝜖 − 𝜏𝐻𝑛+1(𝑡)𝐼𝑛(𝑡) + 𝛹𝐼𝑛 − (𝜔 + 𝜇)𝐻𝑛+1(𝑡) 

𝐼𝑛+1−𝐼𝑛

𝜑
= 𝛾1𝑆𝑛(𝑡)𝐼𝑛+1(𝑡) + 𝜏𝐻𝑛(𝑡)𝐼𝑛+1(𝑡) + 𝜎𝑄𝑛 − (𝜔 + 𝜇 + 𝜂 + 𝛹)𝐼𝑛+1(𝑡)          (2) 

𝑄𝑛+1−𝑄𝑛

𝜑
= 𝜂𝐼𝑛(𝑡) − (𝜔 + 𝜇 + 𝜎)𝑄𝑛+1(𝑡). 

 The NSFD scheme (2) can be reorganized to get an explicit form as 

𝑆𝑛+1 =
𝑆𝑛+𝜑ʌ

(1+𝜑(𝛾1𝐼𝑛+(𝜔+𝜇))
   

𝐻𝑛+1 =
𝐻𝑛+𝜑(𝜖+Ψ𝐼𝑛(𝑡))

(1+𝜑(𝜏𝐼𝑛+(𝜔+𝜇))
   

                                                  𝐼𝑛+1 =
𝐼𝑛+𝜑𝜎𝑄𝑛(𝑡)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆𝑛−𝜏𝐻𝑛))
                                              (3) 

𝑄𝑛+1 =
𝑄𝑛+𝜑𝜂𝐼𝑛

(1+𝜑(𝜔+𝜇+𝜎))
. 

To describe the local asymptotic stability (LAS) of DFE and EE points, we suppose that 

     

𝑃1 = 𝑆𝑛+1 =
𝑆+𝜑ʌ

(1+𝜑(𝛾1𝐼+(𝜔+𝜇))

𝑃2 = 𝐻𝑛+1 =
𝐻+𝜑(𝛹𝐼+∈)

(1+𝜑(𝜏𝐼+(𝜔+𝜇))

𝑃3 = 𝐼𝑛+1 =
𝐼+𝜑𝜎𝑄

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆−𝜏𝐻))

𝑃4 =  𝑄𝑛+1 =
𝑄+𝜑𝜂𝐼

1+𝜑(𝜔+𝜇+𝜎) }
 
 
 

  
 

        (4) 

 

3. Local stability of equilibria 
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The Schur-Cohn criterion of Brauert et al. (2001) & J.Jia et al. (2011), which is stated in the subsequent 

Lemma 1, will be used to demonstrate LAS of DFE point. 

Lemma 1 The roots of  𝜆2 − 𝐵𝜆 + 𝐶 = 0 assurance |𝜆𝑘| < 1 for  𝑘 = 1,2, if and only if the subsequent requirements 

are satisfied.  

1. 𝐶 < 1,  

2. 1 + 𝐵 + 𝐶 > 0,  

3. 1 − 𝐵 + 𝐶 > 0,  

where 𝐵 stands for trace and 𝐶 for Jacobian matrix determinant.  

Theorem:1 The DFE point 𝐸0 of the NSFD scheme (3) is LAS for all 𝜑 > 0 whenever 𝑅0 < 1. 

Proof Consider the Jacobian matrix 

                                                 𝐽 =

[
 
 
 
 
 
 
𝜕𝑃1

𝜕𝑆

𝜕𝑃1

𝜕𝐻

𝜕𝑃1

𝜕𝐼

𝜕𝑃1

𝜕𝑄

𝜕𝑃2

𝜕𝑆

𝜕𝑃2

𝜕𝐻

𝜕𝑃2

𝜕𝐼

𝜕𝑃2

𝜕𝑄

𝜕𝑃3

𝜕𝑆

𝜕𝑃3

𝜕𝐻

𝜕𝑃3

𝜕𝐼

𝜕𝑃3

𝜕𝑄

𝜕𝑃4

𝜕𝑆

𝜕𝑃4

𝜕𝐻

𝜕𝑃4

𝜕𝐼

𝜕𝑃4

𝜕𝑄 ]
 
 
 
 
 
 

.                                                            (5) 

In the following, we determine all the derivatives involved in (5). 

𝜕𝑃1

𝜕𝑆
=

1

1+𝜑(𝛾1𝐼+(𝜔+𝜇))
,
𝜕𝑃1

𝜕𝐻
= 0,

𝜕𝑃1

𝜕𝐼
=

𝜑𝛾1(𝑆+𝜑ʌ)

(1+𝜑(𝛾1𝐼+(𝜔+𝜇))
2 ,
𝜕𝑃1

𝜕𝑄
= 0,

𝜕𝑃2

𝜕𝑆
= 0,

𝜕𝑃2

𝜕𝐻
=

1

1+𝜑(𝜏𝐼+(𝜔+𝜇))
, 

𝜕𝑃2

𝜕𝐼
=

𝜑𝛹(1+𝜑(𝜏𝐼+(𝜔+𝜇))−𝜑𝜏(𝐻+𝛹𝐼+𝜑∈))

(1+𝜑(𝜏𝐼+(𝜔+𝜇))
2 ,

𝜕𝑃2

𝜕𝑄
= 0,

𝜕𝑃3

𝜕𝑆
=

−𝜑𝛾1(𝐼+ℎ𝜎𝑄)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆−𝜏𝐻))
2 ,
𝜕𝑃3

𝜕𝐻
= 0,

𝜕𝑃3

𝜕𝐼
=

1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆−𝜏𝐻))
,
𝜕𝑃3

𝜕𝑄
=

𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆−𝜏𝐻)
,
𝜕𝑃4

𝜕𝑆
= 0,

𝜕𝑃4

𝜕𝐻
= 0,

𝜕𝑃4

𝜕𝐼
=

𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)
, 

𝜕𝑃4

𝜕𝑄
=

1

1+𝜑(𝜔+𝜇+𝜎)
. 

By putting all above derivatives in (5), we get 

𝐽 =

[
 
 
 
 
 
 
 

1

1+𝜑(𝛾1𝐼+(𝜔+𝜇))
0

𝜑𝛾1(𝑆+𝜑ʌ)

(1+𝜑(𝛾1𝐼+(𝜔+𝜇))
2 0

0
1

1+𝜑(𝜏𝐼+(𝜔+𝜇))

𝜑𝛹(1+𝜑(𝜏𝐼+(𝜔+𝜇))−𝜑𝜏(𝐻+𝛹𝐼+𝜑∈))

(1+𝜑(𝜏𝐼+(𝜔+𝜇))
2 0

−𝜑𝛾1(𝐼+ℎ𝜎𝑄)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆−𝜏𝐻))
2 0

1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆−𝜏𝐻))

𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝜑𝛾1𝑆−𝜑𝜏𝐻)

0 0
𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)

1

1+𝜑(𝜔+𝜇+𝜎) ]
 
 
 
 
 
 
 

.                 

                                                                                                                                                       (6)                                                                                                                                                                                                                                                                 

After putting DFE point 𝐸0=(
ʌ

𝜔+𝜇
,

𝜖

𝜔+𝜇
, 0,0), equation (6) becomes 
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   𝐽(𝐸0) =

[
 
 
 
 
 
 
 1

1+𝜑(𝜔+𝜇)
0

𝜑𝛾1(
ʌ

𝜔+𝜇
+𝜑ʌ)

(1+𝜑(𝜔+𝜇))
2 0

0
1

1+𝜑(𝜔+𝜇)

𝜑(𝛹(1+𝜑(𝜔+𝜇)−𝜑𝜏(
∈

𝜔+𝜇
+𝜑∈)

(1+𝜑(𝜔+𝜇)2
0

0 0
1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)

𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)

0 0
𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)

1

1+𝜑(𝜔+𝜇+𝜎) ]
 
 
 
 
 
 
 

.                

                                                                                                                                                       (7) 

To find the eigenvalues, we suppose 

|𝐽(𝐸0) − 𝜆| = 0, 

i.e. 

|

|

|

1

1+𝜑(𝜔+𝜇)
− 𝜆 0

+𝜑𝛾1(
ʌ

𝜔+𝜇
+𝜑ʌ)

(1+𝜑(𝜔+𝜇))
2 0

0
1

1+𝜑(𝜔+𝜇)
− 𝜆

𝜑(𝛹(1+𝜑(𝜔+𝜇)−𝜑𝜏(
∈

𝜔+𝜇
+𝜑∈)

(1+𝜑(𝜔+𝜇))2
0

0 0
1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)
− 𝜆

𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)

0 0
𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)

1

1+𝜑(𝜔+𝜇+𝜎)
− 𝜆

|

|

|

= 0. 

                                                                                                                                                       (8)           

(𝜆1 −
1

1+𝜑(𝜔+𝜇)
 ) (𝜆2 −

1

1+𝜑(𝜔+𝜇)
) |

1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)
− 𝜆

𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)

𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)

1

1+𝜑(𝜔+𝜇+𝜎)
− 𝜆

| = 0. 

The above equation provides repeated roots 𝜆1 =
1

1+𝜑(𝜔+𝜇)
< 1, 𝜆2 =

1

1+𝜑(𝜔+𝜇)
< 1. To find other eigenvalues, we 

take 

|

1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)
− 𝜆

𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)

𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)

1

1+𝜑(𝜔+𝜇+𝜎)
− 𝜆

| = 0, 

i.e 

𝜆2 − 𝜆 (
1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)
+

1

1+𝜑(𝜔+𝜇+𝜎)
) + (

1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)
×

1

1+𝜑(𝜔+𝜇+𝜎)
) = 0.                                                                                                                                      

(9) 

Comparing equation (9) with 𝜆2 − 𝐵𝜆 + 𝐶 = 0, we get 𝐵 =
1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)
+

1

1+𝜑(𝜔+𝜇+𝜎)
 and 𝐶 =

1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1
ʌ

𝜔+𝜇
−𝜏

𝜖

𝜔+𝜇
)
×

1

1+𝜑(𝜔+𝜇+𝜎)
. If 𝑅0 < 1, then 

(i) 1 +  𝐵 +  𝐶 >  0 

(ii) 1 −  𝐵 +  𝐶 >  0 

(iii) 𝐶 < 1. 
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Consequently, all of the Schur-Cohn criteria requirements stated in Lemma 1 are achieved whenever 𝑅0 < 1. Thus, 

the DFE point 𝐸0 of the discrete NSFD scheme (3) is LAS, given that 𝑅0 < 1. 

Theorem:2 The EE point 𝐸∗ of the NSFD scheme (3) is LAS for all 𝜑 > 0 whenever 𝑅0 > 1. 

Proof According to Theorem 1, the Jacobian matrix is represented as follows 

𝐽 =

[
 
 
 
 
 
 
 

1

1+𝜑(𝛾1𝐼+(𝜔+𝜇))
0

𝜑𝛾1(𝑆+𝜑ʌ)

(1+𝜑(𝛾1𝐼+(𝜔+𝜇))
2 0

0
1

1+𝜑(𝜏𝐼+(𝜔+𝜇))

𝜑𝛹(1+𝜑(𝜏𝐼+(𝜔+𝜇))−𝜑𝜏(𝐻+𝛹𝐼+𝜑∈))

(1+𝜑(𝜏𝐼+(𝜔+𝜇))
2 0

−𝜑𝛾1(𝐼+ℎ𝜎𝑄)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆−𝜏𝐻))
2 0

1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆−𝜏𝐻))

𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝜑𝛾1𝑆−𝜑𝜏𝐻)

0 0
𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)

1

1+𝜑(𝜔+𝜇+𝜎) ]
 
 
 
 
 
 
 

.      

                                                                                                                                                     (10)                                                                                                                                                                                                                                                   

By putting EE point 𝐸∗, we get 

𝐽(𝐸∗) =

 

[
 
 
 
 
 
 
 

1

1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

0
𝜑𝛾1(𝑆

∗+𝜑ʌ)

(1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

2 0

0
1

1+𝜑(𝜏𝐼∗+(𝜔+𝜇))

𝜑𝛹(1+𝜑(𝜏𝐼∗+(𝜔+𝜇))−𝜑𝜏(𝐻+𝛹𝐼∗+𝜑∈))

(1+𝜑(𝜏𝐼∗+(𝜔+𝜇))
2 0

−𝜑𝛾1(𝐼
∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2 0
1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝜑𝛾1𝑆
∗−𝜑𝜏𝐻∗)

0 0
𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)

1

1+𝜑(𝜔+𝜇+𝜎) ]
 
 
 
 
 
 
 

       (11).                                                                                                                                                                                                                                                                                                                                                          

To find the eigenvalues of (11), we consider 

|𝐽(𝐸∗) − 𝜆| = 0, 

i.e. 

|

|

|

1

1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

− 𝜆 0
𝜑𝛾1(𝑆

∗+𝜑ʌ)

(1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

2 0

0
1

1+𝜑(𝜏𝐼∗+(𝜔+𝜇))
− 𝜆

𝜑𝛹(1+𝜑(𝜏𝐼∗+(𝜔+𝜇))−𝜑𝜏(𝐻+𝛹𝐼∗+𝜑∈))

(1+𝜑(𝜏𝐼∗+(𝜔+𝜇))
2 0

−𝜑𝛾1(𝐼
∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2 0
1

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

− 𝜆
𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝜑𝛾1𝑆
∗−𝜑𝜏𝐻∗)

0 0
𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)

1

1+𝜑(𝜔+𝜇+𝜎)
− 𝜆

|

|

|

=

0.                                                                                 (12) 

From equation (12), we obtain the deterministic equation 

(
1

1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

− 𝜆) (𝜆3 − 𝜆2𝐾 − 𝜆𝐿 − 𝑀) = 0. 

The above equation gives one eigenvalue 𝜆1 =
1

1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

< 1. The other eigenvalues can be calculated from  

                                                           𝜆3 − 𝜆2𝐾 − 𝜆𝐿 − 𝑀 = 0,                              (13)         
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where,                                                       

𝐾 =
1

1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

+
−𝜑𝛾1(𝐼

∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2 +
1

1+(𝜔+𝜇+𝜎)
, 

𝐿 = (
𝜑𝛾1(𝑆

∗ +𝜑ʌ)

(1 + 𝜑(𝛾1𝐼
∗ + (𝜔 + 𝜇))

2)(
−𝜑𝛾1(𝐼

∗ + ℎ𝜎𝑄∗)

(1 + 𝜑((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾1𝑆
∗ − 𝜏𝐻∗))

2)

− (
1

1 + 𝜑𝛾1𝐼
∗ + 𝜑(𝜔 + 𝜇)

)(
−𝜑𝛾1(𝐼

∗ + ℎ𝜎𝑄∗)

(1 + 𝜑((𝜔 + 𝜇 + 𝜂 +𝛹) − 𝛾1𝑆
∗ − 𝜏𝐻∗))

2)

− (
1

1 + 𝜑𝛾1𝐼
∗ + 𝜑(𝜔 + 𝜇)

)(
1

1 + 𝜑(𝜔 + 𝜇 + 𝜎)
) − (

1

1 + 𝜑(𝜔 + 𝜇 + 𝜎)
)(

−𝜑𝛾1(𝐼
∗ + ℎ𝜎𝑄∗)

(1 + 𝜑((𝜔 + 𝜇 + 𝜂 +𝛹) − 𝛾1𝑆
∗ − 𝜏𝐻∗))

2), 

𝑀 = (
−𝜑𝛾

1
(𝐼∗ + ℎ𝜎𝑄∗)

(1 + 𝜑 ((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾
1
𝑆∗ − 𝜏𝐻∗))

2)(
𝜑𝛾

1
(𝑆∗ + 𝜑ʌ)

(1 + 𝜑(𝛾
1
𝐼∗ + (𝜔 + 𝜇))

2)(
1

1 + 𝜑(𝜔 + 𝜇 + 𝜎)
)

− (
1

1 + 𝜑(𝜔 + 𝜇 + 𝜎)
)(

−𝜑𝛾
1
(𝐼∗ + ℎ𝜎𝑄∗)

(1 + 𝜑 ((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾
1
𝑆∗ − 𝜏𝐻∗))

2)(
1

1 + 𝜑𝛾
1
𝐼∗ + 𝜑(𝜔 + 𝜇)

)

− (
𝜑𝜎

(1 + 𝜑((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝜑𝛾
1
𝑆∗ − 𝜑𝜏𝐻∗)

)(
𝜑𝜂

1 + 𝜑(𝜔 + 𝜇 + 𝜎)
) 

 

and 

 

It is clear that 𝐾, 𝐿,𝑀 > 0  whenever 𝑅0 > 1. Also 

𝐾𝐿 −𝑀 = (
1

1+𝜑𝛾1𝐼
∗+𝜑(𝜔+𝜇)

+
−𝜑𝛾1(𝐼

∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2 +
1

1+𝜑(𝜔+𝜇+𝜎)
) (

𝜑𝛾1(𝑆
∗+𝜑ʌ)

(1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

2)   

                     (
−𝜑𝛾1(𝐼

∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2) − (
1

1+𝜑𝛾1𝐼
∗+𝜑(𝜔+𝜇)

) (
−𝜑𝛾1(𝐼

∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2) −

                      (
1

1+𝜑𝛾1𝐼
∗+𝜑(𝜔+𝜇)

) (
1

1+𝜑(𝜔+𝜇+𝜎)
) − (

1

1+𝜑(𝜔+𝜇+𝜎)
) (

−𝜑𝛾1(𝐼
∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2) −

                     (
−𝜑𝛾1(𝐼

∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2) (
𝜑𝛾1(𝑆

∗+𝜑ʌ)

(1+𝜑(𝛾1𝐼
∗+(𝜔+𝜇))

2) (
1

1+𝜑(𝜔+𝜇+𝜎)
) − (

1

1+𝜑(𝜔+𝜇+𝜎)
)  

                  (
−𝜑𝛾1(𝐼

∗+ℎ𝜎𝑄∗)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆
∗−𝜏𝐻∗))

2) (
1

1+𝜑𝛾1𝐼
∗+𝜑(𝜔+𝜇)

) − (
𝜑𝜎

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝜑𝛾1𝑆
∗−𝜑𝜏𝐻∗)

)  

                  (
𝜑𝜂

1+𝜑(𝜔+𝜇+𝜎)
) > 0. 

Hence, by employing Routh-Hurwitz criterion of Khatun et al. (2020) & Vaz et al. (2022), all the solutions of equation 

(13) must have negative real parts if and only if 𝑅0 > 1. As a result, the EE point 𝐸∗of NSFD scheme (3) is locally 

asymptotically stable. 
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Positivity: The most significant physical characteristics of sub-population (𝑆, 𝐻, 𝐼, 𝑄) used in the compartmental 

epidemic flow chart is positivity. The implicit numerical integration scheme and mathematical induction concept are 

used to study and ensure this fact. 

Theorem:3 Let the state variables 𝑆(𝑡), 𝐻(𝑡), 𝐼(𝑡) and 𝑄(𝑡) involved in the scheme are positive at 𝑡 = 0; furthermore, 

if Additionally, every parameter is positive, then 𝑆𝑛+1 ≥ 0,𝐻𝑛+1 ≥ 0, 𝐼𝑛+1 ≥ 0 and 𝑄𝑛+1 ≥ 0. 

Proof: 

Using the mathematical induction principle and taking into consideration equation (3), we proceed on as follows: 

𝑆𝑛+1 =
𝑆𝑛+𝜑ʌ

(1+𝜑(𝛾1𝐼𝑛+(𝜔+𝜇))

𝐻𝑛+1 =
𝐻𝑛+𝜑(𝜖+Ψ𝐼𝑛(𝑡))

(1+𝜑(𝜏𝐼𝑛+(𝜔+𝜇))

𝐼𝑛+1 =
𝐼𝑛+𝜑𝜎𝑄𝑛(𝑡)

(1+𝜑((𝜔+𝜇+𝜂+𝛹)−𝛾1𝑆𝑛−𝜏𝐻𝑛))

𝑄𝑛+1 =
𝑄𝑛+𝜑𝜂𝐼𝑛

(1+𝜑(𝜔+𝜇+𝜎)) }
 
 
 

 
 
 

         (14) 

First, we Substitute 𝑛 = 0 in above equations and reached. 

𝑆1 =
𝑆0 + 𝜑ʌ

(1 + 𝜑(𝛾1𝐼0 + (𝜔 + 𝜇))
≥ 0 

Similarly, 

𝐻1 =
𝐻0 + 𝜑(𝜖 + Ψ𝐼0(𝑡))

(1 + 𝜑(𝜏𝐼0 + (𝜔 + 𝜇))
≥ 0

𝐼1 =
𝐼0 + 𝜑𝜎𝑄0(𝑡)

(1 + 𝜑((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾1𝑆0 − 𝜏𝐻0))

𝑄1 =
𝑄0 + 𝜑𝜂𝐼0

(1 + 𝜑(𝜔 + 𝜇 + 𝜎))
≥ 0

≥ 0

}
 
 
 

 
 
 

 

Now, we put 𝑛 = 1 in equations (14). 

𝑆2 =
𝑆1 + 𝜑ʌ

(1 + 𝜑(𝛾1𝐼1 + (𝜔 + 𝜇))
≥ 0 

Similarly, 
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𝐻2 =
𝐻1 + 𝜑(𝜖 + Ψ𝐼1(𝑡))

(1 + 𝜑(𝜏𝐼1 + (𝜔 + 𝜇))
≥ 0

𝐼2 =
𝐼1 + 𝜑𝜎𝑄1(𝑡)

(1 + 𝜑((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾1𝑆1 − 𝜏𝐻1))

𝑄2 =
𝑄1 + 𝜑𝜂𝐼1

(1 + 𝜑(𝜔 + 𝜇 + 𝜎))
≥ 0

≥ 0

}
 
 
 

 
 
 

 

Moreover, let us assume that the above system (14) ensures the positive property for the values of 𝑛 = 2,3,4, … , 𝑛 −

1, i.e., 𝑆𝑛 ≥ 0,𝐻𝑛 ≥ 0, 𝐼𝑛 ≥ 0,  and 𝑄𝑛 ≥ 0 for 𝑛 = 2,3,4, … , 𝑛 − 1 and sub-population (𝑆, 𝐻, 𝐼, 𝑄). 

Now, for 𝑛 ∈ 𝑍, 

𝑆𝑛+1 =
𝑆𝑛+𝜑ʌ

(1+𝜑(𝛾1𝐼𝑛+(𝜔+𝜇))
≥ 0   

𝐻𝑛+1 =
𝐻𝑛 + 𝜑(𝜖 + Ψ𝐼𝑛(𝑡))

(1 + 𝜑(𝜏𝐼𝑛 + (𝜔 + 𝜇))
≥ 0

𝐼𝑛+1 =
𝐼𝑛 + 𝜑𝜎𝑄𝑛(𝑡)

(1 + 𝜑((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾1𝑆𝑛 − 𝜏𝐻𝑛))

𝑄𝑛+1 =
𝑄𝑛 + 𝜑𝜂𝐼𝑛

(1 + 𝜑(𝜔 + 𝜇 + 𝜎))
≥ 0

≥ 0

}
 
 
 

 
 
 

 

Thus, proposed approach confirms the positive for the state variables 𝑆(𝑡), 𝐻(𝑡), 𝐼(𝑡) and 𝑄(𝑡) ∀ 𝑛 ∈ 𝑍+. 

 Boundedness: 

Theorem:4 Suppose 𝑆0, 𝐻0, 𝐼0 and 𝑄0 are finite such that 𝑆0 +𝐻0 + 𝐼0 + 𝑄0 ≤ 1. Then discretized state variables, 

𝑆𝑛+1, 𝐻𝑛+1, 𝐼𝑛+1  and 𝑄𝑛+1 are bounded by recrossing defined real constant 𝑒𝑛+1 such that 𝑆𝑛+1, 𝐻𝑛+1, 𝐼𝑛+1  and 𝑄𝑛+1 <

𝑒𝑛+1 for all 𝑛 ∈ 𝑍+ where 𝑒𝑛+1 = 4𝑒𝑛 + ℎ𝜑ʌ + ℎ𝜑(𝜖 + Ψ𝐼𝑛) + ℎ𝜑𝜎𝑄𝑛 + ℎ𝜑𝜂𝐼𝑛 and 𝑒𝑛+1 = 4 + ℎ𝜑[ʌ + 𝜖 +

𝐼0(Ψ + 𝜂) + 𝜎𝑄0]. 

Proof: Examining the equations for the sub-population (𝑆, 𝐻, 𝐼, 𝑄) in the implicit numerical integration method. 

𝑆𝑛+1(1 + 𝜑ℎ(𝛾1𝐼𝑛 + (𝜔 + 𝜇)) = 𝑆𝑛 + ℎ𝜑ʌ   

𝐻𝑛+1(1 + 𝜑ℎ(𝜏𝐼𝑛 + (𝜔 + 𝜇)) = 𝐻𝑛 + ℎ𝜑(𝜖 + Ψ𝐼𝑛)   

𝐼𝑛+1 (1 + 𝜑ℎ((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾1𝑆𝑛 − 𝜏𝐻𝑛)) = 𝐼𝑛 + ℎ𝜑𝜎𝑄𝑛  

𝑄𝑛+1(1 + 𝜑ℎ(𝜔 + 𝜇 + 𝜎)) = 𝑄𝑛 + ℎ𝜑𝜂𝐼𝑛 

Sum all the above equations, 

                      ⟹ 𝑆𝑛+1(1 + 𝜑ℎ(𝛾1𝐼𝑛 + (𝜔 + 𝜇)) + 𝐻𝑛+1(1 + 𝜑ℎ(𝜏𝐼𝑛 + (𝜔 + 𝜇)) + 𝐼𝑛+1 (1 + 𝜑ℎ((𝜔 + 𝜇 + 𝜂 +

𝛹) − 𝛾1𝑆𝑛 − 𝜏𝐻𝑛)) + 𝑄𝑛+1(1 + 𝜑ℎ(𝜔 + 𝜇 + 𝜎)) = 𝑆𝑛 + ℎ𝜑ʌ + 𝐻𝑛 + ℎ𝜑(𝜖 + Ψ𝐼𝑛) + 𝐼𝑛 + ℎ𝜑𝜎𝑄𝑛 + 𝑄𝑛 + ℎ𝜑𝜂𝐼𝑛      

⟹ (𝑆𝑛+1 + 𝐻𝑛+1 + 𝐼𝑛+1 + 𝑄𝑛+1)(1 + 𝜑ℎ(𝜔 + 𝜇)) + 𝜑ℎ[𝛾1𝐼𝑛𝑆𝑛+1 + 𝜏𝐼𝑛𝐻𝑛 + 𝐼𝑛+1(𝜂 + 𝛹 − 𝛾1𝑆𝑛 + 𝜏𝐻𝑛 +

𝜎𝑄𝑛+1)] = (𝑆𝑛 + 𝐻𝑛 + 𝐼𝑛 + 𝑄𝑛) + ℎ𝜑[ʌ + 𝜖 + 𝐼𝑛(Ψ + 𝜂) + 𝜎𝑄𝑛]       
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By substituting 𝑛 = 0, in above equation,        

⟹ (𝑆1 + 𝐻1 + 𝐼1 + 𝑄1)(1 + 𝜑ℎ(𝜔 + 𝜇)) + 𝜑ℎ[𝛾1𝐼0𝑆1 + 𝜏𝐼0𝐻0 + 𝐼1(𝜂 + 𝛹 − 𝛾1𝑆0 + 𝜏𝐻0 + 𝜎𝑄1)] =

(𝑆0 + 𝐻0 + 𝐼0 + 𝑄0) + ℎ𝜑[ʌ + 𝜖 + 𝐼0(Ψ + 𝜂) + 𝜎𝑄0]            

⟹ (𝑆1 + 𝐻1 + 𝐼1 + 𝑄1)(1 + 𝜑ℎ(𝜔 + 𝜇)) + 𝜑ℎ[𝛾1𝐼0𝑆1 + 𝜏𝐼0𝐻0 + 𝐼1(𝜂 + 𝛹 − 𝛾1𝑆0 + 𝜏𝐻0 + 𝜎𝑄1)] < 4 +

ℎ𝜑[ʌ + 𝜖 + 𝐼0(Ψ + 𝜂) + 𝜎𝑄0] = 𝑒1                      

⟹ (𝑆1 + 𝐻1 + 𝐼1 + 𝑄1)(1 + 𝜑ℎ(𝜔 + 𝜇)) + 𝜑ℎ[𝛾1𝐼0𝑆1 + 𝜏𝐼0𝐻0 + 𝐼1(𝜂 + 𝛹 − 𝛾1𝑆0 + 𝜏𝐻0 + 𝜎𝑄1)] ≤ 𝑒1               

⟹ 𝑆1(1 + 𝜑ℎ(𝛾1𝐼0 + (𝜔 + 𝜇)) + 𝐻1(1 + 𝜑ℎ(𝜏𝐼0 + (𝜔 + 𝜇)) + 𝐼1 (1 + 𝜑ℎ((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾1𝑆0 − 𝜏𝐻0))

+ 𝑄1(1 + 𝜑ℎ(𝜔 + 𝜇 + 𝜎)) ≤ 𝑒1 

𝑆1 ≤ 𝑒1, 𝐻1 ≤ 𝑒1, 𝐼1 ≤ 𝑒1, 𝑄1 ≤ 𝑒1 

By substituting 𝑛 = 1, in above equation, 

⟹ (𝑆2 + 𝐻2 + 𝐼2 + 𝑄2)(1 + 𝜑ℎ(𝜔 + 𝜇)) + 𝜑ℎ[𝛾1𝐼1𝑆2 + 𝜏𝐼1𝐻1 + 𝐼1(𝜂 + 𝛹 − 𝛾1𝑆1 + 𝜏𝐻1 + 𝜎𝑄1)]

= (𝑆1 + 𝐻1 + 𝐼1 + 𝑄1) + ℎ𝜑[ʌ + 𝜖 + 𝐼1(Ψ + 𝜂) + 𝜎𝑄1] 

⟹ (𝑆2 + 𝐻2 + 𝐼2 + 𝑄2)(1 + 𝜑ℎ(𝜔 + 𝜇)) + 𝜑ℎ[𝛾1𝐼1𝑆2 + 𝜏𝐼1𝐻1 + 𝐼1(𝜂 + 𝛹 − 𝛾1𝑆1 + 𝜏𝐻1 + 𝜎𝑄1)] ≤ 𝑒1               

⟹ 𝑆2(1 + 𝜑ℎ(𝛾1𝐼1 + (𝜔 + 𝜇)) + 𝐻2(1 + 𝜑ℎ(𝜏𝐼1 + (𝜔 + 𝜇)) + 𝐼2 (1 + 𝜑ℎ((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾1𝑆1 − 𝜏𝐻1))

+ 𝑄2(1 + 𝜑ℎ(𝜔 + 𝜇 + 𝜎)) ≤ 𝑒1 

𝑆2 ≤ 𝑒1, 𝐻2 ≤ 𝑒1, 𝐼2 ≤ 𝑒1, 𝑄2 ≤ 𝑒1 

⟹ 𝑆𝑛+1(1 + 𝜑ℎ(𝛾1𝐼𝑛 + (𝜔 + 𝜇)) + 𝐻𝑛+1(1 + 𝜑ℎ(𝜏𝐼𝑛 + (𝜔 + 𝜇))

+ 𝐼𝑛+1 (1 + 𝜑ℎ((𝜔 + 𝜇 + 𝜂 + 𝛹) − 𝛾1𝑆𝑛 − 𝜏𝐻𝑛)) + 𝑄𝑛+1(1 + 𝜑ℎ(𝜔 + 𝜇 + 𝜎))

< 4𝑒𝑛 + ℎ𝜑ʌ + ℎ𝜑(𝜖 + Ψ𝐼𝑛) + ℎ𝜑𝜎𝑄𝑛 + ℎ𝜑𝜂𝐼𝑛 = 𝑒𝑛+1 

𝑆𝑛+1 < 𝑒𝑛+1, 𝐻𝑛+1 < 𝑒𝑛+1, 𝐼𝑛+1 < 𝑒𝑛+1, 𝑄𝑛+1 < 𝑒𝑛+1 

Hence, 𝑆𝑛+1, 𝐻𝑛+1, 𝐼𝑛+1 and 𝑄𝑛+1 are bordered by ℝ 𝑒𝑛+1 ∀ 𝑛 ∈ 𝑍+. 

 

4 Global stability of equilibria 

Using the same criterion as provided in Allehiany et al. (2022), we demonstrate the global asymptotic stability (GAS) 

of DFE and DEE points for the NSFD scheme (3) in the following subsection. 

Theorem:5 The DFE point 𝐸0 of the NSFD scheme (3) is GAS for all 𝜑 > 0 whenever 𝑅0 ≤ 1, as presented in Fig.2 

(a-d). 

Proof If we choose 𝜎 > 0, ∃ 𝑚0 for any 𝑚 ≥ 𝑚0,  𝑆𝑛+1 <
ʌ

𝜔+𝜇
+ 𝜎. Consider the sequence {𝑀(𝑛)} define by 

𝑀(𝑛) = 𝜑ʌ𝑆𝑛+1𝐼𝑛 + 𝜑ʌ𝐼𝑛−𝐶2𝐻𝑛 + 𝛹𝐼𝑛 +
𝜂

𝐶3
𝑄𝑛, 

where 𝐶2  = (𝜔 + 𝜇) and 𝐶3 = (𝜔 + 𝜇 + 𝜎). From above, we can write 

𝑀(𝑛 + 1) − 𝑀(𝑛) = 𝜑ʌ𝑆𝑛+2𝐼𝑛 + 𝛹𝐼𝑛+1 + 𝐶2𝐻𝑛+1 +
𝜂

𝐶3
𝑄𝑛+1 − 𝜑𝜏𝑆𝑛+1𝐼𝑛 − 𝛹𝐼𝑛−𝐶2𝐻𝑛 −

𝜂

𝐶3
𝑄𝑛 
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                                   +𝜑ʌ𝑆𝑛+1𝐼𝑛 

                             = 𝜑ʌ𝑆𝑛+2𝐼𝑛 +𝛹(𝐼𝑛+1 − 𝐼𝑛) + 𝐶2(𝐻𝑛+1 − 𝐻𝑛) +
𝜂

𝐶3
(𝑄𝑛+1 − 𝑄𝑛). 

After simple calculations, we obtain 

                               = 𝜑ʌ𝑆𝑛+2𝐼𝑛 + ʌ𝛹(𝛾1𝑆𝑛(𝑡)𝐼𝑛(𝑡) + 𝜏𝐻𝑛(𝑡)𝐼𝑛(𝑡) + 𝜎𝑄𝑛 − (𝜔 + 𝜇 + 𝜂 +

                                       𝛹)𝐼𝑛(𝑡)) +   𝐶2(𝛼 − 𝜏𝐻𝑛(𝑡)𝐼𝑛(𝑡) + 𝛹𝐼𝑛 − (𝜔 + 𝜇)𝐻𝑛(𝑡)) +
𝜂

𝐶3
(𝜂𝐼𝑛+1(𝑡) −

                                       (𝜔 + 𝜇 + 𝛿)𝑄𝑛(𝑡)) − 𝜑ʌ𝑆𝑛+1𝐼𝑛.  

      = (𝜑ʌ𝑆𝑛+2𝐼𝑛 + 𝜑ʌ𝛹 (𝜎𝑄𝑛 − 𝐶1𝐼𝑛(𝑡) + 𝛹𝐼𝑛 − 𝐶2𝐻𝑛(𝑡) +
𝜂

𝐶3
𝜑(𝜂𝐼𝑛+1(𝑡) −    𝐶3𝑄𝑛(𝑡)))), 

where 𝐶1 = (𝜔 + 𝜇 + 𝜂 + 𝛹). 

       = 𝜑(ʌ𝑆𝑛+2𝐼𝑛 + ʌ𝛹 (𝜎𝑄𝑛 − 𝐶1𝐼𝑛(𝑡) + 𝛹𝐼𝑛 − 𝐶2𝐻𝑛(𝑡) +
𝜂

𝐶3
(𝜂𝐼𝑛+1(𝑡) −    𝐶3𝑄𝑛(𝑡)))) 

      .                          = 𝜑 (ʌ𝑆𝑛+2𝐼𝑛 + ʌ𝛹(ʌ𝛹𝜎𝑄𝑛 − ʌ𝛹𝐶1𝐼𝑛(𝑡) + ʌ𝛹
2𝐼𝑛 − 𝛹ʌ𝐶2𝐻𝑛(𝑡) +

                                       
ʌ𝛹

𝐶3
(𝐼𝑛+1(𝑡) −  𝜂𝐶3𝑄𝑛(𝑡)))). 

We can choose a positive integer 𝜏 such that 

𝜏𝑆𝑛+2𝐼𝑛 ≤ 𝑞(𝐻𝑛+1 + 𝐶1𝐼𝑛+1 + 𝐶3𝑄𝑛+1) 

              ≤ 𝑞 (𝐻𝑛+1 ((1 + 𝐶1
𝛹

𝐶2
+ 𝐶2

𝜂

𝐶2
) −

𝐷

𝐶3
))  

               ≤ 𝑞 (𝐻𝑛+1 (1 +
𝐶2𝑅0

(𝛾1ʌ+𝜏∈)(𝜔+𝜇)[(𝜔+𝜇+𝜂+𝛹)(𝜔+𝜇+𝜎)−𝜎𝜂]
− (𝜂𝐶3(𝐷 + 1)) −

𝐷

𝐶3
)). 

If 𝑅0 ≤ 1, and because ƞ is small enough, we conclude that 𝑀(𝑛 + 1) − 𝑀(𝑛) ≤ 0 and lim
𝑛→∞

𝐼𝑛 = 0 for any 𝑛 ≥ 0. 

Therefore, we conclude that {𝑀(𝑛)}𝑛=0
∞  is a monotonic decreasing sequence and lim

𝑛→∞
𝑆𝑛 =

ʌ

𝜔+𝜇
, lim
𝑛→∞

𝑄𝑛 =
∈

𝜔+𝜇
. Hence, 

when 𝑅0 ≤ 1, the DFE point 𝐸0 is GAS. 

Theorem:6 The EE point 𝐸∗ of the NSFD scheme (3) is GAS for all 𝜑 > 0 whenever 𝑅0 ≥ 1, as presented in Fig.3 

(a-d). 

Proof: We develop a sequence {𝑊(𝑛)} so that 

𝑊(𝑛) =
1

𝜑𝐻∗
𝑔 (

𝑆𝑛

𝑆∗
) +

1

𝜑𝑆∗
𝑔 (

𝐻𝑛

𝐻∗
) +

𝛹𝐼∗

𝜑𝐶3𝑆
∗𝐼∗
𝑔 (

𝐼𝑛

𝐼∗
) +

𝜏𝑄∗

ℎ𝜑𝑆∗𝐻∗
𝑔 (

𝑄𝑛

𝑄∗
), 

where 𝐶3 = (𝜔 + 𝜇 + 𝜎). Suppose that 𝑔(𝑦) = 𝑦 − 1 − ln(𝑦) for all 𝑦 ∈ 𝑅+, then 0 ≤ 𝑔(𝑦) and 𝑔(𝑦) = 0 if 𝑦 = 1. 

We have  

𝑔 (
𝑆𝑛+1

𝑆∗
) − 𝑔 (

𝑆𝑛

𝑆∗
) =

𝑆𝑛+1−𝑆𝑛

𝑆∗
− ln (

𝑆𝑛+1

𝑆𝑛
)  
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                              ≤
(𝑆𝑛+1−𝑆

∗)(𝑆𝑛+1−𝑆𝑛)

𝑆𝑛+1𝑆
∗   

                              =
(𝑆𝑛+1−𝑆

∗)

𝑆𝑛+1𝑆
∗ 𝜑(ʌ − 𝛾1𝑆𝑛+1(𝑡)𝐼𝑛(𝑡) − (𝜔 + 𝜇)𝑆𝑛+1(𝑡))      

                              =
(𝑆𝑛+1−𝑆

∗)

𝑆𝑛+1𝑆
∗ 𝜑(𝛾1𝑆𝑛+1(𝑡)𝐼𝑛(𝑡) + (𝜔 + 𝜇)𝑆𝑛+1(𝑡) − 𝛾1𝑆𝑛+1(𝑡)𝐼𝑛(𝑡) −    (𝜔 +  𝜇)𝑆𝑛+1(𝑡))  

                              = 𝜑 ((𝑆𝑛+1 − 𝑆
∗)(−(𝜔 + 𝜇)(𝑆𝑛+1 − 𝑆

∗) − 𝛾1𝐼
∗(𝑆𝑛+1 − 𝑆

∗)))  

                              = (
−(𝜔+𝜇)(𝑆𝑛+1−𝑆

∗)2

𝑆𝑛+1𝑆
∗ + 𝜑𝛾1𝐼

∗ (1 −
𝑆∗

𝑆𝑛+1
) (

𝐻𝑛

𝐻∗

𝑆𝑛+1

𝑆∗
− 1)). 

𝑔 (
𝐻𝑛+1

𝐻∗
) − 𝑔 (

𝐻𝑛

𝐻∗
) =

𝐻𝑛+1−𝐻𝑛

𝐻∗
− ln (

𝐻𝑛+1

𝐻𝑛
)   

                              ≤
(𝐻𝑛+1−𝐻

∗)

𝐻𝑛+1𝐻
∗ (∈ −𝜏𝐻𝑛(𝑡)𝐼𝑛(𝑡) + 𝛹𝐼𝑛 − (𝜔 + 𝜇)𝐻𝑛(𝑡)) 

                              ≤
(𝐻𝑛+1−𝐻

∗)

𝐻𝑛+1𝐻
∗ (𝜏𝐻𝑛(𝑡)𝐼𝑛(𝑡) −

𝐼𝑛+1𝑆
∗

𝐼∗
−

𝛹𝐼𝑛+1𝐴
∗

𝐼∗
+ 𝛹𝐻𝑛+1(𝑡)) 

                              = (1 −
𝐼∗

𝐼𝑛+1
) (

𝛹𝜑𝐼∗

𝐻∗
(
𝐼𝑛+1

𝐼∗
−

𝐻𝑛+1

𝐻∗
) + ((1 −

𝐼∗

𝐼𝑛+1
) (

𝜑𝑆∗𝐻∗

𝐻∗
(
𝑆𝑛+1𝜏𝐼𝑛

𝑆∗
−

𝐼𝑛+1𝑆
∗

𝐶∗
))), 

Similarly 

𝑔 (
𝐼𝑛+1

𝐼∗
) − 𝑔 (

𝐼𝑛

𝐼∗
) =

𝐼𝑛+1−𝐼𝑛

𝐼∗
− ln (

𝐼𝑛+1

𝐼𝑛
)  

                            ≤
( 𝐼𝑛+1−𝐼

∗)(𝐼𝑛+1−𝐼𝑛)

𝐼𝑛+1𝐼
∗   

                            ≤
(𝐼𝑛+1−𝐼

∗)

𝐼𝑛+1𝐼
∗ (𝛾1𝑆𝑛(𝑡)𝐼𝑛(𝑡) + 𝜏𝐻𝑛(𝑡)𝐼𝑛(𝑡) + 𝜎𝑄𝑛 − (𝜔 + 𝜇 + 𝜂 + 𝛹)𝐼𝑛(𝑡)) 

                            ≤
(𝐼𝑛+1−𝐼

∗)

𝐼𝑛+1𝐼
∗ (𝛾1𝑆𝑛(𝑡)𝐼𝑛(𝑡) + 𝜏𝐻𝑛(𝑡)𝐼𝑛(𝑡) + 𝜎𝑄𝑛 − 𝐶4𝐼𝑛+1)  
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Figure 2  

In Figure 2 the numerical results obtained through most valuable NSFD scheme for DFE points. The numerical 

simulations show unconditionally convergence as shown in Figure 2 (a), (b), (c) and (d). This simulations results 

conclude that NSFD scheme always show positive results at all finite step sizes. The DFE point stability by using 

NSFD scheme with (a) 𝜑 = 0.1, (b) 𝜑 = 1, (c) 𝜑 = 10, and (d) 𝜑 = 50. Other parameter quantities remain fixed as 

Λ =12,𝛾1 = 0.8, 𝜔 = 0.006,𝜎 = 0.2,Ψ = 1.9, 𝜏 = 0.02, 𝜖 = 0.9 𝜇 = 0.6, and  𝜂 = 19.7. 

where 𝐶4 = (𝜔 + 𝜇 + 𝜂 + 𝛹) 

= 𝐶4𝜑 (1 −
𝐼∗

𝐼𝑛+1
) (

𝐻𝑛+1

𝐻∗
−

𝐼𝑛+1

𝐼∗
), 

and 

𝑔 (
𝑄𝑛+1
𝑄∗

) − 𝑔 (
𝑄𝑛
𝑄∗
) =

𝑄𝑛+1 − 𝑄𝑛
𝑄∗

− ln (
𝑄𝑛+1
𝑄𝑛

) ≤
( 𝑄𝑛+1 − 𝑄

∗)(𝑄𝑛+1 − 𝑄𝑛)

𝑄𝑛+1𝑄
∗
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≤
(𝑄𝑛+1 − 𝑄

∗)

𝑄𝑛+1𝑄
∗

(𝜂𝐼𝑛+1(𝑡) − (𝜔 + 𝜇 + 𝜎)𝑄𝑛(𝑡)) 

≤ (1 −
𝑄∗

𝑄𝑛+1
) (𝜂

𝐼𝑛+1

𝑄∗
− 𝑐5

𝑄𝑛+1

𝑄∗
), 

where 𝑐5 = (𝜔 + 𝜇 + 𝜎). 

The difference of 𝑊(𝑛) satisfies  

𝑊(𝑛 + 1) −𝑊(𝑛) =
1

ℎ𝐴∗
(𝑔 (

𝑆𝑛+1

𝑆∗
) − 𝑔 (

𝑆𝑛

𝑆∗
) +

1

𝜑𝑆∗
𝑔 (

𝐻𝑛+1

𝐻∗
) − 𝑔 (

𝐻𝑛

𝐻∗
)) +

𝛹𝐼∗

𝜑𝐶3𝑆
∗𝐻∗

(𝑔 (
𝐼𝑛+1

𝐼∗
) −

                                          𝑔 (
𝐼𝑛

𝐼∗
)) +

𝜏𝑄∗

𝜑𝐶2𝑆
∗𝐻∗
(𝑔 (

𝑄𝑛+1

𝑄∗
) − 𝑔 (

𝑄𝑛

𝑄∗
))  

                                 ≤ ((
−(𝜔+𝜇)(𝑆𝑛+1−𝑆

∗)2

𝑆𝑛+1𝑆
∗ + 𝜑𝛾1𝐼

∗ (1 −
𝑆∗

𝑆𝑛+1
) (

𝐻𝑛

𝐻∗

𝑆𝑛+1

𝑆∗
− 1))) − (1 −

𝐼∗

𝐼𝑛+1
)  

                                      (
𝛹𝜑𝐼∗

𝐻∗
(
𝐼𝑛+1

𝐼∗
−

𝐻𝑛+1

𝐻∗
) + ((1 −

𝐼∗

𝐼𝑛+1
) (

𝜑𝑆∗𝐻∗

𝐻∗
(
𝜏𝐼𝑛𝑆𝑛+1

𝑆∗
−

𝐼𝑛+1𝑆
∗

𝐶∗
))) −

𝛹𝐼∗

𝜑𝐶3𝑆
∗𝐻∗

  

                                       𝐶4𝜑 (1 −
𝐼∗

𝐼𝑛+1
) (

𝐻𝑛+1

𝐻∗
−

𝐼𝑛+1

𝐼∗
) −

𝜏𝑄∗

𝜑𝐶2𝑆
∗𝐻∗
(𝜑 (1 −

𝑄∗

𝑄𝑛+1
) (

𝐻𝑛+1

𝐻∗
−

𝑄𝑛+1

𝑄∗
))  

                                  ≤
−𝜏𝜑(𝑆𝑛+1−𝑆

∗)2

𝑆𝑛+1𝑆
∗ −

𝛹𝜑𝐻∗

𝐼∗
(
𝐼∗

𝐼𝑛+1

𝐻𝑛

𝐻∗

𝑆𝑛+1

𝑆∗
− 2 −

𝐻𝑛

𝐻∗
+

𝑆∗

𝑆𝑛+1
+

𝐻𝑛+1

𝐻∗
) 

                                        −
1

𝜑𝑆∗
(
𝐼∗𝐻𝑛+1

𝐼𝑛+1𝐼
∗ +

𝐻∗𝐼𝑛+1

𝐻𝑛+1𝐼
∗ − 2) −

𝜏𝑄∗

𝜑𝐶2𝑆
∗𝐻∗

(
𝐼∗𝑄𝑛+1

𝐼𝑛+1𝑄
∗ +

𝑄∗𝐼𝑛+1

𝑄𝑛+1𝐼
∗ − 2)  

                                  ≤
−𝜏𝜑(𝑆𝑛+1−𝑆

∗)2

𝑆𝑛+1𝑆
∗ −

1

𝜑𝐻∗
(𝑔 (

𝑆∗

𝑆𝑛+1
) + 𝑔 (

𝐻𝑛+1

𝐻∗
)) + 𝑔 (

𝐼∗

𝐼𝑛+1

𝐻𝑛

𝐻∗

𝑆𝑛+1

𝑆∗
) −  

                   𝑔 (
𝐻𝑛

𝐻∗
) −

1

𝜑𝑆∗
(𝑔 (

𝐻∗𝐼𝑛+1

𝐻𝑛+1𝐼
∗) + 𝑔 (

𝐼∗𝐻𝑛+1

𝐼𝑛+1𝐼
∗ )) −

𝜏𝑄∗

𝜑𝐶2𝑆
∗𝐻∗

(𝑔 (
𝐻∗𝑄𝑛+1

𝐻𝑛+1𝑄
∗) +        𝑔 (

𝑄∗𝐻𝑛+1

𝑄𝑛+1𝐻
∗)). 

Hence, {𝑊(𝑛)} is decreasing sequence for any 𝑛 ≥ 0 which is monotonic. As {𝑊(𝑛)} ≥ 0 and lim 
𝑛→∞

(𝑊(𝑛 + 1) −

𝑊(𝑛)) = 0, consequently we achieve  lim
𝑛→∞

𝑆𝑛+1 = 𝑆
∗, lim
𝑛→∞

𝐻𝑛+1 = 𝐻∗, lim
𝑛→∞

𝐼𝑛+1 = 𝐼
∗ and lim

𝑛→∞
𝑄𝑛+1 = 𝑄

∗. Hence, 

if 𝑅0 ≥ 1, the EE point 𝐸∗ is GAS. 
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Figure 3. Numerical simulations for system (1) 

In Figure 3 numerical simulations for system (1) shows the convergence results for endemic points through NSFD 

schemes. The graph (a), (b), (c) and (d) show the positive results for different step size which shows that the NSFD 

scheme is unconditionally convergent for endemic points. The EE point stability by using NSFD scheme with (a) 

𝜑=0.1, (b) 𝜑=1, (c) 𝜑=10, and (d) 𝜑 = 50. Other parameter quantities remain fixed as Λ =26.2, 𝛾1 = 0.8, 𝜔 =

0.006, 𝜎 = 0.2,Ψ = 1.9, 𝜏 = 0.02, 𝜖 = 0.9 𝜇 = 0.6, and  𝜂 = 19.7. 

5. Conclusions 

To better understand the dynamics of COVID-19 disease transmission, a novel mathematical model of 

COVID-19 is considered and analyzed in the present paper. The important threshold quantity 𝑅0 is structured for the 

model which is crucial in the investigation of DFE and EE points stability. The discrete NSFD scheme is designed to 
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explore the complicated dynamical behaviour of nonlinear continuous model. The aforementioned technique yields 

more accurate results that are both mathematically and biologically plausible and is unconditionally convergent. For 

NSFD scheme, the local and global stability of both equilibria are illustrated using a variety of criteria and conditions. 

The discrete NSFD technique has been shown to be a robust, effective, and vigorously accurate method that provides 

a clear representation of continuous model for all time step sizes. In order to demonstrate the validity of the theoretical 

and mathematical work, numerical simulations are also produced.  
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