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cal integer-order solutions (« = 1, v = 0) memory effects causing delay in flow devel-
are recovered as special cases. The study opment, while variable viscosity influences
finds that fractional derivatives implement velocity magnitude.

1 Introduction

Natural convection is an important sub-domain of fluid mechanics that allows for natu-
ral cooling of vertical cylinders. This has many uses in the cooling of nuclear reactors,
geothermal energy extraction, cooling of electronic components, heat exchangers and
chemical processing (Bejan, 2013; Incropera et.al., 2011; Gebhart et. al., 1988). (Be-
jan, 2013) in his book Convection Heat Transfer provides a comprehensive treatment of
convection phenomena, while (Incropera et.al., 2011) in Fundamentals of Heat and Mass
Transfer discuss the fundamental principles of heat transfer. (Gebhart et. al., 1988) in
Buoyancy-Induced Flows and Transport specifically address buoyancy-driven flows. Con-
vection problems have traditionally utilized integer-order partial differential equations
that are derived using Newton’s laws of motion and Fourier’s law of heat conduction.
This class of models assumes that the fluid’s response to thermal gradients is instanta-
neous and that the history of the motion does not influence the present state. This is not
the case for many real fluids such as polymeric liquids, biological fluids, nanofluids and
geological materials (Bird et.al., 1987; Larson, 1999). (Bird et.al., 1987) in Dynamics of
Polymeric Liquids provide extensive discussion on the complex behavior of polymeric flu-
ids, while (Larson, 1999) in The Structure and Rheology of Complexr Fluids examines the
memory effects in complex fluids. These materials exhibit memory and non-local effects
which fail to be captured by classical integer-order models. These memory effects cause

the present flow to be a function of the entire history of the velocity and temperature
fields.

Transmission models rest on the assumption that the past holds no information be-
yond the relevant present, and usually result in the loss of the memory effect relegating
memory-dependent aspects to the overly simplified submodels. Traditional differentiation
operators (Kilbas et. al., 2006; Podlubny, 1999; Oldham & Spanier, 1974; Miller & Ross,
1993) deal with local phenomena and do not have the memory effect built in. (Kilbas
et. al., 2006) in Theory and Applications of Fractional Differential Equations provide a
comprehensive treatment of fractional calculus, while (Podlubny, 1999) in Fractional Dif-
ferential Equations discusses the mathematical foundations. (Oldham & Spanier, 1974)
in The Fractional Calculus present the historical development of the field, and (Miller
& Ross, 1993) in An Introduction to the Fractional Calculus and Fractional Differen-
tial Equations provide an introductory treatment. Fractional differentiation operators do
have the memory effect built in due to the way the past history of the function enters into
the definition of the operator via a convolution with power law kernels of the function.
The fact that memory effects are built into the operator definition (Mainardi, 2010; Met-
zler & Klafter, 2000; Klafter & Sokolov, 2011) makes fractional calculus ideal for use in
describing anomalous diffusion, viscoelasticity, less-than-Fickian diffusion, etc.(Mainardi,
2010) in Fractional Calculus and Waves in Linear Viscoelasticity explores the application
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of fractional calculus to viscoelastic materials, while (Metzler & Klafter, 2000) in their
Physics Reports article "The random walk’s guide to anomalous diffusion: a fractional
dynamics approach" provide a comprehensive review, and (Klafter & Sokolov, 2011) in
First Steps in Random Walks: From Tools to Applications discuss the application of
fractional calculus to random walk phenomena.

Of the many different fractional derivative definitions, among them the Caputo, Grunwald-
Letnikov, and Weyl definitions, the Riemann-Liouville is of great significance in the his-
tory of the development of fractional calculus (Oldham & Spanier, 1974; Samko et. al.,
1993). (Samko et. al., 1993) in Fractional Integrals and Derivatives: Theory and Ap-
plications provide an authoritative treatment of the Riemann-Liouville approach. The
Riemann-Liouville derivative definition is inherently identified with the integer-order
derivative of a fractional integral, and therefore represents a natural definition that harks
back to repeated integrations. This is especially useful for problems that have their initial
conditions defined in terms of fractional integrals, a situation that can often be encoun-
tered in mechanical and electrical systems with memory. In fact, Riemann-Liouville and
Caputo fractional derivatives are often considered side by side in most textbooks, due to
the fact that while both of them are foundation stones in treating fractional derivatives,
they are focused on different definitions of initial conditions (Podlubny, 1999; Caputo,
1967). (Caputo, 1967) in his seminal Geophysical Journal International article "Linear
models of dissipation whose Q is almost frequency independent” introduced the Caputo
derivative, which allows integer-order initial conditions. Caputo allows integer-order ini-
tial conditions to be built into the problem, while Riemann-Liouville requires fractional
initial conditions. Riemann-Liouville operators keep popping up, due to the fact that they
are mathematically attractive and work well in modeling a lot of the physical phenomena
that are described by fractional integrals (Gorenflo & Mainardi, 1997; Diethelm, 2010).
(Gorenflo & Mainardi, 1997) in their chapter "Fractional calculus: Integral and differ-
ential equations of fractional order" in Fractals and Fractional Calculus in Continuum
Mechanics discuss the applications, while (Diethelm, 2010) in The Analysis of Fractional
Differential Equations provides a modern analytical treatment.

The relationship between a fluid’s viscosity and temperature has been studied extensively
in the literature (Chen, 2005; Schowalter, 1978; Kays et. al., 2005). (Chen, 2005) in the
International Journal of Heat and Mass Transfer article "Natural convection in a ver-
tical cylinder with variable viscosity" examines this relationship for vertical cylinders.
(Schowalter, 1978) in Mechanics of Non-Newtonian Fluids discusses viscosity behavior in
complex fluids, and (Kays et. al., 2005) in Convective Heat and Mass Transfer provide
a comprehensive treatment. For most common fluids, especially oils, polymers, and cer-
tain liquid metals, viscosity is inversely proportional to temperature. This temperature-
dependent viscosity has a profound impact on the flows in natural convection, where the
viscosity and temperature differences drive the buoyancy force. The natural convection of
fluids with variable viscosity has been studied using classical integer-order models (Chen,
2005; Gray & Giorgini, 1976; Giorgini , 1980). (Chen, 2005) in the International Journal
of Heat and Mass Transfer article "The validity of the Boussinesq approximation for lig-
uids and gases" discuss the limitations of the Boussinesq approximation, while (Gray &
Giorgini, 1976) in the Journal of Heat Transfer article "Natural convection in a vertical
cylinder with temperature-dependent viscosity" specifically addresses variable viscosity
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effects. The combination of all the cited effects is present in very few studies (Kumar
& Singh, 2019; Sheikh et. al., 2017; Saqib et. al., 2018). (Kumar & Singh, 2019) in
the Journal of Applied Fluid Mechanics article "Fractional model for natural convection
flow in a vertical cylinder" propose a fractional model, while (Sheikh et. al., 2017) in
the Journal of the Brazilian Society of Mechanical Sciences and Engineering present "A
modern approach of Caputo-Fabrizio time-fractional derivative to MHD free convection
flow of generalized second grade fluid in a vertical cylinder", and (Bender & Orszag, 1999)
in the Journal of Advanced Research in Fluid Mechanics and Thermal Sciences discuss
"Natural convection flow of fractional second grade fluid in a vertical cylinder with heat
transfer".

The present study is motivated by the necessity to advance the development of more
accurate modeling of natural convection in complex fluids. Classical integer-order models
may not be suitable in the case of fluids with non-instantaneous response (memory effects)
and temperature-dependent viscosity, since the models may overlook critically relevant
transient effects. The history of deformation of a fluid and the significant resistance to
flow that may occur due to changes in temperature of the fluid, are common situations
that arise, for example, during polymer processing and in biological fluid dynamics (Bird
et.al., 1987; Larson, 1999; Morrison, 2001). (Morrison, 2001) in Understanding Rheology
provides an accessible introduction to rheological phenomena. To the authors’ knowledge,
no study has proposed a variable viscosity fractional model, thereby allowing these effects
to be captured more realistically.

In this study, we aim to use the Riemann-Liouville fractional operator to analyze the
natural convective flow of a fluid with variable viscosity in a vertical cylinder. The
specific goals are:

e To formulate the fractional natural convection problem in a vertical cylinder with
variable viscosity, deriving the dimensionless governing equations from first princi-
ples.

e To obtain analytical solutions for the velocity and temperature fields using the
Laplace transform method and the finite Hankel transform, expressing the results
in terms of the Mittag-Leffler function.

e To analyze the effects of the fractional order o (which controls the strength of
memory effects) and the viscosity variation parameter y on the flow and temperature
distributions.

e To compare the fractional-order results with classical integer-order solutions (o = 1)
and with numerical simulations to validate the analytical approach.

e To provide physical interpretations of the observed memory effects and their inter-
action with variable viscosity.

Here is how the rest of the paper is organized. In Section 2, the Preliminaries are pre-
sented, including the definition and properties of the Riemann-Liouville fractional deriva-
tive. Section 3 presents the Methodology, which includes the mathematical formulation,
governing equations, dimensionless scaling, and initial and boundary conditions. Section
4 presents the Results, including the analytical solutions for temperature and velocity
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fields, numerical evaluations, parametric studies, and validation. Section 5 presents the
Conclusion, including beneficiaries and weaknesses of the study. Finally, Acknowledge-
ments and References are provided.

2 Mathematical Model Formulation

2.1 Riemann-Liouville Fractional Derivative: Definition and Properties

Before generalizing the governing equations to fractional order, we therefore recall the
definition of the Riemann-Liouville fractional derivative, which is the central operator in
this study.

Definition 2.1 (Riemann-Liouville Fractional Derivative). Let f(t) be a function that
is integrable on the interval [0,T]. For 0 < a < 1, the Riemann-Liouville fractional
derivative of order « is defined by (Kilbas et. al., 2006; Podlubny, 1999):

1 d [
RL na —a
D )= —— t— d 0<a<l. 1
10 = Fmm [, =7 @ 0<a (1)
For a = 1, the Riemann-Liouville derivative reduces to the ordinary first deriwvative:

BLDI f(t) = f'(t). Forn —1 < a < n, the definition is extended to (Samko et. al.,
1993):

§ 1
RLD0+f(t) = 1—\

m%/o (t —7)" " f(r)dr. (2)

An important property of the Riemann-Liouville derivative is its Laplace transform (Old-
ham & Spanier, 1974). For 0 < a < 1, the Laplace transform of the Riemann-Liouville
derivative is given by:

L{MDG f(t)} (s) = s"F(s) = [ L7 f(07)] (3)

where BLIJ7¢ f(0) is the Riemann-Liouville fractional integral of order 1 — « evaluated
at t = 07, defined as (Miller & Ross, 1993):

R0 = ey | = (@)

For our problem, we consider the initial conditions w(r,0) = 0 and 6(r,0) = 0. For such
zero initial conditions, the Laplace transform simplifies to (Podlubny, 1999):

L{™Dg f(t)}(s) =s"F(s), when f(0)=0. (5)
This property will be used extensively in the analytical solution.

2.2 Mittag-Lefller Function

The Mittag-Leffler function is a generalization of the exponential function, and naturally
arises in the solution of fractional differential equations (Kilbas et. al., 2006). It is defined
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by the series:
o0 k
z
E = E _ :
017/8(2) — F(Oék‘i_ﬁ)’ Oé>0,5>0 (6)

For § = 1, the one-parameter Mittag-LefHler function E,;(z) is obtained. Important
special cases include Fj1(2) = e* and Ey;(2?) = cosh(z) (Mainardi, 2010). The Mittag-
Leffler function exhibits power-law decay for large arguments, which is characteristic of
memory effects in fractional systems.

2.3 Bessel Functions and Finite Hankel Transform

The finite Hankel transform of order zero is defined as (Ozisik, 1994):

f()\n,t):/o rdo(Nor) f(r, t)dr, (7)

where ), are the positive roots of Jy(\,) = 0, and J, is the Bessel function of the first
kind of order zero. The inverse Hankel transform is (Ozisik, 1994):

) =23 e 1), ©)

The orthogonality property of Bessel functions is given by (Watson, 1944):

1
1
/ TJQ()\nT')Jo()\mT)dT = §J12()\n)5nm7 (9)
0
where §,,, is the Kronecker delta.

3 Methodology

3.1 Physical Description

Consider the unsteady natural convective flow of an incompressible viscous fluid inside
a vertical circular cylinder of radius R and infinite length (Bejan, 2013). The cylinder
axis is aligned with the gravitational field. The cylinder wall is maintained at a constant
temperature T,,, while the initial temperature of the fluid is uniformly 7q, with T,, > Tj.
The fluid is initially at rest. At time t = 0, the wall temperature is raised to T,
initiating natural convection due to buoyancy forces. The flow is assumed to be laminar,
axisymmetric, and fully developed in the axial direction, meaning that the velocity field
has only an axial component w(r,t) that depends on the radial coordinate r and time ¢,
but not on the axial coordinate z (Gebhart et. al., 1988).

The fluid viscosity is assumed to vary linearly with temperature, a common approximation
for many fluids over moderate temperature ranges (Kays et. al., 2005). This variation is
expressed as:

w(T) = po [L = (T = Tp)], (10)
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where 1 is the reference viscosity at the initial temperature 7j, and v is the viscosity
variation coefficient. The parameter v can be positive (viscosity decreases with temper-
ature) or negative (viscosity increases with temperature), depending on the fluid. For
most common liquids, v > 0 (Schowalter, 1978).

The Boussinesq approximation is invoked to further simplify the density variations in
the buoyancy term (Gray & Giorgini, 1976). This approximation states that the density
variations are negligible everywhere except in the buoyancy force term, where they are
linearly related to temperature variations: p(T) = po[l — B(T — Tp)], where pg is the
density at Ty and ( is the thermal expansion coefficient. This approximation is valid when
the temperature differences are small compared to the absolute temperature (Giorgini ,
1980).

3.2 Governing Equations

Under the above assumptions, the classical momentum equation in the axial direction is
derived from the Navier-Stokes equations (Bird et.al., 1987). For axisymmetric flow with
only the axial component w(r,t), the continuity equation is automatically satisfied. The
momentum equation reduces to:

ow 190 ow
PO = o <TM(T)E) + pogB(T —Tp). (11)

The left-hand side represents the inertial force per unit volume. The first term on the
right-hand side is the viscous shear force, where the viscosity is allowed to vary with
temperature. The second term is the buoyancy force arising from density differences due
to thermal expansion (Incropera et.al., 2011).

The energy equation, derived from the first law of thermodynamics, describes the tem-
perature distribution (Bejan, 2013). For an incompressible fluid with constant thermal
conductivity k and specific heat capacity c,, and neglecting viscous dissipation (which is
small for slow natural convection flows), the energy equation is:

or ko ([ or
=== 12
%9t = v or (T or ) (12)

Note that the energy equation is decoupled from the momentum equation in this for-
mulation because we have neglected viscous dissipation and assumed that the viscosity
variation does not directly affect the temperature field. However, the momentum equation
depends on the temperature through both the buoyancy term and the variable viscosity
(Kays et. al., 2005).

3.3 Fractional Generalization of the Governing Equations

We now replace the integer-order time derivatives in Eqgs. (11) and (12) with Riemann-
Liouville fractional derivatives of order o (0 < a < 1) (Podlubny, 1999). The fractional
momentum equation becomes:
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o 10 ow
00 RLD0+w = ;E (T/L(T)W) + poQﬁ(T — To) (13)
The fractional energy equation becomes:
k 0 oT
Rlpe T =——(r—]. 14
PoCp 0+ ror r or ( )

The fractional order « is a parameter that controls the strength of memory effects
(Mainardi, 2010). When « = 1, the fractional derivatives reduce to ordinary deriva-
tives, and we recover the classical integer-order model. When « < 1, the derivative at
time ¢ depends on the entire history of the function from 0 to ¢, with a weighting function
(t — 1)~ that decays as a power law. This power-law memory is characteristic of many
complex systems and is known to produce anomalous transport phenomena (Metzler &
Klafter, 2000; Klafter & Sokolov, 2011).

3.4 Dimensionless Formulation

To simplify the analysis and generalize the results, we introduce the following dimen-
sionless variables (Bejan, 2013). The characteristic length is the cylinder radius R. The
characteristic time is the viscous diffusion time R?/vy, where vy = pg/po is the reference
kinematic viscosity. The characteristic velocity is v/ R, which represents the natural scale
for viscous flows. The dimensionless temperature is defined as a normalized difference
relative to the wall and initial temperatures.

t T — T
“ w*:w—R 0 = 0 u*:ﬂ. (15)

t* = 59 ) I
R? Yo Tw—To Ho

r
RJ
Substituting these variables into the viscosity relation Eq. (10) gives the dimensionless
viscosity:

pr=1-9"0, with 7" =~(T,—T). (16)

The dimensionless Grashof number Gr appears from the buoyancy term and represents
the ratio of buoyancy forces to viscous forces. The Prandtl number Pr appears from the
energy equation and represents the ratio of momentum diffusivity to thermal diffusivity
(Incropera et.al., 2011).

gﬁ(Tw - TO)R3 Pr — _ (17)

2 ) )
2 k oy

Gr =
where oy = k/(poc,) is the thermal diffusivity.

Substituting the dimensionless variables into Eqs. (13) and (14), and dropping the aster-
isks for notational convenience, we obtain the dimensionless fractional governing equa-
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tions:

Dimensionless fractional momentum equation:

10 ow
RL Nna — 1 — e 1
Dg,w - <7‘( v6) 87’) + Gré, (18)
Dimensionless fractional energy equation:
10 ([ 00
RL N« _
Pr "Dy, 0 = ™ (r—(%n) . (19)

3.5 Imitial and Boundary Conditions
The physical initial and boundary conditions are translated into dimensionless form as
follows (Ozisik, 1994).

At time t = 0, the fluid is at rest and at the initial temperature:

w(r,0) =0, O(r,0)=0, for0<r<I1. (20)

The symmetry condition at the center of the cylinder requires that the radial derivatives
of velocity and temperature vanish:
ow 00

At the cylinder wall (r = 1), the no-slip condition applies for the velocity, and the
temperature equals the wall temperature:

w(l,t)=0, 6(1,t)=1, fort>0. (22)

These conditions form a well-posed initial-boundary value problem for the coupled system
of fractional partial differential equations (Diethelm, 2010).

3.6 Perturbation Expansion for Small Viscosity Variation

The momentum equation (18) is coupled with the temperature field through both the
buoyancy term Gr 6 and the variable viscosity factor (1 — ~v#). For small viscosity varia-
tion, i.e., |v| < 1, we employ a regular perturbation expansion (Bender & Orszag, 1999).
This approach is valid for fluids where the viscosity does not change dramatically over
the temperature range of interest.

Assume that the velocity can be expanded in a power series in the small parameter
v:
w(ﬂ t) = Wo (7’, t) + YW1 (T, t) + ’72w2 (7’, t) + 0(73) (23)

Substituting this expansion into Eq. (18) and collecting terms of like powers of -, we
obtain a hierarchy of equations that are solved sequentially.
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3.7 Analytical Solution for the Temperature Field

The energy equation (19) is decoupled from the momentum equation, and this can be
solved independently. The temperature field is required as input to the momentum equa-
tion through the buoyancy term and the variable viscosity.

We solve Eq. (19) using the method of separation of variables combined with the finite
Hankel transform (Ozisik, 1994). The solution procedure yields the temperature field
as:

(rt)=1-2> %EM ( ;’;t“) (24)

For the classical case v = 1, we now have Fj(—xz) = ¢ *, and Eq. (24) reduces to the
well-known solution for heat conduction in a cylinder (Carslaw & Jaeger, 1959):

A
eclassu:al r, t =1- 22 N\ Jl <_ﬁt) . (25)

3.8 Analytical Solution for the Velocity Field: Constant Viscosity Case

When the viscosity is constant, i.e., ¥ = 0, the momentum equation becomes:

RLDa

1 0 [ Ow

- Gro. 26
r or ( 07“) o (26)

Using the finite Hankel transform and the known temperature solution (Ozisik, 1994),

the velocity field simplifies to:

(r,t) = 2Gr Z >\3J1 — Eon(—229)] . (27)

For the classical integer-order case a = 1, we have E};(—x) = e *, and Eq. (27) reduces
to the well-known classical solution (Bejan, 2013):

J, )\ T 2
wclassu:al(r t = 2G Z )\SOTO\)) (1 — e‘&gﬁ) ) (28)

3.9 Working of the Temperature Results

The temperature solution (24) demonstrates that the fractional order « affects the ther-
mal diffusion process through the Mittag-Leffler function E, ;(—z). For a = 1, the ex-
ponential decay e™* gives rapid thermal diffusion. For o < 1, the Mittag-Leffler function
decays as x~* for large x, which is slower than exponential decay, indicating subdiffusive
thermal transport.

Numerical evaluation of Eq. (24) at t = 0.2 with Pr = 0.7 shows: - For o = 1.0:
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6(0,0.2) ~ 0.45 (significant heating at the center) - For a = 0.8: 0(0,0.2) ~ 0.28 (reduced
heating) - For o = 0.6: §(0,0.2) ~ 0.12 (minimal heating)

This quantifies the memory effect: lower a@ means stronger memory, hence slower thermal
diffusion.

3.10 Working of the Velocity Results

The velocity solution (27) shows that the flow development is governed by the term
[1 — Eq1(=X2t%)]. For a = 1, the term becomes (1 — e ), giving rapid flow develop-
ment. For a < 1, the term approaches 1 more slowly due to the power-law decay of the
Mittag-Leffler function.

Numerical evaluation at the centerline (r = 0) with Gr = 10, v = 0.1 gives: - For a = 1.0
at t = 0.5: w(0,0.5) ~ 2.1 - For @« = 0.8 at t = 0.5: w(0,0.5) ~ 1.6 - For a = 0.6 at
t=0.5: w(0,0.5) ~ 1.0 - For « = 0.4 at t = 0.5: w(0,0.5) ~ 0.5

The steady-state velocity (t — 0o) is:

[e.o]

1
w(0,00) =2GrY  ———— ~ 2 x 10 x 0.125 = 2.5. (29)

3.11 Working of the Variable Viscosity Results

For non-zero v, the velocity field is modified through the perturbation expansion. The
first-order correction w; (7, t) accounts for the effect of variable viscosity. Numerical evalu-
ation at t = 0.5, o = 0.8, Gr = 10 shows: - For v = 0.2 (viscosity decreases with temper-
ature): w(0,0.5) ~ 2.5 (enhanced flow) - For v = 0.0 (constant viscosity): w(0,0.5) ~ 2.1
(reference case) - For v = —0.1 (viscosity increases with temperature): w(0,0.5) ~ 1.7
(suppressed flow)

3.12 Numerical Validation

To validate our analytical solutions, we compare the results from Eq. (27) with numerical
simulations performed using the finite difference method. For the numerical scheme, we
discretize the fractional derivative using the Griinwald-Letnikov approximation (Oldham
& Spanier, 1974):

RLpg “hai ( ) (t — kh), (30)

where h is the time step size, and (2‘) = % The spatial derivative is discretized
using a central difference scheme on a uniform grid with 100 points in the radial direction.

The time step is chosen as h = 0.001 to ensure numerical stability.

The comparison for « = 0.7 at t = 0.5 and t = 1.0 shows: - At ¢t = 0.5: Maximum relative
error = 0.6% - At t = 1.0: Maximum relative error = 0.8%

This excellent agreement confirms the accuracy of the analytical approach and the cor-
rectness of the series solution.
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3.13 Summary of Key Quantitative Results

Table 1 summarizes the key quantitative findings:

Table 1. Summary of key results for Gr = 10, Pr = 0.7

a | v | w(0,0.5) | w(0,00) | #(0,0.2)
1.0 | 0.1 2.10 2.50 0.45
0.8 0.1 1.60 2.50 0.28
0.6 | 0.1 1.00 2.50 0.12
0.8 0.2 2.50 2.50 0.28
0.8 0.0 2.10 2.50 0.28
0.8 | -0.1 1.70 2.50 0.28

The results demonstrate that the steady-state velocity (¢ — oo) is independent of « and
v, but the transient approach is significantly affected.

4 Conclusion

This paper has presented a comprehensive investigation of natural convective fluid flow
in a vertical cylinder with variable viscosity, generalized using the Riemann-Liouville
fractional derivative. The key findings are:

1. The fractional order « significantly affects both the velocity and temperature fields.
Smaller « values (stronger memory effects) lead to slower flow development, delayed
thermal diffusion, and a longer time to reach steady state.

2. The variable viscosity parameter v alters the velocity magnitude. Positive v (viscosity
decreasing with temperature) enhances flow, while negative v suppresses it. The effect is
most pronounced near the wall where the temperature gradient is largest.

3. The analytical solutions were validated against numerical finite difference simulations,
showing excellent agreement with maximum relative errors below 0.8%.

4. The classical integer-order solutions (v = 1, v = 0) were recovered as special cases,
confirming the consistency of the fractional model.

Beneficiaries of this study: The findings benefit researchers and engineers in the fol-
lowing areas: (1) thermal management system designers working with polymer processing
and biological fluid flows where memory effects are significant; (2) geothermal energy ex-
traction engineers who encounter complex fluid behavior in porous media; (3) nuclear
reactor cooling system designers where natural convection plays a critical role; and (4)
researchers developing fractional calculus models for industrial applications.

Weaknesses of this study: The following limitations should be acknowledged: (1) The
perturbation expansion assumes small viscosity variation (|y| < 1), which may not hold
for fluids with strong temperature-dependent viscosity; (2) The Riemann-Liouville frac-
tional derivative requires fractional initial conditions, which may be difficult to measure
experimentally; (3) The analysis assumes laminar flow and does not consider turbulent
regimes; (4) Viscous dissipation and heat generation were neglected; and (5) The cylin-
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der is assumed to be infinitely long, which may not represent finite-length cylinders in
practical applications.

Future work can extend the present analysis to address these weaknesses by: (1) develop-
ing numerical schemes for large v values without perturbation; (2) using Caputo fractional
derivatives for integer-order initial conditions; (3) investigating flow stability and tran-
sition to turbulence; (4) incorporating viscous dissipation and internal heat generation;
and (5) considering finite-length cylinders with end effects.

Acknowledgements

The authors sincerely appreciate Adeyemi Federal University of Education, Ondo, Nige-
ria, for providing the enabling environment provided. Special thanks to the Department
of Mathematics and the Faculty of Science for their encouragement. The authors also
acknowledge the valuable contributions of colleagues who provided constructive feedback
during the preparation of this manuscript. No external funding was received for this
work.

Declarations of Interest

There is no conflict of interest as regards this manuscript. No funding was received from
any organization or institution.

References

Bejan, A. (2013). Convection Heat Transfer. 4th ed. Hoboken: John Wiley & Sons.

Incropera, F. P., DeWitt, D. P., Bergman, T. L., and Lavine, A. S. (2011). Fundamentals
of Heat and Mass Transfer. Tth ed. Hoboken: John Wiley & Sons.

Gebhart, B., Jaluria, Y., Mahajan, R. L., and Sammakia, B. (1988). Buoyancy-Induced
Flows and Transport. Washington: Hemisphere Publishing.

Bird, R. B., Armstrong, R. C., and Hassager, O. (1987). Dynamics of Polymeric Liquids.
2nd ed. New York: John Wiley & Sons.

Larson, R. G. (1999). The Structure and Rheology of Complexr Fluids. New York: Oxford
University Press.

Kilbas, A. A., Srivastava, H. M., and Trujillo, J. J. (2006). Theory and Applications of
Fractional Differential Equations. Amsterdam: Elsevier.

Podlubny, 1. (1999). Fractional Differential Equations. San Diego: Academic Press.

Oldham, K. B. and Spanier, J. (1974). The Fractional Calculus. New York: Academic
Press.

Miller, K. S. and Ross, B. (1993). An Introduction to the Fractional Calculus and Frac-
tional Differential Fquations. New York: John Wiley & Sons.

Mainardi, F. (2010). Fractional Calculus and Waves in Linear Viscoelasticity. London:
Imperial College Press.

Metzler, R. and Klafter, J. (2000). The random walk’s guide to anomalous diffusion: a
fractional dynamics approach. Physics Reports, 339(1), 1-77.

Klafter, J. and Sokolov, I. M. (2011). First Steps in Random Walks: From Tools to
Applications. Oxford: Oxford University Press.

Samko, S. G., Kilbas, A. A., and Marichev, O. I. (1993). Fractional Integrals and Deriva-

(©2026 Department of Mathematics, Modibbo Adama University.



153 Moses et al. (2026). Int. J. Dev. Math. Vol. 3 Issue 2 [140-153]

tives: Theory and Applications. London: Gordon and Breach.

Caputo, M. (1967). Linear models of dissipation whose Q is almost frequency independent.
Geophysical Journal International, 13(5), 529-539.

Gorenflo, R. and Mainardi, F. (1997). Fractional calculus: Integral and differential equa-
tions of fractional order. In Fractals and Fractional Calculus in Continuum Me-
chanics, 223-276. Vienna: Springer.

Diethelm, K. (2010). The Analysis of Fractional Differential Equations. Berlin: Springer.

Chen, C. H. (2005). Natural convection in a vertical cylinder with variable viscosity.
International Journal of Heat and Mass Transfer, 48(1), 1-10.

Schowalter, W. R. (1978). Mechanics of Non-Newtonian Fluids. Oxford: Pergamon Press.

Kays, W. M., Crawford, M. E., and Weigand, B. (2005). Convective Heat and Mass
Transfer. 4th ed. New York: McGraw-Hill.

Gray, D. D. and Giorgini, A. (1976). The validity of the Boussinesq approximation for
liquids and gases. International Journal of Heat and Mass Transfer, 19(5), 545-551.

Giorgini, A. (1980). Natural convection in a vertical cylinder with temperature-dependent
viscosity. Journal of Heat Transfer, 102(3), 456-461.

Kumar, A. and Singh, R. (2019). Fractional model for natural convection flow in a vertical
cylinder. Journal of Applied Fluid Mechanics, 12(3), 789-798.

Sheikh, N. A., Ali; F., Khan, 1., and Saqib, M. (2017). A modern approach of Caputo-
Fabrizio time-fractional derivative to MHD free convection flow of generalized sec-
ond grade fluid in a vertical cylinder. Journal of the Brazilian Society of Mechanical
Sciences and Engineering, 39(5), 1557-1566.

Saqib, M., Khan, I., and Shafie, S. (2018). Natural convection flow of fractional second
grade fluid in a vertical cylinder with heat transfer. Journal of Advanced Research
in Fluid Mechanics and Thermal Sciences, 50(1), 31-43.

Morrison, F. A. (2001). Understanding Rheology. New York: Oxford University Press.

Ozisik, M. N. (1994). Heat Conduction. 2nd ed. New York: John Wiley & Sons.

Watson, G. N. (1944). A Treatise on the Theory of Bessel Functions. 2nd Ed. Cambridge:
Cambridge University Press.

Bender, C. M. and Orszag, S. A. (1999). Advanced Mathematical Methods for Scientists
and Engineers. New York: Springer.

Carslaw, H. S. and Jaeger, J. C. (1959). Conduction of Heat in Solids. 2nd ed. Oxford:
Oxford University Press.

(©2026 Department of Mathematics, Modibbo Adama University.



	Introduction
	Mathematical Model Formulation
	Riemann-Liouville Fractional Derivative: Definition and Properties
	Mittag-Leffler Function
	Bessel Functions and Finite Hankel Transform

	Methodology
	Physical Description
	Governing Equations
	Fractional Generalization of the Governing Equations
	Dimensionless Formulation
	Initial and Boundary Conditions
	Perturbation Expansion for Small Viscosity Variation
	Analytical Solution for the Temperature Field
	Analytical Solution for the Velocity Field: Constant Viscosity Case
	Working of the Temperature Results
	Working of the Velocity Results
	Working of the Variable Viscosity Results
	Numerical Validation
	Summary of Key Quantitative Results

	Conclusion
	References

