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1. Introduction  

Second-order differential equations are very important in modelling real-life phenomenon across diverse fields. This 

explains why derivations of numerical methods for the solution of such problems are very important. Over the years, 

a lot of methods have been formulated to solve such differential equations. It has however been observed that some of 

such methods have some setbacks such as low rate of convergence, smaller (or finite) stability regions, inefficiency in 

terms of central processing unit time, to mention a few. It is in view of these challenges that an ATBHM is proposed 

in this study for the solution of second-order differential equations of the form,  

  '

0 0 0 0'' , , ' , ( ) , '( )y f t y y y x y y x y          (1) 

on the interval  0 , Nx x x . It is hoped that the proposed method will address some of these setbacks. Suffice to state 

that second-order differential equations are applied in various areas of human endeavours. These include vibration 

analysis, population dynamics, mechanical vibrations, control systems, aerodynamic drag, planetary motion and 

quantum mechanics,. Others are weak signal detection and phase lags, (Adeyeye & Zurmi, 2016; Anemee & Latif, 

2022; Onyekonwu, Sunday & Ndam, 2025).   

Derivation of numerical methods and algorithms for the direct solution of second-order differential equations is 

paramount. A lot of researchers have proposed various methods to solve such problems. Previous works have 

demonstrated the effectiveness of hybrid methods, often implemented in a block structure, for directly solving second-

order differential equations without converting them into first-order systems.  Skwame et al. (2018) proposed a two-

step implicit second derivative block method for the solution of initial value problems of general second-order ordinary 

differential equations. The method, which is A-stable, was found to be consistent, convergent and zero-stable. The 

Jator et al. (2023) formulated hybrid block method of order fourteen for the solution of second-order initial value 

problems. The method, implemented in variable-step mode was found to be computationally reliable. Kwari, Sunday 

& Ndam (2024) derived a four-point integrator for the solutions of second-order oscillatory problems. The integrator 
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 A B S T R A C T 

In this study, an eighth-order Adams-Type Block Hybrid Method (ATBHM) is 

derived for the solutions of second-order ordinary differential equations. The two-
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methods with which we compared our results.  
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was proven to be computationally reliable  

Sunday et al. (2025) developed block hybrid integrators for the solution of second order problems of the form (1). The 

integrators were consistent, convergent and stable. Other authors that proposed numerical methods for the solution of 

second-order differential equations are Nazreen & Zanariah (2017), Areo, Adeyanju & Kayode (2020), Obarhua & 

Kayode (2020), among others. For more details on the solution approach for other types of hybrid block methods, see 

James, Adesanya & Sunday (2012), Sunday, James, Odekunle & Adesanya (2015), Yakusak & Adeniyi (2022), 

Kamoh, Dang & Sunday (2024), Sunday, Kolawole, Ibijola & Ogunrinde (2025), Omole et al. (2025) and Sunday et 

al. (2026). The remaining part of the paper is composed of derivation of the ATBHM, analyses of basic properties of 

the method, results and discussion and conclusion. 

 

2. Methodology 
2.1 Derivation of the Adams-Type Block Hybrid Method with Five Off-grid Points 

Consider the power series of the form, 

1

1
2

0 1 2 1

0

( ) ... r s

r s
j

j r s

j

y x x x x x      

 

 



            (2) 

Suppose equation (2) is the approximate solution ( )y x  to the second-order differential equation of the form (1) for 

 2,n nx x x  , where r  is the number of collocation points, s  is the number of interpolation points and 

1n nh x x   is the step-size. Equation (2) is differentiated twice, 

1
2

2

''( ) ( 1)
r s

j

j

j

y x j j x
 





           (3) 

Substituting (3) into (1) gives 
1

2

2

( , , ') ( 1)
r s

j

j

j

f x y y j j x
 





          (4) 

To derive ATBHM, five off-grid points were inserted within the two-step interval of integration  2,n nx x  , that is 

1/4 1/2 3/4 4/3, , ,n n n nx x x x     and 5/3nx  . Interpolating (2) at points 
4 5

, ,
3 3

n lx l   and the collocating (3) at points 

1 1 3 4 5
, 0, , , ,1, , , 2

4 2 4 3 3
n mx m   give a system of ( )r s  equations of the form,  

1

0

4 5
, ,

3 3

r s
j

j n l

j

x y l
 





            (5) 

1
2

2

1 1 3 4 5
( 1) , 0, , , ,1, , , 2

4 2 4 3 3

r s
j

j n m

j

j j x f m
 







         (6) 

The system of ( )r s  equations in (5) and (6) is then written compactly in matrix form as  

 XT U            (7) 

where  

 0 1 2 3 4 5 6 7 8 9

T
T          

 4 5 1 1 3 1 4 5 2

3 3 4 2 4 3 3

T

n n n
n n n n n n n

U y y f f f f f f f f 
      

 
  
 

 

and  
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2 3 4 5 6 7 8 9

3 3 3 3 3 3 3 3 3

4 4 4 4 4 4 4 4 4

2 3 4 5 6 7 8 9

5 5 5 5 5 5 5 5 5

3 3 3 3 3 3 3 3 3

2 3 4 5 6 7

2 3 4 5 6

1 1 1 1 1 1

4 4 4 4 4 4

1

1

0 0 2 6 12 20 30 42 56 72

0 0 2 6 12 20 30 42 56 72

n n n n n n n n n

n n n n n n n n n

n n n n n n n

n n n n n n n

x x x x x x x x x

x x x x x x x x x

x x x x x x x

x x x x x x x

X

        

        

      



7

1

4

2 3 4 5 6 7

1 1 1 1 1 1 1

2 2 2 2 2 2 2

2 3 4 5 6 7

3 3 3 3 3 3 3

4 4 4 4 4 4 4

2 3 4 5 6 7

1 1 1 1 1 1 1

2 3 4

4 4 4 4

3 3 3 3

0 0 2 6 12 20 30 42 56 72

0 0 2 6 12 20 30 42 56 72
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0 0 2 6 12 20 30

n n n n n n n

n n n n n n n

n n n n n n n

n n n n

x x x x x x x

x x x x x x x

x x x x x x x

x x x x

      

      

      

   

5 6 7

4 4 4

3 3 3

2 3 4 5 6 7

5 5 5 5 5 5 5

3 3 3 3 3 3 3

2 3 4 5 6 7

2 2 2 2 2 2 2

42 56 72

0 0 2 6 12 20 30 42 56 72

0 0 2 6 12 20 30 42 56 72

n n n

n n n n n n n

n n n n n n n

x x x

x x x x x x x

x x x x x x x

  

      

      

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

Solving equation (7) for sj '  and substituting into the approximate solution (2) gives a continuous ATBHM with five 

off-grid points of the form, 

2

1 1 1 1
2 0 4 4 2 2

4 4 5 5

3 3 3 3
3 3 4 4 5 5

4 4 3 3 3 3

( ) ( ) ( )

( ) ( ) ( ) ,
( ) ( ) ( )

j n j
n n

j

n n

n n n

t f t f t f

y t t y t y h
t f t f t f

  

 
  


 



 

  

 
  

    
   
 
 


  (8) 

 

where  
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4

3

5

3

9 8 7 6 5

4 3 2

0

9 8

1

4

( ) 5 3

( ) 3 4

3674160 35429400 144298260 323785350 437776164
1

( ) 366267825 187075980 55112400 8175961
110224800

378060

918540 8562105 33220256
( )

1065736035

t t

t t

t t t t t

t t t t t

t t
t
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
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

 

 
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 


7 6 5

4 3
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25
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t
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t




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    
        


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4 3
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3
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        










            (9) 

and   nt x x h  . Solving (8) for the independent solution gives the continuous ATBHM of the form,  

2

1 1 1 1
' 0 4 4 2 2

3 3 4 4 5 5

4 4 3 3 3 3

( ) ( ) ( )
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( ) ( ) ( )

j n j
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y t y h
t f t f t f

  
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 
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  
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 
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    (10) 

where  
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 

 
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            (11) 

Evaluating equations (8) and (10) at 
1 1 3 4 5

, , ,1, , , 2
4 2 4 3 3

t   gives a discrete ATBHM with five off-grid points of the 

forms, 
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            (12) 

and 
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            (13) 

Equations (12) and (13) collectively form the ATBHM. 

 

3. Analysis of Basic Properties of the ATBHM 
3.1 Order and Error Constant of the ATBHM 

Let the linear difference operator L  associated with the continuous linear multistep method (LMM) be defined by, 
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    2
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L y x h y x jh h y x jh 


                                        (14) 

where ( )y x  is the arbitrary test function that is continuously differentiable in the interval  ,a b . Expanding 

( )ny x jh  and ''( )ny x jh , 0,1,2,...,j m  in Taylor series about the point 
nx  and collecting like terms in h  

and y  gives 

  2 (2) ( )

0 0 1 2( ); '( ) ( ) ... ( )p p

pL y x h c y c hy x c h y x c h y x          (15) 

Note that, the constants pc  are defined as 
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               (16)                                   

The difference operator L and the continuous LMM (8) are said to be of order p if in (16), 

0 1 2 1 2... 0, 0p p pc c c c c c        , Fatunla (1988). The term 2 0pc    is called the error constant of 

the method and the local truncation error is given by 

   2 ( 2) 3

2

p p p

n k p nt c h y x O h  

   . 

The Taylor series expansion of the ATBHM in equations (12) and (13) is given by 
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            (17) 

From equation (17), we obtain equation (16) as 

 0 1 2 9... 0c c c c      

 and  

 

09 08 08 08
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Therefore, the ATBHM in equations (12) and (13) is of uniform order eight with error constant 10c . 

 

3.2 Consistency of the ATBHM 

The ATBHM is consistent since its order 1p , Lambert (1973). 

 

3.3 Zero-stability of the ATBHM 

For the ATBHM given in equations (12) and (13), the first characteristic polynomial is given by,  
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Solving for z in  

 0)1(6 zz             (18) 

gives 
1 2 3 4 5 6 70 1z z z z z z and z       . Hence, the ATBHM is also zero-stable.  

 

3.4 Convergence of the ATBHM 
The ATBHM is convergent since it is consistent and zero-stable, Lambert (1991). 

 

3.5 Regions of Absolute Stability of the ATBHM 

The stability polynomial of the ATBHM is obtained as, 
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            (19) 

MATLAB (R2018a) software was used to obtain the region of absolute stability shown in Figures 1. 
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Figure 1. Region of Absolute Stability of the ATBHM 

 

From the plot generated in Figures 1, it is clear that the ATBHM is A-Stable. Note that the stability region is the 

exterior of the contour.  

 

4. Results and Discussion 
The ATBHM is applied in solving second-order differential equations of the form (1). The following notations and 
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ode15s: inbuilt Matlab solver  

HBM: fourteenth-order hybrid block method developed by Jator et al. (2023) 

TSHBM: three-step hybrid block method of order 8 developed by Rasedee et al. (2017) 

ATBHM: the newly derived two-step Adams-type block hybrid method with five off-grid points Let the exact and 
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nx  be denoted by ( )ny x  and 
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4.1 Numerical Experiments 

Problem 1 

Consider the second-order differential equation, 

3 3''( ) 2 '( ) ( ) 8 ( ) xy x y x y x y x e    ,  
1 1

(0) , '(0)
2 2

y y       (20) 

with exact solution is given by, 

1
( )

2

xy x e            (21) 

The ATBHM is applied on Problem 1 and the results obtained were compared with that of the Three-Step Hybrid 

Block Method (TSHBM) derived by Rasedee et al. (2017). See Table 1 and Figure 2 for numerical results and solution 

curves respectively. 

 

Table 1: Maximum and Average Errors for Problem 1 

_________________________________________________________________________________ 

Tol  Method    NS    MaxErr          AvrErr  CPUT 

_________________________________________________________________________________ 
210

   ATBHM 179  1.0027 × 10−05        2.1246 × 10−05           1.1789 

 TSHBM   324  1.8129 × 10−01        7.2336 × 10−02   - 
_________________________________________________________________________________________________________________ 

410    ATBHM 237  2.7201 × 10−09        1.4990 × 10−09           2.2018 

 TSHBM   331  1.3584 × 10−03        4.3135 × 10−04  - 
_________________________________________________________________________________________________________________ 

610    ATBHM 272  2.7246 × 10−11        2.7273 × 10−11   3.1484 

 TSHBM   333  1.9814 × 10−05        2.2591 × 10−06  - 
_________________________________________________________________________________________________________________ 

810    ATBHM 308  3.7289 × 10−13        3.8910 × 10−13   3.8198 

 TSHBM   347  1.5230 × 10−07        6.7281 × 10−08   - 
_________________________________________________________________________________________________________________ 

1010    ATBHM 347  2.6889 × 10−16        3.1939 × 10−16   4.2112 

 TSHBM   376  4.9294 × 10−09        8.2086 × 10−10   - 
_________________________________________________________________________________ 

 

 

 
Figure 2. Solution Curves for Problem 1 
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Problem 2 

Consider the second-order problem, 

 2''( ) 2 1 ( ) '( ) ( ) 0, (0) 0, '(0) 0.5y x y x y x y x y y          (22) 

defined on 0 10x  , where the parameter   is the nonlinearity coefficient and strength of damping with the value 

0.005. This problem, called the Van der Pol oscillator does not have an exact solution. We compared the approximate 

solutions obtained using the ATBHM with those of the ode15s and fourteenth-order hybrid block method derived by 

Jator et al. (2023). Table 2 showed the approximate solutions obtained over the domain at the varying end points of x  

while Figure 3 presented the solution curves. 

 

Table 2. Numerical Solutions of Problem 2 using the ATBHM in Relation to ode15s and HBM derived by Jator et al. 

(2023) 

_______________________________________________________________________ 

𝑥  ode15s    HBM    ATBHM 

_______________________________________________________________________ 

0.00  0.00000000  0.00000000  0.00000000  
0.50  0.24030705  0.24030707  0.24030691  
1.00  0.42277361  0.42277361  0.42277349  
1.50  0.50228043  0.50228038  0.50228032  
2.00  0.45888175  0.45888176  0.45888165  
2.50  0.30272752  0.30272754  0.30272741  
3.50  -0.17829330  -0.17829325  -0.17829339  
4.50  -0.49920275  -0.49920270  -0.49920285  
5.50  -0.36193145  -0.36193145  -0.36193155  
6.50  0.11085614  0.11085605  0.11085601  
7.50  0.48578445  0.48578440  0.48578435  
8.50  0.41539059  0.41539062  0.41539047  
9.50  -0.03923235  -0.03923225  -0.03923245  
10.00           -0.28502438               -0.28502430             -0.28502449               
______________________________________________________________________ 

 

 

 
Figure 3. Solution Curves for Problem 2 
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Problem 3 
Consider the following second-order nonlinear system which describes the aerodynamic damping of a pendulum, 

   
2

''( ) sin '( ) sgn '( ) 0acg
t t t

L mL
            (23) 

and the linear system below which describes the viscous damping of a pendulum 

 
2

''( ) '( ) 0dc g
t t

m L
                (24) 

To determine the quadratic damping in equations (23) and (24) respectively, the ATBHM is employed in simulating 

the two equations and the simulation results were compared with that of ode 45 used by Soraya (2016). Let
2981g cms , 14a dc c  , 5L cm , 10m g , (0) 1.57  and '(0) 0  . The initial value   is in 

radians. Also, sgn in equation (23) represents signum function; 
ac  and 

dc  are the coefficients of aerodynamic damping 

and viscous damping respectively. Figure 4 shows a simple pendulum with two forces acting on the mass; that is, the 

weight mg  and the tension T . The net force is found to be  

sinF mg  .  

 
Figure 4. A simple pendulum (Soraya, 2016) 

From simulation results presented in Figure 5, it is obvious that quadratic damping causes a rapid initial amplitude 

reduction but is less effective as time increases and amplitude decreases. On the other hand, linear damping is less 

effective initially but is more effective as time increases. The plots confirmed that the ATBHM is computationally 

reliable as they agree with those of ode 45.  

 
Figure 5. Solution Curves of Problem 3 showing Quadratic and Linear Damping 
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by Rasedee et al. (2017) as they had smaller maximum and average errors. It was also observed that fewer numbers of 

step (NS) were taken in achieving those results in contrast to the number of steps of the TSHBM. Table 1 further 

showed that the smaller the tolerance level, the better the accuracy of the integrators. The solutions curves obtained in 

Figure 2 showed the convergence of the solutions obtained using the ATBHM to that of the exact solution. In Problem 

2, the Van der Pol problem was considered. The ATBHM was applied in solving this problem and the numerical results 

obtained were compared with those of ode15s and HBM of order 14 derived by Jator et al. (2023), see Table 2. It is 

also clear from the solution curves obtained in Figure 3 that the solutions of the ATBHM converge to those of ode15s. 

The application of the ATBHM on Problem 3, which is a pendulum problem with aerodynamic damping, shows that 

quadratic damping causes a rapid initial amplitude reduction while linear damping is less effective initially. This is in 

consonance with the result of ode45 as shown in Figure 5. Overall, these results show that the ATBHM is 

computationally reliable. 

 

5. Conclusion 
A method, the ATBHM, has been derived for the in this research for the solution of second-order differential equations 

of the form (1). From the results obtained, it is obvious that the method is computationally reliable as it performed 

better than existing methods which we compared our results with. The method has also been shown to be consistent, 

convergent, stable and accurate. Furthermore, the stability region of the method shows that it is A-stable. 
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