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Abstract

Zero-inflated and heavy-tailed data com-
monly arise in environmental, hydrolog-
ical, biomedical, and reliability studies,
where standard continuous distributions of-
ten fail to capture excess zeros and ex-
treme positive observations simultaneously.
This study aims to develop a flexible dis-
tributional framework for modeling such
data with improved tail adaptability and
zero-inflation capability. The study intro-
duce Zero-Inflated Power Sine Sine Dagum
(ZIPSSD) distribution, obtained by ex-
tending the classical Dagum distribution
through a power sine-sine transformation
and a zero-inflation mechanism. The result-
ing mixed discrete—continuous model pro-
vides greater flexibility for modeling skewed
data with excess zeros and heavy-tailed be-
havior. The main statistical properties of
the ZIPSSD distribution are derived, in-
cluding the cumulative distribution func-
tion, probability density function, survival
function, hazard rate, quantile function,
and moments. Model parameters are es-
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timated using maximum likelihood, and a models based on likelihood and goodness-
Monte Carlo simulation study is conducted of-fit measures. The proposed model there-
to evaluate estimator performance. An ap- fore offers a flexible and effective alterna-
plication to rainfall data demonstrates that tive for analyzing zero-inflated continuous
the proposed ZIPSSD distribution provides data.

a better fit than competing zero-inflated

1 Introduction

Heavy-tailed distributions are indispensable tools for modeling real-world phenomena
characterized by pronounced right skewness, extreme observations, and non-standard
hazard-rate patterns. Such data structures arise frequently in income modeling, actuar-
ial science, finance, environmental studies, survival analysis, and reliability engineering.
Among classical heavy-tailed models, the Dagum distribution has attracted considerable
attention because of its ability to capture income inequality, scale heterogeneity, and
heavy-tail behavior (Dagum, 1977; Kleiber and Kotz, 2003). Its analytical tractability
and flexible tail structure make it a valuable baseline distribution for modeling positive
continuous data.

In recent years, considerable efforts have been devoted to extending the Dagum distri-
bution to improve its adaptability to complex empirical data. Notable developments
include Bayesian inference for censored Dagum data, extended Dagum distributions, odd
Lomax—Dagum models, Dagum-X families, and inverted Dagum constructions (Alotaibi
et al., 2021; Silva et al., 2015; Koleoso, 2023; Alghamdi et al., 2023; Osi et al., 2024).
These extensions demonstrate that, although the classical Dagum distribution is use-
ful, additional shape flexibility is often required to capture more complex distributional
characteristics, including peak—tail interaction, multimodality, strong skewness, and non-
monotonic hazard-rate behavior.

One major approach to enhancing distributional flexibility is the use of generator-based
families of distributions. Such families provide systematic mechanisms for constructing
new probability models by transforming a baseline distribution. In particular, trigono-
metric generators, especially sine-based transformations, have gained increasing atten-
tion because they introduce additional shape flexibility while preserving mathematical
tractability. Recent contributions in this direction include the odd Lomax trigonometric
generalized family, the alpha-sine-G family, and sine alpha power-G models (Bakr et al.,
2022; Benchiha et al., 2023; Alghamdi et al., 2025). These models have been shown to
improve goodness-of-fit and generate richer density and hazard-rate shapes. Similarly,
sine-generalized odd log-logistic models have demonstrated the effectiveness of trigono-
metric generators in capturing complex tail behavior and reliability patterns (Osi et al.,
2024).

Despite these advances, most Dagum-based extensions and sine-generated distributions
remain purely continuous models defined on the positive real line. Consequently, they
are not directly suitable for datasets containing a substantial proportion of structural
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zeros. This limitation is important in many applied settings, including environmental
studies, biomedical applications, insurance claims, and reliability analysis, where the
observed data may consist of both a degenerate mass at zero and a continuous positive
component. In such cases, applying a purely continuous distribution may result in biased
parameter estimates, poor goodness-of-fit, and misleading inferential conclusions.

Zero-inflated models provide a natural framework for addressing this limitation by com-
bining a point mass at zero with a discrete or continuous distribution for the non-zero
observations. The classical zero-inflated Poisson model of Lambert (1992) provided
an important foundation for modeling excess zeros in count data. More recently, the
zero-inflation concept has been extended to continuous distributions, including the zero-
inflated Rayleigh distribution Liu et al. (2023), zero-inflated inverse Gaussian models
Thangjai et al. (2025), and zero-inflated generalized Pareto-type models (Abbas et al.,
2025). In particular, the zero-inflated generalized Pareto distribution provides a relevant
example of partial integration between zero-inflation and heavy-tailed modeling. How-
ever, such models do not incorporate the Dagum baseline distribution or the additional
flexibility induced by sine-based generator mechanisms.

Therefore, an important gap remains in the existing literature. Current models typically
address heavy-tailed behavior, generator-based flexibility, or zero-inflation separately. Al-
though some studies have combined zero-inflation with heavy-tailed continuous distribu-
tions, the simultaneous integration of a heavy-tailed Dagum-type baseline, a power sine—
sine transformation mechanism, and a zero-inflation component has not been adequately
investigated. This gap is particularly relevant for rainfall and environmental datasets,
where excess zeros, strong skewness, and heavy-tailed positive observations often occur
simultaneously.

Motivated by this gap, this paper introduces a new flexible distribution termed the Zero-
Inflated Power Sine-Sine Dagum (ZIPSSD) distribution. The proposed model combines
the heavy-tailed Dagum baseline distribution with a power sine-sine transformation and
a zero-inflation mechanism. Consequently, the ZIPSSD distribution provides a mixed
discrete—continuous framework capable of accommodating structural zeros, strong skew-
ness, heavy-tailed positive observations, and diverse hazard-rate shapes within a mathe-
matically tractable setting.

The main contributions of this paper are summarized as follows:

1. A new distribution, called the Zero-Inflated Power Sine-Sine Dagum (ZIPSSD)
distribution, is proposed for modeling zero-inflated heavy-tailed continuous data.

2. Fundamental statistical properties of the proposed model are derived, including the
cumulative distribution function, probability density function, survival function,
hazard rate function, quantile function, raw moments, moment generating function,
mode, and Shannon entropy.

3. A maximum likelihood estimation procedure is developed for estimating the un-
known model parameters, and the associated inferential framework is discussed.

4. A Monte Carlo simulation study is conducted to evaluate the finite-sample perfor-
mance of the maximum likelihood estimators.
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5. The practical usefulness of the proposed model is demonstrated using rainfall data,
and its performance is compared with competing zero-inflated models using likelihood-
based and goodness-of-fit criteria.

The remainder of the paper is organized as follows. Section 2 presents the basic definitions
and preliminary results. Section 3 develops the ZIPSSD distribution and its statistical
properties. Section 4 presents the empirical finding of the study. Section 5 provides a
detailed discussion of the empirical findings and their statistical applications. Finally,
Section 6 concludes the paper and suggests possible directions for future research.

1.1 Literature Review

The development of flexible probability distributions has been an active area of research,
particularly in response to increasingly complex data structures characterized by skew-
ness, heavy tails, and non-standard hazard-rate behavior. The Dagum distribution re-
mains a prominent model in this context due to its ability to capture strong right-tail
behavior and scale variability (Dagum, 1977; Kleiber and Kotz, 2003).

Several extensions of the Dagum distribution have been proposed to improve its flexibil-
ity. These include the extended Dagum distribution, the Dagum-X family, and inverted
and odd-type Dagum models, which allow for more diverse tail behavior and improved
goodness-of-fit in empirical applications (Silva et al., 2015; Koleoso, 2023; Alghamdi et
al., 2023; Osi et al., 2024). These developments highlight the continued relevance of
Dagum-based models in statistical modeling.

In parallel, generator-based approaches have become a powerful methodology for con-
structing new families of distributions. Among these, trigonometric generators—particularly
sine-based transformations—have proven especially effective in introducing additional
flexibility. The alpha-sine-G' family and related sine-generated models have demon-
strated superior performance in modeling skewed and heavy-tailed data (Benchiha et
al., 2023). More recent developments, including sine Type-IT Topp-Leone-G and other
sine-transformed families, further emphasize the versatility of trigonometric constructions
(Osi et al., 2024; Isa et al., 2023).

In addition, transformation-based methods continue to play a significant role in distribu-
tion theory. These approaches enable the construction of new models with improved tail
behavior, increased flexibility, and enhanced fitting capability for real-world data (Tang
et al., 2025).

Another important line of research focuses on zero-inflated models. Originally developed
for count data Lambert (1992), the concept has been extended to continuous distribu-
tions to address datasets with structural zeros. Recent contributions include zero-inflated
Rayleigh and generalized Pareto-type models, which have demonstrated strong perfor-
mance in reliability and environmental studies (Liu et al., 2023; Abbas et al., 2025).

Despite these advances, existing studies largely treat heavy-tailed modeling, generator-
based transformations, and zero-inflation independently. There remains a lack of unified
models that simultaneously incorporate these three important features. In particular,
the integration of sine-sine transformation mechanisms with power structures and zero-
inflation within a Dagum-type framework has not been adequately addressed in the lit-
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erature.

2 Preliminaries

This section introduces the basic definitions and notations required for the construction
of the proposed model.

Definition 2.1. Let X be a positive continuous random wvariable following the Dagum
distribution. Its cumulative distribution function is given by

p

Glx) = [1+ (%)_}_ ) (1)

where a > 0 and p > 0 are shape parameters controlling the skewness and tail behavior of
the distribution, while b > 0 is a scale parameter controlling the spread of the distribution.
In particular, the parameter a regulates the rate of decay in the lower-to-middle range
of the distribution, b determines the scale of the positive observations, and p provides
additional power-type shape flexibility for modeling heavy-tailed behavior.

Definition 2.2. The Power Sine Sine Dagum (PSSDagum) distribution is defined by

Fpgs(x) = [Siﬂ(%G(m)ﬂa, x>0, (2)

where o > 0 s a shape parameter.

Definition 2.3. A random variable Y is said to follow the Zero-Inflated Power Sine Sine
Dagum (ZIPSSD) distribution if

P(Y=0)=m, PY>0=1-m, 0<m<]l,

and for x > 0,
Fy(z) =m+ (1 —m) Fpss(z), (3)

where Fpgs(x) is given in (2).

3 Methods

This section presents the methodological framework for developing the proposed Zero-
Inflated Power Sine—Sine Dagum (ZIPSSD) distribution. The method involves construct-
ing the model by combining the Dagum baseline distribution with a power sine-sine
transformation and a zero-inflation mechanism. The main statistical properties of the
proposed distribution are then derived, including the density, distribution, survival, haz-
ard, quantile, moment, and entropy functions. Finally, the model parameters are esti-
mated using the maximum likelihood method, while simulation and real-data analyses
are used to evaluate estimator performance and practical applicability.
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3.1 Model Construction

3.1.1  Probability Density Function
Proposition 3.1. The ZIPSSD distribution has a mized density given by

fr(y) = m Loy (y) + (1 = 70) frss(¥)L(0,00) (¥), (4)

where

Proof. From (2), define

u(z) = sin (g (1 n (%) _“) _p> .

Then Fpgs(z) = u(z)®. Differentiating gives
Frss(x) = aulz)™ ! (z).

Using

(©2026 Department of Mathematics, Modibbo Adama University.
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(m=0.2,a=2,b=1,p=1.5)

Figure 1. Probability density function of the Zero-Inflated Power Sine-Sine Dagum (ZIPSSD)
distribution for selected values of the shape parameter «, with 719 = 0.2, a =2, b=1, and
p = 1.5.

(M=0.2,a=2,b=1,p=15)

Figure 2. Cumulative distribution function of the Zero-Inflated Power Sine-Sine Dagum
(ZIPSSD) distribution for selected values of the shape parameter «, with 7o = 0.2, a = 2,
b=1, and p=1.5.

3.1.2  Survival Function
Proposition 3.2. Let Y ~ ZIPSSD(m, «v, a, b, p). Then the survival function is given by

1, r <0,
Sy(x) =P >z)=<¢1—m,, x =0,
(1—7r0){1— [Sin (gG(w))]a}, x>0,

where G(x) is the Dagum cumulative distribution function.

(©2026 Department of Mathematics, Modibbo Adama University.



29 Tbrahim and Musa (2026). Int. J. Dev. Math. Vol. 3 Tssue 2 [022-042]

The discontinuity of Sy (x) at the origin is a direct consequence of the mized discrete—
continuous structure of the ZIPSSD model. The point mass my assigned to'Y = 0 pro-
duces an immediate downward jump in the survival function from Sy(x) =1 for z <0
to Sy(0) = 1 — my. Hence, only the remaining probability mass 1 — my is allocated to
the continuous positive component of the distribution. This feature allows the model to
explicitly distinguish structural zero observations from positive continuous outcomes.

Proof. By definition,
Sy(l’) =1- Fy(l‘)

For z < 0, clearly Sy(x) = 1.

At x =0,
Sy (0) = P(Y >0) =1— mo.

For z > 0, using (3), we obtain
Sy(x) =1—my— (1 —m) [sin (g (1 + (x
:(1—71'0){1— [sin(% (1+(%>_a>_p>]a}. (6)

3.1.3 Hazard Function

< |
N———
|
Q
N—
[
i
\/
Q

w(2)™ " (1(2) )
(e (3) )"

distribution. Then, for x > 0, the hazard rate of the ZIPSSD distribution can be written
as

denote the hazard rate of the Dagum

Theorem 3.3. Let hp(x) =

where
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Ra(w) = 5 {1 ) <1 " <%>) } [SHI(% <1 j( {S;<

Proof. The hazard function is defined as

Jfy ()
h = :
y(ZL’) Sy({[')
Substituting from (4) and the (6), and simplifying, yields the result. O
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3.1.4 Quantile Function

Theorem 3.4. Let Y ~ ZIPSSD(mg, v, a,b,p) with 0 < my < 1. Then the quantile

function of Y is given by

0, 0 <u<m,

—1/a
QY(U): 9 T 1/a —1/p /

b | |—arcsin (1 ) -1 , T <u<l.
™ — 7o

Proof. From (3), it follows immediately that

Qy (u) =0, 0<u<mg.

Now let myp < u < 1. Using (3), we have
U = To + (1 - Wo)FpSS(ZL’),

so that
u — 7o

Fpss(x) = 1 - .
— 10

()] = 222

sm(ge(x)> - (11‘ - Zz) "

Applying the inverse sine function,

By (2),

Taking power 1/a gives

Using (1), we obtain

Hence,

and therefore

1
(E) = g arcsin L v ! -1
b 7 1—mo '

Taking power —1/a yields the stated result.
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(m=0.2,a=2,b=1,p=1.5)

Figure 3. Survival function of the ZIPSSD distribution for varying «, with mg = 0.2, a = 2,
b=1,and p = 1.5.

(m=0.2,a=2,b=1,p=1.5)

Figure 4. Hazard rate function of the ZIPSSD distribution for varying «, with mg = 0.2,
a=2,b=1,and p=1.5.

3.1.5 Raw Moment Representation
Proposition 3.5. Let Y ~ ZIPSSD(mg, v, a,b,p). Then, for r > 0, the rth raw moment
of Y is given by

EY")=(1- ﬁo)%b’" /01 (w7 — 1)77"/& [sin(guﬂa_l cos(%u) du.

Proof. Since P(Y =0) = m and r > 0, we have

BEOY™) = (1 — mo) /O 0 () d,

where fpgs(z) is given in (5).

(©2026 Department of Mathematics, Modibbo Adama University.



32 Tbrahim and Musa (2026). Int. J. Dev. Math. Vol. 3 Tssue 2 [022-042]
Substituting (5) into the above expression gives

EY") =(1- 7T0>% /000 z" [sin(%G(x))r_l cos(%G(x)) g(x)dz.

Now let

u=G(x),
where G(x) is defined in (1). Then

du = g(z) dx.

Also, since G(07) =0 and G(c0) = 1, the limits become u € (0,1). From (1),

—1/a

)

=0 (u’l/p — 1)

and hence
' ="b" (u_l/p — 1) /e
Therefore,
! —r/a a-l
EYT)=(1- 7To)%br/ (uw /P —1) / [sin(zuﬂ cos(zu> du.
2 0 2 2
This completes the proof. O

3.1.6 Moment Generating Function

Proposition 3.6. Let Y ~ ZIPSSD(my, o, a,b,p). Whenever it exists, the moment gen-
erating function of Y is

My(t) = E(Bty) = g + (1 — 7'('0)]\4]355@)7

where -
Mpss(t) = / €txfpss(l’) dx.
0
FEquivalently,
1 “1/a a—1
My (t) = 7o+ (1 — WO)O;—W/ exp{tb (u’l/p — 1) Y } [sin(%u)} cos(%u) du.
0

Proof. By definition,
My (t) = E(e™).

Since Y has a point mass g at zero and a continuous PSS-Dagum component on (0, 0o),
we have

My (t) = mo + (1 — mp) /OO e fpss(x) dx.
0

(©2026 Department of Mathematics, Modibbo Adama University.
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Using (5), this becomes

My(t):ﬂ'o—F(l—ﬂ'())% ooem sin zG(x) Oé_lcos zG(x) g(x)de.
7 e [n(Gew)] en(50)

Now let u = G(z), where G(x) is defined in (1). Then
du = g(x) dx,

and, from (1), 1
z=0bu?"-1)" s

Substituting into the integral yields

My (t) = 7o+ (1 — WO)O;—W /01 exp{tb (u‘l/p — 1)71/(1} [sin(guﬂal cos(zu> du.

3.1.7 Mode

Proposition 3.7. Let Y ~ ZIPSSD(my, v, a,b,p) with 0 < my < 1. Then the distribution
has an atom at y = 0 of size my. Any interior mode of the continuous component on
(0,00) is obtained by solving

d
7 log fpss(z) =0, (7)
where fpgss(x) is given in (5).
Proof. Since
P(Y =0) = o,

the ZIPSSD distribution has a point mass at zero.

For x > 0, the density of the continuous component is

fr(z) = (1 —mo)frss(x).

Because (1 — 7p) is a positive constant, maximizing fy(x) over (0,00) is equivalent to
maximizing fpss(x) over (0,00). Hence any interior mode of the continuous component
satisfies (7). O

Proposition 3.8. Any interior mode x,, > 0 of the continuous component satisfies

Ca+l a(p+ 1),

0= T 1+ bal’;la
+ gg(gj’m) [(a —1) COt(%G(Jﬁm)> — tan(%G(mm)ﬂ , (8)

where G(x) and g(x) are the Dagum cumulative distribution function and density, respec-
tively.
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Proof. From (5),

aT

frss(x) = 79(3&) [Siﬂ(%G(m))}a_l cos(%G(x)) .

Hence,

AT

log fpss(z) = log( 5 > +logg(x) + (o — 1) log [sin(gG(x))]
+ log [cos(%G(x))} .

Differentiating with respect to x gives

T8 frss(a) = 12 4 29t [(a - Deor(§61)) - tan(G 1)

since G'(z) = g(x). Now,

so that
log g(x) = log(%) —(a+1) log(%) —(p+1) log(l + (%) _a> :
Therefore,
g (z) a+1 d AN
S —(p+1)—log(1+ (2
g(x) x b+ )da: ©8 +<b>
a+1 alp+1)brz—o!
- — + —
x 14 box—a
Substituting this expression into (7) and evaluating at « = z,,, yields (8). O

3.1.8 Shannon Entropy

Proposition 3.9. Let Y ~ ZIPSSD(my, o, a,b,p) with 0 < mg < 1. Then the Shannon
entropy of Y s given by

H(Y) = —mlogmy — (1 — ) log(1l — mp) + (1 — m) Hpss, (9)

where -
Hpgs = —/O fpss(w)log fpss(w) dw (10)

is the differential entropy of the continuous PSS—-Dagum component.

Proof. By definition,
H(Y) = E[=log fy(Y)].

Since the ZIPSSD distribution has a point mass my at zero and a continuous component
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(1 — 7o) frpss(x) on (0,00), we write

H(Y) = —mlogmy — /000(1 — 7o) fpss(x) log[(1 — o) frss(x)] dz.

Expanding the logarithm,

log[(1 — o) fpss(x)] = log(1 — mp) + log fpss(x),

gives
H(Y) = —mlog 70 — (1 — 19) log(1 — ) / Frss(x) d
0

— (1 =m) /0°° frss(x)log frpss(x) dx.

Since [ fpss(x)dx = 1, we obtain

H(Y) = —To log’ﬂ'o — (1 — 7T0) lOg(l — 7T0> + (1 — 7T0)Hp55.

3.2 Parameter Estimation

Proposition 3.10. Let Y1,Ys, ..., Y, be a random sample from the ZIPSSD distribution
with parameter vector
O = (71-07 a,a, b7p)T7

where 0 < g < 1 and o, a,b,p > 0. Then the model parameters can be estimated by the
method of mazximum likelihood.

Proof. Let
n
np = Z Lioy(v:)
i=1
denote the number of zero observations and let n; = n — ng denote the number of
positive observations. Without loss of generality, let yi,...,y,, represent the positive

observations. From (4), the likelihood function is given by

HfY yz —7To prss yz

Hence, the log-likelihood function becomes

ni

{(®) = nglog mo + ny log(1 — mp) + ZlOg frss(yi).

i=1

(©2026 Department of Mathematics, Modibbo Adama University.
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Substituting (5) into the above expression gives
am a
(®) = nglog my + ny log(1l — mg) + nq log <7> + nqlog (%)
ni ni
Yi YiN~®
+(—a—1) ;1 log <E) +(—p—1) ;1 log [1 + <3) }

+(a—1) ilog [Sin {gG(yz)H + ilog [cos {gG(yl)H : (11)

where
yi\ ] "
Gy:) = [1 + <—> }
b
let a
zzz(%> , w; =1+ 2z, Gi=w,”,
t; = =G, q; = log <%> ,
and

A; = g (@ — 1) cot(t;) — tan(t;)],  i=1,....n.

Differentiating (11) with respect to the model parameters gives the following score func-
tions:

8€ o Un nq

8_7T0 T 1—mp
ol n S :
i + ;bg[sln(ti)]a

ag ’]’Ll ni ni ini ni pqlzz
= i 1 A Gi ),
o= ¢+ (p+ );wﬁ; i

w
i=1

o na  alp+1) =z ap ~— 2
a - Az Gl )
b b b

and

g_ﬁ = % — Zlog(wi) — ZAz‘Gi log(w;).
i=1

=1
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The maximum likelihood estimates are obtained by solving the system of score equations

o oo o

P i ri T R

In particular, solving the score equation for my yields the closed-form estimator

~ L
g — —.
n
The remaining parameters (a, a,b,p) do not admit closed-form solutions and are there-
fore obtained by numerically maximizing the log-likelihood function. Suitable iterative

methods include Newton—Raphson, quasi-Newton, or other gradient-based optimization
procedures.

Furthermore, the observed Fisher information matrix is obtained from the negative Hes-
sian matrix,

N (O
rey- 1O
which may be used to compute approximate standard errors and confidence intervals for
the model parameters. O

4 Results

This section presents the empirical findings obtained from the Monte Carlo simulation
study and the real data application. The simulation study evaluates the finite-sample
performance of the maximum likelihood estimators, while the real data analysis assesses
the practical applicability of the proposed ZIPSSD distribution in comparison with com-
peting zero-inflated models.

4.1 Simulation Study

The performance of the ZIPSSD model was evaluated through a Monte Carlo simulation
study. Random samples were generated using the inverse transformation method based
on the quantile function derived in Section 3.1.4. The simulation considered sample sizes
n = 50,100, 250, 500, with fixed parameter values. For each configuration, N = 1000
replications were performed. Parameter estimation was carried out using the maximum
likelihood estimation (MLE) method. The performance of the estimators was assessed
using bias and mean squared error (MSE), defined as

Bias() = E(0) —0,  MSE() = E[(6 — 0)*].

The simulation results indicate that the estimators are consistent, as the mean estimates
converge to the true values and both bias and variance decrease with increasing sam-
ple size. The accuracy and stability of the estimators improve significantly for larger
samples, although the shape parameters require relatively larger sample sizes for reliable
estimation.
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Table 1. Monte Carlo simulation results for the MLEs of the ZIPSSD model under scenario I
considers the true parameter setting (m, o, a,b,p) = (0.2,1.5,2.0,1.0,1.2)

n Parameter True Mean Bias Variance MSE RMSE

o 0.2 0.2015 0.0015 0.003170 0.003172 0.056324

o 1.5 7.8927  6.3927 268.710 309.576  17.5948

50 a 2.0 9.75633  3.7533 151.050 165.137  12.8506
b 1.0 0.9661 -0.0339  0.539102  0.540251 0.735017

D 1.2 13.0532 11.8532  319.812 460.312  21.4549

o 0.2 0.1996 -0.0004 0.001620 0.001620 0.040249

o} 1.5 4.4264  2.9264 143.768 152.332  12.3423

100 a 2.0 27304  0.7304 18.873 19.4062  4.40525
b 1.0 0.9772  -0.0228  0.288850  0.289372 0.537933

1.2 8.1144  6.9144 160.927 208.735  14.4477

o 0.2 0.2006  0.0006  0.000594 0.000594 0.024371

o 1.5 2.5308  1.0308 56.869 57.9314  7.61127

250 a 2.0 2.2064  0.2064  0.159447  0.202056 0.449507
b 1.0 0.9595 -0.0405 0.105980  0.107623 0.328060

D 1.2 5.2268  4.0268 51.896 68.1113  8.25296

0 0.2 0.2011  0.0011  0.000330 0.000331 0.018201

1.5 1.5161  0.0161 11.349 11.3491  3.36885

500 2.0 2.1337  0.1337  0.073213  0.091076 0.301788

1.0 0.9539 -0.0461 0.043197 0.045324 0.212895
1.2 3.6688  2.4688 21.877 27.9720  5.28886

N o 9

The simulation results presented in Tables 1 and 2 indicate that the estimators improve
as the sample size increases, confirming their consistency. The parameter 7 is accurately
estimated across all sample sizes with negligible bias and very low variance. The param-
eters a and b show clear improvement as n increases, with reduced bias and variability.
The parameter « exhibits large bias for small sample sizes but improves substantially for
larger n, suggesting asymptotic reliability. However, the parameter p remains difficult
to estimate, with relatively high bias and variance even at larger sample sizes. Over-
all, the results demonstrate that the ZIPSSD model performs well for most parameters,
particularly as the sample size increases.

4.2 Application to Real Data

We analyzed a real rainfall dataset obtained from the NOAA GHCN-Daily database
NOAA (2024) using the GHCNr package Chadwick et al. (2023) to demonstrate the ap-
plicability of the proposed Zero-Inflated Power Sine—Sine Dagum (ZIPSSD) distribution.
After preprocessing, the dataset contained n = 6206 observations, comprising 3835 zero
observations corresponding to dry days and 2371 positive rainfall observations. This
yielded an observed zero proportion of 0.618, indicating a pronounced zero-inflated struc-
ture. The positive rainfall observations exhibited strong right skewness and heavy-tailed
behavior. Therefore, we fitted three competing zero-inflated models: the zero-inflated
Weibull, zero-inflated Dagum, and proposed ZIPSSD models. The parameters were es-
timated using maximum likelihood. For the ZIPSSD model, the estimated zero-inflation
parameter was mo = 0.618, which closely matches the observed zero proportion and in-
dicates that the model adequately captures the structural zero component of the data.
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Table 2. Monte Carlo simulation results for the MLEs of the ZIPSSD model under scenario 11
considers the true parameter setting (o, o, a, b, p) = (0.2,1.0,1.5,1.0,1.0).

n  Parameter True Mean Bias Variance MSE RMSE

o 0.2 0.201500 0.001500 0.003170 0.003172 0.0563

« 1.0 7.494739 6.494739 250.6706 292.8502 17.1129

50 a 1.5 8.720262 7.220262 287.5245 339.6757 18.4303
b 1.0 1.253888 0.253888 1.1840 1.2485 1.1174

P 1.0  6.026664 5.026664 134.8008 160.0652 12.6517

0 0.2  0.199600 -0.000400 0.001620 0.001620 0.0402

« 1.0 5.953165 4.953165 194.0004 219.5092 14.8158

100 a 1.5 3.928296 2.428296 100.5060 106.4007 10.3151
b 1.0 1.205568 0.205568  0.7089 0.7512 0.8667

P 1.0 3.437701 2.437701 38.3527 44.2973  6.6556

o 0.2 0.200564 0.000564 0.000594 0.000594 0.0244

o 1.0 4.724278 3.724278 139.6343 153.8504 12.4036

250 a 1.5 1.855141 0.355141 7.2910 7.4171 2.7234
b 1.0  1.180033 0.180033  0.4460 0.4790 0.6921

P 1.0 2.236884 1.236884 11.1767 12.7055  3.5645

0 0.2  0.201096 0.001096 0.000330 0.000331 0.0182

Q 1.0 2.578460 1.578460 45.6892  48.1807 6.9412

500 a 1.5  1.602617 0.102617  0.0623 0.0728 0.2699
b 1.0 1.117178 0.117178  0.2301 0.2438 0.4938

P 1.0  1.659505 0.659506  4.9562 5.3912 2.3219
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Table 3 presents the model comparison results based on the log-likelihood and AIC val-

Table 3. Model comparison and parameter estimates for zero-inflated rainfall data

Model selection Parameter estimates
Model - — — — —
LogLik AIC o a a b P
ZIP-Weibull —8725.31 17456.62 0.618 - 1.247  2.135 -
ZIP-Dagum —8705.88 17419.76 0.618 - 2431 1.782 1.965
ZIPSSD —8698.75 17407.51 0.618 1.284 2.215 1.695 1.843
Note: — indicates that the parameter is not applicable to the corresponding model specification.

ues, together with the corresponding parameter estimates. The ZIPSSD model achieves
the highest log-likelihood value and the lowest Akaike information criterion (AIC) value
among the competing zero-inflated models, indicating the best likelihood-based fit to
the rainfall data. The ZIP-Dagum model also improves upon the ZIP-Weibull model,
suggesting that the Dagum baseline provides greater flexibility for capturing the heavy-
tailed nature of the rainfall distribution. However, the further improvement achieved by
the ZIPSSD model shows that the additional power sine—sine transformation enhances
the flexibility of the Dagum baseline. Therefore, based on the likelihood-based model
selection criteria, the ZIPSSD model is selected as the preferred model for modeling the
zero-inflated and heavy-tailed rainfall data.

5 Discussion

The simulation results provide evidence that the maximum likelihood estimators of the
ZIPSSD parameters generally improve as the sample size increases. The zero-inflation
parameter m, is estimated with high accuracy in both scenarios, even for small sample
sizes. This suggests that the discrete mass at zero is well identified in the zero-inflated
framework. The continuous component parameters show different levels of finite-sample
stability. The parameters a and b generally become more stable as the sample size in-
creases, with reductions in bias, variance, mean squared error (MSE), and root mean
squared error (RMSE). The shape parameters a and p, however, exhibit larger finite-
sample bias and variability, especially when n = 50 and n = 100. This behaviour is
expected because the ZIPSSD model contains several shape parameters, and such param-
eters often require larger samples for stable estimation. Nevertheless, the improvement
observed as n increases supports the asymptotic reliability of the estimation procedure.
The real data application further demonstrates the usefulness of the proposed ZIPSSD
model for rainfall data with excess zeros and heavy-tailed positive observations. The
estimated value Ty = 0.618 confirms the presence of a large proportion of dry days, sup-
porting the use of a zero-inflated model rather than a purely continuous distribution.
In addition, the improvement of ZIP-Dagum over ZIP-Weibull suggests that the Dagum
baseline is more suitable for capturing heavy-tailed rainfall behaviour. Most importantly,
the ZIPSSD model achieved the best likelihood-based performance among the fitted mod-
els. Its higher log-likelihood and lower AIC indicate that the additional power sine—sine
transformation improves the flexibility of the Dagum baseline distribution. Therefore, the
proposed ZIPSSD distribution provides a more flexible and empirically suitable model for
zero-inflated rainfall data than the ZIP-Weibull and ZIP-Dagum alternatives. Overall,
the findings confirm that the ZIPSSD model is effective for modeling datasets character-
ized by a mixture of structural zeros, skewness, and heavy-tailed positive observations.
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However, the simulation results also suggest that some shape parameters may require
moderately large samples for stable estimation. This should be considered when apply-
ing the model to small datasets.

6 Conclusion

This study introduced the Zero-Inflated Power Sine-Sine Dagum (ZIPSSD) distribution,
a flexible mixed discrete—continuous model designed to capture excess zeros and heavy-
tailed behavior within a unified framework. By integrating a sine-based transformation
with the classical Dagum distribution and a zero-inflation mechanism, the proposed model
significantly enhances distributional flexibility. Key structural properties of the model
were derived, and parameter estimation was performed using the maximum likelihood
approach. A Monte Carlo simulation study confirmed that the estimators exhibit sat-
isfactory performance and improve with increasing sample size. The practical relevance
of the ZIPSSD distribution was demonstrated through an application to rainfall data,
where it outperformed competing zero-inflated models based on likelihood-based criteria
and goodness-of-fit measures. These results highlight the capability of the model to ef-
fectively capture complex data features involving both structural zeros and heavy-tailed
positive observations. Overall, the ZIPSSD distribution provides a robust and versatile
tool for modeling zero-inflated continuous data. Future research may extend the model
to regression frameworks, Bayesian inference, and multivariate settings.
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