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A one-step block hybrid method for the direct numerical solution of second, third
and fourth-order ordinary differential equations (ODEs) without reducing them to
equivalent systems of first-order equations is developed and implemented in this
study. Collocation and interpolation techniques are used in the construction of the
method to obtain a continuous implicit scheme that is subsequently converted into
an explicit block hybrid form. A thorough analysis is conducted of the scheme's
fundamental characteristics, such as order, error constant, consistency, zero-
stability, convergence and the region of absolute stability. Comparing the suggested
method to existing approaches in the literature, numerical experiments on
benchmark problems like the mass-spring system, third-order oscillatory models,
and fourth-order oscillatory differential equations show that it is more accurate and
stable. The findings indicate a computationally efficient and highly accurate
framework for the direct solution of higher-order ODEs, significantly advancing
numerical analysis in applied mathematics.

1. Introduction

In science and engineering, mathematical models especially those involving differential equations are crucial
for comprehending and forecasting physical phenomena (Abdelrahim, 2021, Adewale & Sabo, 2024). In order to
analyze systems in motion, heat transfer, fluid flow, and electrical circuits and to produce optimized designs and
technological innovation these models frequently produce equations that explain how quantities change over time or
space (Kuboye, 2015, Abdulrahim & Omar, 2017). Differential equations are useful in a variety of disciplines outside
of the physical sciences, including economics, medicine, psychology, operations research, biology, and anthropology.
In these domains, they are used to model intricate processes like disease transmission, market dynamics, learning
behavior, logistics, and cultural evolution (Kuboye, 2015; Abolarin et al., 2022). Particularly in the natural sciences
and technology, ordinary differential equations (ODEs) are frequently utilized.

This study consider the direct solution of higher order initial value problems for ordinary differential equations of the

form:

Y= (e, v, y¥, -, yO V) ylay) =7, v'(@) =7, - v a, )=7, (1)

Specifically the second, third and fourth order initial value problems of the form

y'(r)="tr v,y ) y(a)=1,y'(a)=1,

y IH(T): f(z’, Y yhy ”)1 y(ao):fo’ y '(31)2711 y ”(az)zfz (1.2)
y )=ty yy I ya)=ny (@)=1y (@) =1 y (@)= 1
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Higher-order ordinary differential equations (ODEs) are typically solved using traditional methods that reduce them to
systems of first-order ODEs, which are then solved incrementally using numerical techniques. This method is
computationally intensive, prone to increased complexity, and may introduce noteworthy errors and implementation
challenges. A block hybrid approach is being developed to overcome these constraints by solving higher-order initial
value problems directly, without reducing them to first-order systems (Omar & Kuboye, 2017, Skwame et al. 2019,
Tumba et al. 2021).

Through creative block approaches designed for higher-order initial value problems, Ramos et al. (2020),
Skwame et al. (2020), Sabo et al. (2021), Raymond et al. (2021), and Skwame et al. (2024) all advanced numerical
methods for solving ordinary differential equations (ODEs). For second-order [IVPs, Ramos et al. (2020) examined k-
step linear block methods and found effective formulations that use interpolation and collocation to cut down on
computation time without sacrificing accuracy. By introducing a half-step implicit hybrid block method of order four
for third-order ODEs, Tumba et al. (2021) overcame the drawbacks of first-order reduction and predictor-corrector
schemes and proved its consistency, zero-stability, and convergence.

In a similar vein, Raymond et al. (2021) created a four-step hybrid block method that uses power series-based
interpolation and off-grid evaluations to directly solve fourth-order ODEs with improved precision and less
computational load. In order to improve efficiency and convergence across a variety of physical applications, Skwame
et al. (2024) suggested a novel one-step block method with eight partitions for directly solving second- to fourth-order
oscillatory differential equations. When taken as a whole, these studies highlight how block methods are becoming
more and more successful at solving the complexity of high-order ODEs in a variety of scientific and engineering
fields.

2. Formulation of the Method

Consider the approximate solution of power series in the

n+v

y(r)=> o7’ @.1)
=0

where o i 's are parameters to be determined, o e [a, b] , 17 and v are the respective number of distinct collocation

and interpolation points.
Let the solution of equation (2.1) be sought on the partition 7 :0c=7,<7, <7, <:--7, <7,,, <7y =D on the interval

[a, b] with a constant step size h , givenby h= T, — Ty, Where n=0,1,2,...,N.

Using (2.1) with 7 =4 and v = 6, the polynomial of degree 77+ v —1 as follows

9

y(r)=> o7’ 2.2)
j=0

Differentiate (3.2) four times, we have

Y""(f)=i; J(-20i-2Xj-3)o; 7" 23)

Substitute (2.3) in to (1.1), we have

9 .
2 (i-20i-20i=3)o; e = flry, vy ™) (24)
j=0
. . . 123 . 1 .
Now interpolating equation (2.2) at Oy 1= 0, 5T and collocating (2.4) at ,» |, = O[ )1 to give a system
n+v? 5
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of nonlinear equation in a matrix form as

QX =7 (2.5)
where
B 2 3 4 5 6 7 8 9
1 7, =z T, T, T, T, T, T, T,
2 4 5 6 7 9
T T 7 T T T 7° T
n+= n+= n+= n+= n+= n+= n+= n+= n+=
2 3 4 5 6 7 8 9
1 7z, 7 T, T 0, T T T T
n+= n+= n+= n+= n+= n+= n+= n+= n+=
5 5 5 5 5 5 5. 5 5
2 3 4 5 6 7 8 9
1 7, ¢ TV, T, T, T, ', 2 T,
n+= n+= n+= n+= n+= n+= n+—= n+= n+=
5 5 5 5 5 5 5

5 5
0 0 0 0 24 120r, 36072 8407 16807°  30247°
Q=10 0 0 0 24 120r , 360s%, 840%, 1680¢%, 30247°,

n+g n+g n+g n+g n+g
0 0 0 0 24 120r , 3607, 8407°%, 16807*, 30247°,
n+g n+g n+g n+g n+g
0 0 0 0 24 120r , 3607%, 8407°, 16807, 3024¢°,
n+g n+g n-¢-g n-¢-g n+g
0 0 0 0 24 120r , 36077, 8407°, 16807%, 30247°,
n+g n+g n+g n+g n+g

0 0 0 0 24 1207, 36072, 8407%, 168077, 30247°, |

The unknown values of o;'s, j= 0(1)9 in (2.5) can be obtained by using Gaussian elimination method and these values

are substituted back into equation (2.2) to produce a continuous implicit scheme with derivatives of the form:

W)=l + @ (&)y  +a(@y s +as(ely o +h*| B@ +AE)E + A +B o+ A L+, |FO

5 5 5 5

5 5 5 5 5

The coefficient of O, @y Ay, gy Yo, yn+1' ynﬁ' ynﬁ' f f  f 0, f 0 f ,are obtained in terms of f as

n
5 5 5 5 5 5 5
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55

oy, =1-""7+25¢2 —%73
6

125 . 125

o, =157 ——
H 2 2
a, Z—ET+5O’[2 —%‘lj
B 2
3 25, 125 ,
oy =—T——7"+——71
: 5 2 6
937 1411 , 19151 , 1 , 137 5 25 , 425 , 125 3 625
Po=— T+ Tt — =T T+ —T — i+ 0 —
12600000 1008000 1814400 24 1440 192 4032 2688 1008
B, = 19 3091 , 73967 ; 5 5 385 6+1775 ; 125 5 3125 ,
= oD & _ SbY £ E° e i

- T+ T — T l® (A T T —7 + T
17 13125 216000 ~ 1814400 24 864 4032 576 1008
599 2831 , 1261 , 5 535 1475 ; 1625 , 3125 ,

P2 =~1260000 * "1512000 ° ' 181440° 25° ‘864’ 2016° " 4032° ~ 504 ©
5

g L ., 143 , 743 , 5 . 6 , 175 125 , 3125 ,

2~ 790000 ° 126000 90720 96 144 288 336 504

5 __ 3 . 181 . 5549 . 5 , 305, 1025 , 1875 , 3125 ,
© < 280000 © 3024000 = 1814400 96 1728° 4032 8064 1008
PR 23 , 83 , 1 . 25 . 25 . 125 , 625 ,
-

- T+ 75— (A T = T " ——=="11
450000 302400 1814400 120 864 576 4032 1008
Evaluating (2.6) at non interpolating point to obtain the continuous form as

1 31 79 31 1
=-y, +4y , -6y ,+4y ,+h*| - f+ f o+ st f .- f
Yag TR Y 2 [ 450000 " 112500 % 75000 2 " 112500 n+! 450000 n+“] 2.7)

5 5 B 5

1 11 101 97 i 1
=-4y, +15y =20y ,+10y +h*|——f +—f +—f ,+——f +—f ,——— f
Jra == ymg ymg ymg [ 112500 " 1000 ni 22500 2 45000 S 3750 n+t 450000 "*1J
The first, second and third derivative of (2.6) is given by

y(€)=a's @y, +ay @)y s +a (2.8)

- 2 2 -
5 5 5 5 5 5;

(§)yn 2 T (é)ynﬁ +h4|:ﬂ'o ©f, +4, (é)fn 1+ B, (ét)fmg +4, (©)f s+0, (‘f)fmg +4 (‘:)fnu}

(2.9)

y'(§)=as )y, +a i €y +a (§)y o et (©y 5+ h{ﬂ“o Of 8" () L+ ) ,+8"5(E)f s+ (O =+ (5)%}

5 5 }(2.10)

E
5

yr§)=as @y raty )y L ram, €y ,+as @)y +h4[/3"'o @+ Q) L +B7, )+ 575 S +5"

1
= +
5 g 5 5 5 5 5

(’:g)f"é +5" (’:E)fml

4
5 5

Evaluating equations (2.8) to (2.10) of continuous scheme at all the points O(EJI to gives discrete scheme and its
5

derivatives can be written explicit in the block form as
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55 3 937 19 599 1 3 1
't =——y +15y ,-15y ,+-y ,+h’ - f - f, - f,- fo+ f, - f
AREEY ng ymg 5yn+§ [ 12600000 " 13125 s+l 1260000 2 90000 n+S 280000 n+: 450000 “*1]
5 5 5 1 2809 43 229 1 1
L ==Y ——=Y 5y 4=y S +hd - f+ foo+ f,- fo+ f,- f 2.11
yn+§ 3 2yn+§ yn+§ eymg [ 675000 " 7560000 n+; 126000 i 3780000 n:d 54000 i 4200000 ”“] @10
y' ,= 5y -5y +§y +§y +h? 169 f, - 311 fo- 353 f,+ L f .- U fo,+ 53 f
26" el 27mE 372 (37800000 " 1260000 -+ 756000 -2 16875 n-S 360000 n+i 18900000 "
5 15 55 41 173 1 61 17 1
C = -15y ,+—y ,+h’ - f+ for—f ,+ fo+ f,- f
yn+5 3" ymg ymg 6 Jn [ 6300000 " 360000 n+ 7500 i 1260000 <2 1260000 n+: 4200000 ””]
‘ 95 65 f 671 169 12821 7447 509 1
y :_7yn BY =Y+ 3+h - fn+ f 1t f 2t f 3t f 4= fn+1
w6 o270 3 37800000 " 67500 n; 1260000 n+Z 1890000 n+i 7560000 n+: 450000
, 65 155 235 f 31 1663 6847 60863 2473 2041
You=-— Yn"'*y 1+95y z+7y 3+h fo+ 1t 2t fo+ 4t n+t
675000 " 280000 -1 270000 n+2 3780000 n+S 630000 n+i 37800000
y ", =50y, +125y , +100y ,-25y ,+h’ Ui f,+ 30921 Lt 2831 )+ 143 . 1391 ot 2 fu
ng ng 2 (50400 " 108000 n+z 756000 n+z 63000 n+: 1512000 n 151200
y' | =25y,-50y ,+25y ,+h? - I f,- SOL Lt L g - = I ot L - 1 fa
z o e 756000 " 504000 n+z 189000 n+ 108000 nt 252000 n+ 1512000 (2.12)
y' ,=25y =50y ,+25y ,+h’ - f,- odfiet - i . T ot 1L .
ng g mego me (151200 " 378000 n+; 252000 n+; 37800 n+; 1512000 net
y'' ,=25y,+100y ,-125y ,+50y ,+h* - F f+ W L+ Y0Leg o+ L 4] P L Wt e .4
nes neg e e 18000 " 1512000 n+; 378000 n+ 28000 n+i 189000 n-: 1512000
y" =—50y"+175y 4 -200y ,+75y 3+h2 s f + 8463 fo+ - ,+ & o ek fo+ 2 £l
nd e e 1512000 " 252000 n+; 108000 n+z 94500 n+: 33600 v 151200
y =75y +250y | 275y 2+100y " i 29689 1+ﬂ . 58271 . 4561 ¥ 271 ‘L
neg neg e 756000 1512000 n+; 5250 n+z 756000 o+ 108000 n+ 100800
Y, ~-125y, +375y 1_375y 2+125y 3+h 10151 , 73967 . | 1261 . _ 7430 . 549 . 883
302400 " 302400 n+i 30240 2 151200 n:d 302400 n+f 302400
2.13
y" = -125y, 4375y, 1_375y 2+125y 3+h 799 . 14033 = 10453 " 2683 " 7, - 251 . ( )
nis 302400 " 302400 n:i 151200 ¢ 151200 n-2 302400 n-f 302400
i vip! 11009 547 1517 211
", =-125y,+375 —375 +125 +h fo+ - + - f
y ni In TSN, L T Y N ( 60480 " " 302400 nt 151200 n+f 30240 m1 302400 et 302400 "*1J
g 125y, 4375y, 1_375y 2+125y 3+h g 1763, 27851 14107, 0 2380 . 251
n 302400 " 60480 ns 151200 2 151200 md 302400 n+f 302400
yUr =125y +375y 375y ,+125y ,+h| 67 ¢ 12040 | 22433 36660 . 4873 , B8
nd ni n? nd 60480 " 302400 i 151200 nZ 151200 oS 60480 n+i 302400

Equations (2.7), (2.11) to (2.13) are combined together in matrix form and by using matrix inversion to gives the
following new schemes as explicit block hybrid method as

3509

L 1 2 3 4 9809 4
—p 4Lty L2y g L g 3509 b
yﬁ% Yn T g YT 50 T T 750 51000000 " 7n T 226800000 f,ﬁ%
251 4 2543 4 133 4 1469 4
) —22 -2y 7,
7087500 " /| +2 * T13400000 " 7, +2 716200000 / o4 * 1134000000 " Tn+1
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2 4 3 4264

%=yn~l—%h1y'n+2—5h V't e y"’n+mh4fn+%h4fn+%
_%h4f;+%+% 4fn+%_ 25;2125 4fn+%+$ Y

5

g g I S s 1 S i,

yoo =y, R o h2y" + é Wy 4 22920 Yo 722150756h4f+%—ﬁh4fn+%

+% h4fn+%_ 36288 h4f,,+%+ 361;2?80 Wy

L=y'n+%hly"n—i-%hzy"'n%-%h%’n—k%HCJF%—%};}{“L%

% 3fn+%_%h3fn+%+% 3f”+1

%—y’ﬁ%hly"ﬁ%hzy“'ﬁ% ', %ffw%—%lﬁfH%Jr
+% h3fn+%_%_3900h3fn+%+ 562g300 3f"+1

5
+ 3;(3)‘715 h3fn+%_ﬁh f %Jr 393327sh St

IRV e A %h?fﬁ% ﬁ/ﬁfﬁ% ol h3fn+%
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_ 3 3 AL 3
1152hfn+%Jr 8064 " Tn1
1 1231 5, , 863 5. 761 o, 941 5.
" — " - m h h _ h -z h
yﬁé Yot S Y 6000 ™ n T 30400 fn+% 63000 fn+%+ 126000 fn+%
341 107 5
- == h
126000 f,,+%+ 252000 " I+
2 1 544 - 37 .o 136 -
" — " “~ m h h _ h - h
yn+% yn+5hyn+3150 Sot 75 1T IENNEE f,,+%+7875 fn+%
2 101
—h +— i
fﬁ% 15750 " Jn+1
3 123 > 3501 » 2 87 2
" — " = m h h _ h 2
yﬁ% yn+5h n T 3500 /n 28000 f,ﬁ% 3500 f+%+2800 f,,+%
——hf +—— WS
875 % 5600 © Jn+1
4 376 o 1424 > 176 5 608 o
"n — " _ m h h h _h
yn+% Yats T 7875 Mt 257 fn+%+ 7875 fn+%+ 7875 fn+%
16 » 16 >
e —2_
1575 fn+%+ 7875 " Tnta
" = A\l 1 m 61 2 475 2 25_ 2 —125 2
T e N R T L 2016hf,1+%Jr 504hf,,+%+ 1008hf,,+%
25 5 11
= h
T 008 /L4 2016 o
19 1427 133 241 173 4
m — "m h — h 4+ — 1 — — )
Y n+d Vit eg Mt 7200hf,,+% 1200 f,,+% 3600 fn+% 7200 f,,+%
3 .1
+ 800hfn+1
|
"m — m h h h __h
Yoz 7 +225hf+150 /) L+225 /) £+225 S 3" g5 4
5 5 5 5 5
I 1
250 M e
51 g 219 4 57 1 57 1 21
"m — m h h h 4+ — — —— 1
Y ned Yt %00 " et 500 fn+%+ 400 f,ﬁ% 400 fn+% 800 f,,+%
3 1
T 300 M e
14 1 64 1. 8 1., 64 1 14
m — "m h h — + h + —h
Y ned Yt o5 BInt s fn+%+ 75 fﬁ% 225 f,,+% 225 f,1+%
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"m — "m 19 1 ﬁ 1
Y1 = Yt gg Mt g T

25 1 25 1 25 1,
L+144hfn+£+ l44hfn+i+96hfn+i
5 5 5 5
19
288 h fn+1

(2.14)

3. Basic Properties of the new Method

Numerical analysis was done on the fundamental characteristics of one-step block hybrid methods. These
characteristics, which show how the methods converge, include order, consistency, error constant, and zero-stability.
Additionally, the methods' region of absolute stability will be determined.

3.1 Order and Error Constant of the new method
Consider the linear operator associated in L associated with the new method in be defined as

L[y(x)h]= Z{a y(x, + jh)=a, y(x, +vih)=h"B,y" (x, + jh)—h"B,y" (x, +v|h)}
i G.1)

where y(x) is an arbitrary test function that is continuously differentiable in the interval [a' b]. We expand y(x, +ih)

d .
and Y (X” + Jh) using a Taylor series about % and collecting like terms in Pand y to obtain the expression;

Y00} = CoY(0 +C,Y (X) +..+ ChPYP () + C, shPy P (%) 4 C, s P2y P () .

(3.2)

We consider the linear operator L[y(t” ) h] of the new method with the corollary 3.1 and 3.2 below to determining the
order and error constant of the new method (Adewale & Sabo, 2024).
Corollary 3.1

The linear operator L[y(t” ); h] associate with the local truncation error of the method in equation is
C06h06 yos (tn)+0(hlo)

Therefore, the method is of uniform order six
Proof
The linear difference operators associated with the new method are given

L[y(t, \h]= y( ay(x,)+a (x +;h)+a5(t +5h]+a( += hj+h Z( tf,.+5,t)f,.,)

+h4 | n+|+ﬂ() n+rz)

ol \
=
N
|

Lly(t, kh]=y t, +

=
~—
|

[S20F gl w [S20 )

Ly(t, ;h]=y(t, +h)-

= =
+
R
(S0

5 ' (3.3)
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Corollary 3.2

The local truncation error of the new method is assume Y(®) to be sufficiently differentiable and expanding y(t, +ah)

and y(t, + ih) about ty using Taylor series, have
L [y(t,);h]= (- 6.5552 x10 ), L, [y(t,);h]=(~9.8969x107), L,[y(t,);h]=(~3.9703x10),
5 5 5

Ly [y(t, )k h]=(-1.0171x10)  L[y(t,):h]=(-2.0723x10"*)

5

Proof

Expand equation (3.3) using corollary 3.2 and then collect the like terms to the power of h gives
L, [y(t, ) h]= (- 6.5552 x 10 Jc i, h® y™ (t, )+ 0(h™

3.2 Consistency of the New Method
The numerical method is said to be consistent, if its order is greater than or equal to zero. The new method is consistent
since it of uniform order six (Sunday, 2018).

3.3 Zero Stability of the New Method
s=12,..,n

Definition 3.1: A numerical method is said to be zero-stable if the roots ] " of the first characteristic

polynomial ¥ () , defined by

p(2) = det[ A —E ] 4

. z|<1 . e \ ) . .
satisfies | 5| and every root with |ZS| } has multiplicity not exceeding the order of the differential equation as

- 7
h—0 . Moreover, as h—0 , P (2)=2""(z-D , Where . is the order of the differential equation, I' is the order

of the matrices A® and E . The main consequence of zero-stability is to control the propagation of the error as the
integration proceeds (Adewale & Sabo, 2024).

To determine the zero-stability of the new method, we applying definition 3.1 on the new method, with the first
characteristic polynomial given by

1 000 0]f0o0001] fzo0oo0o0 -1]
01000|00001| (0zo00 -1

p(z)=12/0 0 1 0 0|-|0 0 0 0 1{=|0 0 z 0 -1|=2z%2z-1)
00010[[0000O0T1 00072z -1
00001/ ](0000O0T1] (0000 z-1]

Solving for Z in

2(z-1) (3.9)
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Gives =0, 0, 0,1. Hence, the new method is zero-stable.

3.4 Convergence of the New Method
The new method is convergent, since it satisfied consistent and zero stable according to Dhalquist theorem (Sunday,
2018).

3.5 Region of Absolute Stability (RAS) of the New Method

Definition 3.2: The region of absolute stability is a region in the complex Z plane, where Z = Ah . It is defined as
those values of Z such that the numerical solutions of 'y d__p¢ y satisfy y; >0as j = oo for any initial condition
(Adewale & Sabo, 2024). To determine the regions of absolute stability of K-step method, a method that requires
neither the computation of roots of a polynomial nor solving of simultaneous inequalities was adopted. This method is

called the Boundary Locus Method (BLM).
Applying the Boundary Locus Method on the new method, we obtained the stability polynomial a

_ 3.6
h(W)=[ ! w! 4 W5)h5+(— 9 w! L wsjh‘+(— 749 w! fity w5)h3+(—ﬂw"+—781 W5]h2+[—éw"—%w5)h—w"+w5( )

56250 84375 112500 1012500 45000 1215000 500 6750
Using the stability polynomial (3.6), the region of absolute stability of the new method is obtained as

/ﬁ\

Re(z)
Figure 3.1: Showing an A-stable region of absolute stability of the new method

4. Numerical Examples

Ordinary differential equations of the form (1.1) with second, third, and fourth order initial value problems were
implemented using the new block hybrid method without requiring a reduction to an equivalent system of first order
ODEs.
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Every application's absolute error of the approximate solutions is calculated and compared to the outcomes of previous
approaches, especially those put forth by Fasasi (2018), Adoghe and Omole (2019), Skwame et al. (2019), Skwame et
al. (2020), Sabo et al. (2021), Atabo & Adee (2021), and Raymond et al. (2023). The following acronym were used in
the tables and figures below:

ES: Means Exact Solution

CS: Means Computed Solution in the new method

ENM: Means Error in new method

ESel7: Means Error in Skwame et al. (2017),

ESe21: Means Error in Sabo et al. (2021),

EAQO19: Means Error in Adoghe and Omole, (2019),

ETe21: Means Error in Tumba et al. (2021),

EAOm18: Means Error in Adeyeye & Omar, (2019),

ETe21: Means Error in Tumba et al. (2021),

Example 4.1:  Consider the second order mass spring system, where a 128Ib weight is attached to a spring having
a spring constant of 6410/ ft . The weight is started in motion with no initial velocity by displacing it 6inches above
the equilibrium position and by simultaneously applying to the weight an external force F4 (T ) =8sin4t . Assuming

no air resistance, compute the subsequent motion of the weight at 7 : 0.01< 7 <0.10 .
Now, we model this problem into a mathematical model and then apply our method to compute the motion on the
weight attached to the spring. Here,

m=4,k=64,b=0,and F,(r)=8sin4r

Thus, example 4.1 boils down to

y"'(r)+16y = 2sin 4z, y(0)= —%1 yl(o): 0

4.1
with the exact solution of (4.1) is given by,
y(r)= L cosar+ Lsinar—Locosar
2 16 4 4.2)
Source: [Skwame et al., (2017) Sabo, et al., (2021)].
Table 4.1: Numerical Results for Example 4.1
T ES CS ENM ESel7 ESe21
0.1 -4.996 x 107! -4.996 x 107! 3.0000(-20) 1.6621(-09) 1.0000(-19)
0.2 -4.984 x 107! -4.984 x 107 2.0000(-20) 1.1586(-09) 4.1000(-19)
0.3 -4.964 x 107 -4.964 x 107 8.0000(-20) 2.9743(-08) 9.1000(-19)
0.4 -4.935 x 107 -4.935 x 107 6.0000(-20) 5.6076(-08) 1.6600(-18)
0.5 -4.899 x 107 -4.899 x 107! 1.1000(-19) 9.0504(-08) 2.6200)-18)
0.6 -4.854 x 107 -4.854 x 107 7.6000(-19) 1.3291(-07) 3.8000(-18)
0.7 -4.801 x 107 -4.801 x 107! 1.0000(-19) 1.8317(-07) 5.2000(-18)
0.8 -4.739 x 107 -4.739 x 107! 1.3000(-19) 2.4110(-07) 6.8500(-18)
0.9 -4.670 x 107 -4.670 x 107! 1.4000(-19) 3.0653(-07) 8.7500(-18)
1.0 -4.592 x 107 -4.592 x 107! 7.4000(-19) 1.6621(-09) 1.0850(-17)
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Numerical Errors vs Time
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Figure 4.1: Graphical curve of Table 4.1.

Example 4.2: Consider the highly non- stiff third order linear problem describing oscillatory behavior up to the third

order of the form

y"'(z)=y"(z)-y'(z)+y,y(0)=1 y'(0)=0,y"(0)=-1 h £

100 (4.3)
Whose exact solution is
y(z)=cosz 44
Source: [Adoghe and Omole (2019), Tumba et al. (2021)]
Table 4.2: Numerical Results for Example 4.2
t ES CS ENM EAO19 ETe21
0.01 _ _ 1.0000(-  0.0000(00) 6.1000(-20)
9.9995 x 107! 9.9995 x 107! 20)
0.02 ) ) 3.0000-  1.1102(-16) 1.2000(-19)
9.9980 x 107! 9.9980 x 107! 20)
0.03 _ - 4.0000(- 4.4409(-16) 1.9000(-19)
9.9955 x 107! 9.9955 x 107! 20)
0.04 _ _ 6.0000(- 5.8842(-15) 2.5000(-19)
9.9920 x 107! 9.9920 x 107! 20)
0.05 ) ) 6.0000(-  2.6201(-14) 3.2000(-19)
9.9875 x 107! 9.9875 x 107! 20)
0.06 ) ) 7.0000-  8.3822(-14) 3.9000(-19)
9.9820 x 107! 9.9820 x 107! 20)
0.07  9.9755x 107 9.9755 x 107! 8.0000(-  2.0750(-13) 4.5000(-19)

© 2025 Department of Mathematics, Modibbo Adama University.



160 Zirra et al. (2025) International Journal of Development Mathematics Vol 2 Issue 4 | 148 - 164

20)
0.08 _ _ 8.0000(- 4.4142(-13) 5.1000(-19)
9.9680 x 107! 9.9680 x 107! 20)
0.09 _ _ 9.0000(- 4.4743(-13) 5.6000(-19)
9.9595 x 107! 9.9595 x 107! 20)
0.10 _ _ 9.0000(- 1.5086(-12) 6.3000(-19)
9.9500 x 107! 9.9500 x 107!
20)
Numerical Errors vs Time (Example 4.2)
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Figure 4.2: Graphical curve of table 4.2.
Example 4.3: Consider the fourth order oscillatory differential equation of the form
-1.1 1 1.2
yllllz_ :_yll,yo :0’yl0 — ’yIIO . 1y|||0 =
( ) ( ) ( ) 72-507x¢ ( ) 144 -50 ( ) 144 -100 = (4.5)
with the exact solution,
1-7rcosr—-1.2sint
W)="10 100
(4.6)

Where y ¢ |:0, ”} . This problem was also solved by [Adoghe and Omole (2019), Adeyeye and Omar (2019)]
2
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Table 4.3: Numerical Results for Example 4.3

t ES CS ENM EAel9 EAO19
0.003125 1.2998 x 107 1.2998 x 10 0.0000(00) 2.1149(-18) 5.4210(-18)
0.003125 2.5299 x 1073 2.5299 x 107 0.0000(00) 1.0576(-17) 6.2884(-17)
0.009375 3.6835 x 107 3.6835x 1072 0.0000(00) 1.2683(-17) 2.3289(-16)
0.001250 4.7550 x 1073 4.7550 x 107 0.0000(00) 2.1963(-17) 6.3578(-16)
0.015625 5.7392 x 1073 57392 x 10 0.0000(00) 2.5623(-17) 1.4554(-15)
0.018750 6.6322 x 1073 6.6322 x 107> 0.0000(00) 3.7297(-17) 2.8970(-15)
0.021875 7.4310 x 1073 74310 x 107> 0.0000(00) 4.4098(-17) 5.2623(-15)
0.025000 8.1335 % 1072 8.1335x 107 0.0000(00) 5.9762(-17) 8.8714(-15)
0.028125 8.7386 x 1073 8.7386 x 107 0.0000(00) 7.1313(-17) 1.4107(-14)
0.031250 9.2464 x 107 9.2464 x 107> 0.0000(00) 9.2590(-17) 2.1415(-14)
Numerical Errors vs Time (Example 4.3)
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Figure 4.3: Graphical curve of table 4.3.

5. Discussion of Results

When applied to a classical second-order mass—spring system, the results shown in Table 4.1 and Figure 4.1
for Example 4.1 demonstrate the exceptional accuracy of the suggested numerical method. Throughout the time steps,
the calculated solutions and the exact solutions are nearly identical. The table values and figure clearly show that these
errors are smaller than those reported by Skwame et al. (2017) and Sabo et al. (2021). The figure's flat ENM line
illustrates how this approach achieves higher stability and precision in comparison to earlier studies' larger error curves.
As the complexity of the problem increases to a non-stiff, third-order oscillatory system in Example 4.2, the trends in
Figure 4.2 and the data in Table 4.2 verify that the new algorithm maintains very small ENM values. The ENM errors
for the current method stay extremely close to zero, in contrast to previous approaches like those of Adoghe and Omole
(2019) and Tumba et al. (2021), which show errors that increase steadily with increasing time. Even for higher-order
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systems, the method effectively controls error accumulation, as seen by the figure, which displays the ENM curve lying
flat and significantly below those of other approaches.

The method's exceptional accuracy for a fourth-order oscillatory differential equation is demonstrated by the data in
Table 4.3 and Figure 4.3. In contrast to the reference methods of Adoghe and Omole (2019) and Adeyeye and Omar
(2019), whose errors (EAO19 and EAel9) rise with time, the ENM values remain constant at zero for every step. For
more complex oscillatory systems, the algorithm can produce results that are almost exact without error growth, as
demonstrated by the plotted figure, where the ENM curve stays perfectly flat along the horizontal axis.

The tables and figures from these three examples make it abundantly evident that the suggested method performs
noticeably better than current techniques. This numerical scheme is very accurate and stable, as evidenced by the
consistent pattern of nearly zero ENM values in Tables 4.1, 4.2, and 4.3 and the corresponding flat error curves in
Figures 4.1, 4.2, and 4.3. These findings show that it has a distinct advantage over the traditional approaches described
in the literature and has great potential as a reliable tool for resolving oscillatory problems across various orders of
differential equations.

6. Conclusion

In order to directly solve second-, third-, and fourth-order ordinary differential equations without reducing
them to systems of first-order equations, this study created a one-step block hybrid numerical method. The approach
was developed into a continuous implicit scheme and then expressed in block form using collocation and interpolation
techniques. The region of absolute stability was determined through the analysis of its theoretical properties,
encompassing order, error constant, consistency, zero-stability, and convergence The developed approach yields
incredibly small errors in comparison to current methods, according to numerical experiments conducted on benchmark
problems like a mass-spring system, third-order oscillatory models, and fourth-order oscillatory equations. The method
maintains stability and high precision across different orders of differential equations, as demonstrated by graphic
results that validated the error curves' flatness. The results show that, by avoiding the complexity and error
accumulation of conventional reduction techniques, the developed block hybrid method provides a more accurate and
efficient way to solve high-order initial value problems. Its outstanding accuracy and stability demonstrate its great
potential for use in oscillatory system-related scientific and engineering problems. Future developments could
investigate adaptive step sizes and applications to nonlinear and stochastic differential equations. The method is a
substantial improvement over classical approaches.
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