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Decomposition method, was employed to obtain the series-form solution when
fractional order equal one and numerical solution of fractional Burger-KdV
equation. The Caputo fractional operator was adopted; existence and uniqueness of

Caputo operator, Burger-Kd\V/ equation the method were investigated in Caputo fractional derivative. The solution was

found to be unique and convergent. Two example problems were provided to
MSC 2020 Subiject classification: illustrate the efficiency, simplicity and accuracy of the developed method when
35R11, 35Q53, 35Q35 compared with the existence literatures.

1. Introduction

The fractional Burger-KdV equation plays an important role in modelling nonlinear wave propagation, fluid
mechanic and dispersive phenomena. Numerous scholars in various scientific disciplines, including Biology,
Chemistry, fluid mechanics, Physics, and others, have focused on Fractional partial differential equation (FPDES) and
classical partial differential equation (CPDEs). Integral transform methods can solved partial differential equation of
both integer and fractional orders, these methods transform problems into algebraic or ordinary forms, depending on
whether single or double integral transformation are used (Davies, 2002). Also fractional solutions of partial differential
equations (PDEs)have drawn a lot of attention because they can accurately simulate complicated systems and processes
those traditional PDEs frequently find difficult to depict. Jasim et al. (2023) reviewed integral transforms which
includes single, double and mixed double transforms. Mixed double transforms combine two different single integral
transforms to form a double integral transform. Many have developed various double integral transform for solving
partial differential equation of integer and fractional order including double ARA transform (Rania, 2022), double
Natural transform (Kilicman and Omran, 2017), double Laplace and double Sumudu transforms (Hassan and Kilicman,
2010), two-dimensional Aboodh transform (Aboodh et al., 2017), double Shehu transform (Suliman and Emine, 2020),
double Rangaig integral transform (Derte et al., 2022), two-dimensional Emad-Falih transform (Turg and Kuffi, 2022),
double Mahgoup transform (Patil, 2020) and many more.

Most approaches mentioned in the literature solved linear PDEs and FPDEs problems. It is therefore necessary to
develop a double integral transform to address nonlinear fractional PDEs of Burger-KdV equation form. In this
research, the Natural transform and Aboodh transform will be combined to form double Natural-Aboodh transform
with Adomian decomposition method which will be implemented to solve fractional Burger-KdV equation problem of
the form.

CDFD(x,t) + a®D,(x,t) + BD,, (x, 1) + YDy (x,8) = 0 1)
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Equation (1) is fractional Burger-KdV equation with Caputo operator, ¢ the fractional order, a, 8, y, are constant
variables.

2. Preliminaries
Definition 1 ( Rasool et al., 2019) The Natural transform of ®(x) for x > 0, s,u > 0 is denoted by N[®(x)] is

NOE)] =3[ e 0(dx @

Definition 2 (Range and Gade, 2020) The Aboodh transform of ®(t)for t > 0, p > 0 is denoted by A [®(t)] is
AO()] = % [ e Pt (t)de ©)

Definition 3 (Khalouta, 2023) The Caputo fractional operator of ®(z) is ¢DZ[D(7)] = r(nl_d) fOT(r —
(

901 O™ (9)dY 4)
Definition 4 The double Natural-Aboodh transforms of ®(x, t) for x, t > 0 is denoted by N,A.®(x, t)] is define as

NeAD(x, 0] = £(s,u,p) = o= [ Jy e @ P (x, O)dxdt 5)

Provided that the integral exists and (s, u, p) are transform variable.

Definition 5 The inverse double Natural-Aboodh transform is denoted by N =, A~:[é(s, u, p)] is define as
1 a+ion g B+io
N~ (G p)] = s | e?{ [ verecs u,p)dp} ds
" @ri)? )i B—io
By applying double Natural-Aboodh transform on some functions

m
1. NeA[x™t"] = %m,n are positive integer
m.nt1 _ Tm+Du™
2. NAx™e ]——Sm+1(p2+np)

1

(s—aw) (p*-bp)
1

(s—au)(p2-ibp)

; - (ap?u+bsp)
5. N,Asin(ax + bt)] = TV v

sp2—aup?

6. N,Alcos(ax + bt)] = m
(ap?u+bsp)
(s+au)(s—au)(p?+bp)(p?-bp)
(sp?—aubp)
(s+au)(s—auw) (p%+bp)(p%-bp)

3. NyA[e@*P0] =

4. NxAt[ei(ax+bt)] —

7. N A sinh(ax + bt)] =

8. NyAi[cosh(ax + bt)] =

3. Methodology
Consider equation (1) for the formulation of the method for solution of fractional Burger-KdV equation of initial
value problem with Caputo fractional operator using double Natural-Aboodh transform. Applying double Natural-
Aboodh transform we have,

N A(DTD(x, 1) + a®®D, (x, t) + BDpy(x, 1) + Yy Py (x, )] = 0 (6)

®(x,0) =9(x) ©)

By theorem (4), equation (6) becomes,
_ dld(x,
PoE(s, U D) = Wit =g N [or] = —NoAda®®, (3, 6) + By (6,6) + YD (,)](8)
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§(5,1,p) = 5 No[O(x, 0)] = o NeAa®®s(x, ) + fDr (1) + YDrix (1, 0] (9)

By taking double inverse Natural-Aboodh transform on equation (9),
D6, 1) = N ™A™ {5 N[O} = N 7oA, [ NALa®D(x, 6) 4 B (,6) + YD (x, 0] }(10)

®(x, t)is express as an infinite series

O(x,t) = X7=o Pu(x, ) (11)
The nonlinear term ®®,.(x, t) can be generated by Adomian polynomial define by
(D(Dx(x' t) = C:{:0 An (12)
Where A, is also defined as
1 4am
n == (N[ZRoo APy B (6, 0)]},_m = 0,1,2, (13)

Substituting equation (11) and (12) into equation (10)
S0 Pn(®,6) = N7 A~ {5 N [9COT) = N7A™e {55 NeAy Biico P () +

B o P (0, 6) + @Bz An]}
(14)
Dy (x, t) = 9(x) (15)
Zor(fzo (Dn+1(xi t) = _N_xA_t {pio' NxAt[V Zﬁ:o q)n,xxx (x: t) + B Zﬁ:o q)n,xx (x: t) t+a Zﬁ:o An]}(le)
This also gives

1
(6, £) = —N—, A", {p—f, Ny Po e (i, ) + BP0 0 (5,0) + o]

1
D, (x,t) = —N7A™¢ {p_o' NxAt[yq)l,xxx (x, t) + ,Bq)l,xx (x,t) + aAl]}

i i 1 5
36, 8) = =N oA {2 Ny P (5,6) + BP0 (0,6) + ]} (a7)

The series can be express as @(x, t) = Y-y Pn(x, t), as the terms of the series

Dy(x, 1), D1 (x, 1), Dy (x, t), D5 (x, t), -+ are obtained. It is really important to note that the ®,(x, t) is defined by the
terms that arises from initial conditions and the proceeding terms @, (x, t), ®,(x, t) ---, can be generated by the
results of the previous terms. The series will contain a fractional operator in Caputo sense o whereas 0 < g < 1,
therefore, o = 1 the series-form solution will be obtain.

Existence and Uniqueness of Double Natural-Aboodh Transform
A function of ®(x, t) is said to be exponential order a, 8 > 0, 0n 0 < x,t < oo, if there exist a positive constant,
M, X and Y such that,
|D(x, t)| < e@+FD), forallx > X, t>Y (18)
Therefore, we write
D(x,t) = 0(e@+FD), asx,t = o

Theorem 1: Let @ (x, t) be a continous function in every finite interval (0, X), (0,Y) and of exponential order
e(@+BY then, the double Natural-Aboodh transform of @ (x, t) exist for all s,u > a,p > f.

Proof: Let ®(x, t) be exponential order e(@**b%) such that,
|D(x, t)| < e@+FD), forallx > X, t>Y
Then, we have
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1§(s,u,p)| =

1 © oo sx
—J. f e~ GO (x, £)dxdt
upJo Jo
1 © oo sx
< —J- eGP D (x, t)|dxdt
o Jo
Sﬁf o~ CatPD) (@ +BD) ot
o Jo

M o0 o0 s
- _f e~ WO o= 0+B gxdt
0 0
. M 1
u(p? — pp) (5 —a)
B M
(p* —pP)(s — au)

Properties ofDouble Natural-Aboodh Transform and its Partial Derivatives
If the double Natural Aboodh transform of function @, (x, £) and @, (x, ¢) are §, (s, u, p) and &, (s, u, p) respectively
and the double Natural-Abbodh transform exist, by definition of the double transform for any positive constant «, 8
such that

1. Linearity Property

NxAt[a(DI(x! t) + ﬁcDZ (.X', t)] > aél (Sv u, p) + ﬁéz (S’ u, p) (19)
2. Shifting Property

NeAe @00 (x, 0)] = s s 6 p — B) (20)
3. Change of Scale Property
N A @ (xa, tf)] = — é( (21)

uo ,8
4. Ifd(x,t)isa contmous function and N, A [®(x, t)] = &(s, u, p). Then the following derivative are

NeA[®, (x, )] = PE(s,u, p) — - Ny [O(x, 0)] (22a)
NoA e, (6, ] = PPE(s, 1, p) = N[0, 0)] = 2 N[, (x, 0)] (22b)
N AJ®,(x, 0] = 2€(5,1,p) — 2 A, [0(0,0)] (22¢)
NoAD(x, D] = SE(5,1,p) = 5 A[0(0,0] - 12 [cb 0,0)] (22d)
N A®, G D] = S5 85,1, p) = S5 A0, 0] — 5 A [0, 0] — 2 A,[,., (0, )](22¢)
NoA [S220] = B (s, u,p) + LN, [0(x, 0)] - ;At[cb(o, 0] == [@(0.0)] (22f)

Convolution Theorem of Double Natural-Aboodh Transform: The convolution of the function ®(x, t) and
g(x,t) is denoted by @ ** g(x, t) and defined by

X t
NoALD ++ g(x, )] = f f OCx - p,t — D) g(p, NdpdA
0 0
= N A[P(x — p, t — D] = NyA[g(p, D] (23)

Theorem 2: If &(s,u,p) = N, A[®(x, t)], then for constants p, Awe have
NeALD( — p,t = DHCx = p,t = D] = e & PDE(s,u,p)

Where H(x, t) is the Heaviside unit function defined by
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x>p,t>A4

1’
HEx=-pt-2)= {0, Otherwise

Proof:
1 © o0 sx
NAJO(x — p,t —DH(HE —p, t — D] = @f f e GtPOD(x — p,t — DH(x — p, t — )dxdt
0 0
1 0 o sx
= —f f e GPOP(x — p, t — N)dxdt
0 0
Pum=x—p=>x=m+pandn=t—A=>t=n+41
1 (® (* _stmtp)
= —f f e Cu PG (m, n)dmdn
sp 1
~GoPA) f f +pn)(l)(m n)dmdn
= e (P g(s,u,p)

Theorem 3: Let £(s,u, p) and G (s, u, p) be double Natural-Aboodh transform of a function ®(x, t) and g(x, t)
respectively,

N A[® #x g(x, )] = upé(s,u, )G (s, u,p) (24)
Proof:
1 o0 [e 0] sx
N A[D(x, t)] = —f f e_(7+pt)q)(x, t)dxdt

NeAJ[D #+ g(x, t)] = j f ~Gpo) { j f O(x —p, t — A)g(p,A)dpd,l} dxdt
By Heaviside unit step function,
1 0 o0 sx 0 o0
) _f f e Gat) {f f Dl : — DR )i, A)dpdl} dxdt
up Jo Jo 0o Jo

0 oo 1 x rt
= f f g(p,)dpdA {—j j e_(%“”)d)(x —p,t —A)H(x —p, t — 1) { dxdt
o Jo upJo Jo

By theorem (2)
— f f g(p,l)dpdl{e'(%“”l)g(s'u,p)}
= é(s.1.p) f f Po8) g (o, NdlpdA
= upé(s,u,p)G(s,u,p)

Theorem 4: If 0 < ¢ < 1, the double Natural-Aboodh transform of Caputo fractional derivatives is
1 alo(x,0)

NoAe[cps®(x, 1) = p?¢(s,u,p) — X1, WNx[ prral (25)
Proof:
gy 0™8(x,0)
NAcps@(x, )] = NxAt f (t—9) g — 2 d9

By convolution theorem,
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= : S o, o0y

g e 5

Ny A[cps®@(x, £)] = N A [

I'(n—-o)
pn—tr—l !

A{tn—a—l} —

n-1

RO 1 8id(x,0)
A {T} — prA[D(x, £)] — Z; g
i=

rn-o)( = 1 9id(x,0)
x pn—O'—l {p A[(D(X, t)] - ZO pz_n.H' T}l
1

n—1

Therefore,

_ 1
" T'(n—o0)

p" 1 d'd(x,0)
= Jna=1 NeAd @ O] = Z; e T
=
n-—1

NxAt[CDg(D(X, t)] = paf(s, u, p) - z p2—0'+i N atl

i=0

1 [aiob(x, 0)

Numerical Examples
In this work, two numerical examples are used to test the accuracy and efficiency of the developed method. The error
is obtained as Error = exact — Approximate.

Problem 1
Helal and Mehanna (2006) examine the fractional Burger-KdV equation

D ®(x,t) + 2(D%) + Dy — Dy =0, 0<0<1 (26)
Subject to initial condltlon

D(x,0) = —+ tanh( ) (27)
Exact solution

o0t =1{1+ tanh( (x- -t))} (28)
Solution
Applying double Natural-Aboodh transform on equation (26)

NxAt[DJt(D(x' )] = NyAg[ @y — Dyx — 2(®3)x] (29)

By double Natural-Aboodh transform prolperty of Qapugo operator, )
USC(S u, P) Zl 0 p2-oti Nx[ ati ] N. At[q)xxx - d)xx ¥ Z(CD )x]

(30)

E(S u, P) N [(D(x 0)] & e N At[q)xxx i 2((1) )x] (31)
Substituting the initial congltlon anld takmg ouble inverse Natural Aboodh transform on equatlon (32),

O, ) = N A" [N, [s + Stanh )|} + N4, { NeAd[ @ — O, — 2(0%),1} (32)

®(x, t)is express as 5n infinite Series

DO(x,t) = Yr_ o Opn(x, t) (33)
The nonlinear term (®*),.(x, t) can be generated by Adomian polynomial define by

((I)S)x = Z?:OAn (34)

Where the Adomian polynomial are;
Ay = q)g,x

© 2025 Department of Mathematics, Modibbo Adama University.
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Al = 3(1)5,)((1)1,)(
A, = 3(D(z),xq)z,x + 3(D0,xq)ix
A3 = 3(Dg,xq)3,x + 6(D0,x(D1,x(D2,x + (Dix

(35)
By substituting equation (33) and (34) into equation (32), we have
Zor(lz=0 (Dn+1 (x' t) = N_xA_t {piz Nx E + %tanh(%)]} + N_xA_t {# NxAt[Z§=O (Dn,xxx - Zﬁ:o (Dn,xx -
2 %m0 Anl) (36)

We have @, as follows;

11
Dy (x, t) ——+ —tanh(= )

6

Zﬁ:o (Dn+1 (X, t) = N_xA_t {pia'N At[zor(i—o (Dn,xxx Zn—o q)n,xx 2 Zﬁ:o An]} (37)
Forn=20
1%, ) = N ™A 7e {55 NeAd Do e = Poex = 2401} (38)
D, (x,t) = N",A” { N, At[{mg[ sech? ( )tanh2 (6) - %sech4 (6)] + ﬁsech2 ( )tanh( )
oz ech® (D} (39)
= [{is [ sech® (3) rani? (5) = Gsech (5)] + g seeh? (5) eanh (5) = g seen® ()] 4[]

(40)
D, (x,t) = [{1—;8 E sech? (%) tanh? (E) - %sech4 (6)] + Esech2 ( ) tanh( )
et QN7 (4
Forn=1
Dy (x,t) = N7, A7, {1 N At[q)l xxx — Pixx ZAl]} (42)
D,(x,t) =N~ {N [23328566]’18( )tanh( )]} {p,, t [ta]} (43)
D,(x,t) = o sechg( )tanh( ){ } (44)

The series solution is therefore,
D(x,t) =27_ Pp(x,t) = Dy, t) + O (x,t) + D, (x, t) + -+ (45)

0o t) = ¢+ gtanh (O) + [{5 [Fsech® (3) tant® (3) =5 seent ( )+ L sech (%) tann (%) -
23;28 sech® (z)}] {tr_i} + 2332856Ch8 ( )tanh( ){i:} R (46)
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Table 1: Numerical results and Error of Problem 1

t= exact Our method Our method Helal and Our method
0.02, o=1 =09 Mehanna, c=1

x (2006) Error

Error

0.1 0.1693207633 0.1694155861 0.1694002119 0.0889801 -0.48228 e-5
0.3 0.1748699093 0.1749708838 0.1749589621 0.123026 -1.009745e-4
0.5 0.1804008835 0.1805079302 0.1804995643 0.0399017 -1.070467e-4
0.7 0.1859015669 0.1860145480 0.1860098073 -0.0795711 -1.129811e-4
0.9 0.1913601055 0.1914788257 0.1914777443 0.0545362 -1.187202e-4

0.190 4

0.185 4

0.180 4

0.175

0.1704

1 2 3 4 5
exact =1 c=0.9
Fig 1. comparison plots of exact. and approximate for =1, 0.9
Problem 2
Khan et al (2022) consider the fractional Burger-KdV equation
D%, ®O(x,t) + a®yyy + LD,y + YOPD, =0 47)

Subject to the condition

© 2025 Department of Mathematics, Modibbo Adama University.



113 Audu et al. (2025) International Journal of Development Mathematics Vol 2 Issue 4 | 104 - 117

3p2tanh?(EX)  ep2tanh(£Y)

25ay 25ay

®(x,0) =a, + (48)

Exact solution
2 2_ 2 2_
D(x,t) =a, + %tanh {1:;“ {x + (3;;2—5%0@}} - % tanh? {1:;0[ {x + w}}(@)

25a 25a

Solution
Applying double Natural-Aboodh transform on equation (47)
NxAt[Dot(D(x' t)] = _NxAt[aq)xxx + ﬁq)xx 4 y(DCDx] (50)
. 80 (x,0)
pgg(s’ u, P) - Z?:Ol p2—1¢T+i N, [TJEO = —N, A, [aq)xxx + ﬁq)xx + yCDCDx] (51)
§(5,u,p) = 5 No[@(x, 0)] = - Ny A[aDry + B +yDD,] (52)

Taking double inverse Natural-Aboodh transform on equation (52) and substituting the initial condition,

O £ sp2tanh?(LL)  6p2tanh(Ly) . N 1
D(x,t) =N",A7, {p—sz [ao i 10 + ZSW“’ -N",A", {p—a N A [a®yyr + BD, +
Yoo, ]} (53)
®(x, t) Express as an infinite series
O(x,t) = Xizo Pn(x, 0) (54)

The nonlinear term ®®,. can be calculated by Adomian polynomials which define by,
(Dq)x(x’ t) = Zi:o An(x' t) (55)

Where Adomian polynomial are;
Ag = ©yPox
Ay = PPy + P1Pp
Ay = Oy + PPy + PP
A3 = OgP3y + 1Py + PPy, + P3P

(56)
By substituting equation (54) and (55) into equation (53), we have
. I 1 3p2tanh?(EX)  ep2tanh(L)
Y=o Prs1 (x,8) = N7, A t{p_sz [ao —r ' 25l N
_ _ 1 o) ) oo
N xA t {p_a' NxAt[a Zn:o q)n,xxx i ,B Zn:o q)n,xx + YZn:O An]} (57)
Therefore, ®,, are obtain as follows;
B B
® = ag 3B2tanh2(ﬁ) eﬁztanh(ﬁ) (58)
25ay 25ay
. _ _ 1 o ) [e9)
Y=o Pni1 (5, t) = —N", A7, {p_o‘ NxAt[a Yn=0 Prxxx + B Xn=0 Prxx + Y Xnzo An]} (59)
Forn =0,
- - 1
Cbl (x’ t) =—-N xA t {p_o' NxAt [acDO,xxx + ﬁcDOxx + YAO]} (60)

© 2025 Department of Mathematics, Modibbo Adama University.
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[smh(ﬁm) cosh(m)]{ZSaoay 3ﬁ2}ﬁ3A { 1 }

D, (x,t) = E oot (Bt o+ (61)
_ 3B3 [tanh( px )sechz(ﬁx) sechz( )]{ZSaoay 3B2}
P (0 t) = 312503y {a'} (62)
Forn=1
B35, 8) = =N A7 {25 NeA[aP e + B + YA} (63)
3B*(3B% — 25a,ay)? {(tanh ( ) 1) (3 tanh ( ) + 1)} sechz(ﬁ—x) 1
Dy (x,t) = s A_t{ }
1562500a5y p2o+?
(64)
3p*(3p?% — 25a,ay)? {(tanh( ) 1) (3 tanh( ) + 1)} sechz( Too) (t2°
cbz(x, t) =
1562500a5y 24!
(65)
The series solution is therefore;
D(x,t) = 25 _o D, (x, t) = Oy(x, t) + @ (x,8) + Dy(x, t) +- (66)
D(x,t) = ag + 3ﬁztanh2(£)—);) e 6ﬁ2tanh(10a) N B3[tanh( )sechz(ﬁx) se:hz(loa)]{ZSaoay 332}{ } +
25ay 25ay 3125a°y a!
3p*(3p2%-25a0ay) {(tanh( Bx) )(3 tanh(ﬁ )+1)}sech2(—) t20
1562500a5y {20'} (67)
Table 2: Numerical results of Problem 2, a; = 0,a =8 =01,y =1
x/t Exact Khan et al.( 2022) Our method Our method ¢ = 0.9
oc=1

-4/0.01 -0.01085076961 -3.5967 -0.007386100474 -0.007385880155
-1/0.01 -0.002510922824 -2.50239 -0.002272513804 -0.002272310650
1/0.01 0.002273084079 1.13462 0.002511493100 0.002511659426
4/0.01 0.007386593321 1.2000 0.01085126246 0.01085136145
-2/0.1 -0.005201177870 -3.3840 -0.004266209422 -0.004265185491
0/0.1 0.000002879827186 0.2693 0.000002879913600 0.000003769678599
2/0.1 0.004271744779 1.1990 0.005206713291 0.005207399581
-4/0.05 -0.01084940939 -3.5963 -0.007384740260 -0.007384055183
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-1/0.05 -0.002509668622 -2.4131 -0.002271259585 -0.002270627907
1/0.05 0.002274110910 1.1448 0.002512519955 0.002513037117
4/0.05 0.007387204456 1.200 0.01085187362 0.01085218141
-2/0.2 -0.005197864015 -3.3282 -0.004262895443 -0.004261428629
0/0.2 0.000005759308690 0.4958 0.000005759654400 0.000007034204989
2/0.2 0.004273965647 1.1994 0.005208934480 0.005209917511

0.010 1

0.005

-0.005 1

-0.010 1

exact g=1 c=10.9
Fig 2. comparison plots of exact. and approximate for =1, 0.9

4. Discussion
Numerical findings and the series-form solution is obtained when the fractional order is one from the
solved problems using the developed method are presented. The exact solution were compared with those of the
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numerical results of the series-form solution at ¢ = 1, fractional series solution for fractional order ¢ = 0.9 and
Helal and Mehanna (2006) and Khan et al (2022) from table 1 and table 2 respectively while considering different
values of the variables x and t. From problem 1, the error obtained performed favourably than the results presented
by Helal and Mehanna (2006), also from problem 2 numerical results obtained outperform the results presented by
Khan et al (2022). This results show that our method demonstrate consistency and reliable.

5. Conclusion

In this work, the Double Natural-Aboodh Transform method was employed to solve fractional Burger-KdV
equation problems, the fundamental properties, and existence and uniqueness theorems under Caputo fractional
derivative was established. The series-form solution can be obtained when the fractional order is one; numerical
solution and graphs for different fractional order were presented. The developed method is simple, reliable and
effective. Its accuracy and convergence were demonstrated through some numerical examples highlighting its potential
for solving similar fractional order problems. Maple 18 software is used for all the computations in this work. This
research can extended to other fractional PDEs problem, integral equation problem, integro-differential equation
problem and different fractional operator.
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