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ABSTRACT
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Xn ={1,2,3, ...,n},, we give a detailed combinatorial analysis with respect to fixed
points, height, and image changes. Explicit counting formulas, generating
polynomials, and recurrence relations are obtained and justified combinatorially.
Our results unify and extend earlier enumerations for order-decreasing and order-
reversing partial one-to-one transformation semigroups and provide refined
MSC 2020 Subject classification: distributions via univariate and bivariate generating functions.
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1. Introduction

Transformation semigroups defined by order-theoretic constraints possess rich algebraic and combinatorial structures
and have been studied extensively. Prominent examples include semigroups of order-preserving, order-reversing,
order-decreasing, and order-increasing (partial) transformations on a finite chain, Fernandes et al (2004), Umar (1992),
Cornelius et al (2023). In this paper, we focus on transformations that are simultaneously order-decreasing and order-
reversing.

The semigroup of order-decreasing transformations was initiated by Umar (1992b), while order-reversing partial one-
to-one transformations have been studied more recently, Cornelius et al (2023). Despite these developments, a
systematic combinatorial treatment of the intersection of these classes, especially with respect to fixed points, height,
and image changes has received limited attention. The aim of this paper is to provide such a treatment, including
explicit enumeration formulas, generating functions, and refinements that extend known results.

2. Preliminaries and Definitions

Let X,, = {1,2,3,..,n} be a finite chain with the natural order. A partial one-to-one transformation @ on X,, is an
injective partial map a: Dom(a) — X,,, Umar (2010).

We say that « is:

i) order-decreasing if xa < x for allx € Dom(a), Umar (2010)

ii) order-reversing if for all x,y € Dom(a),x < y implies xa = ya, Cornelius et al (2023)

Denote by IDR,, the set of all order-decreasing and order-reversing partial one-to-one transformations on X,, under
composition, a € IDR,, forms a semigroup and the following parameters ware used:

*Corresponding author. Tel.: +234803732458
E-mail address: corneliusm946@gsu.edu.ng (Cornelius, M.)

https://doi.org/10.62054/ijdm/0302.06 © 2026 Department of Mathematics, Modibbo Adama University.



mailto:corneliusm946@gsu.edu.ng
https://doi.org/10.62054/ijdm/0302.06
https://ijdm.org.ng/index.php/Journals

91 Cornelius et al. (2026) Int. J. of Dev. Math. Vol 3 Issue 2 | 090 - 098

iii) fixed points: {x € Dom(a): xa = x}

iv) height: |[Im(a)|

v) image changes: the number of indices i such that successive values in the ordered domain satisfy x;(a) #
Xi41(a).

3. Combinatorial Results on Order-Decreasing (ID,,)

We briefly recall known results for the semigroup (ID,,) of order-decreasing partial one-to-one transformations on X,,,
following Umar (1992) and subsequent refinements.

Proposition 3.1. Let n, k = 0, The number of elements of (ID,,) with exactly k fixed points is given by (’;) . where
an-k

a, denotes the number of nilpotent elements in the corresponding symmetric inverse semigroup on n points.

Proof. Let (a € ID,)with fixed-point set F. Since « is injective and order-decreasing, the restriction of a to X,,\F is
nilpotent after relabeling. The claim follows by counting choices of F and nilpotent restrictions.

Proposition 3.2 let I, = ID,,, then,

F(n;m) = ()By_m, where B, is the n'" Bell'number.

Proof. Let a € ID,and let x4, x5, X3, ..., X;, be fixed points of a. Since « is one to one and order-decreasing, if follows
that for x € (X,\{x1, x5, ..., xp}) N Doma, then we have xa € (X,\{x;, x5, ..., xn}) and ax < x. Therefore the
restriction of @ to (X, \{x1, X3, ..., X;n}) is well defined and is a nilpotent element of (X, \{xy, X3, ..., X;n}). Hence the

number of nilpotent that can be formed by these n — m elements (after relabeling) is B,,_,,, Umar (1993).

The following corollaries ware deduced: Corollary 3.3 Let I,, = ID,,. Then,

i. F(n; k) = (})Bx.

ii. Borwein et al (1989), F(n;p) = S(n;n —p)

iii. Borwein et al (1989), |ID,,| = Bp41.

iv. |E(ID,)|2™ and |N(ID,)|B,.where; S(n,r) the Stirling number of the second kind S(n,r) =S(n—1,r — 1) +

rS(n—1,r),S(n,1) =1 =S(n,n)

n

v. By = Z (Z) B,.

k=0

(n-1)(n—2)(n%+9n+12)

vi. Cornelius (2024), f(n,i) = 2(4,171)

no o \iJ
EO (M)

n=3

n=1

vii. Cornelius (2024),f(n;j) ={a, =n+ (n—-1)(2"-2), n=>0
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_ @™+1)(@2™+2)

n
viii. Cornelius (2024) f(n; 1) = o _oan
gy = CEHED 5 g

,n=>0

4 Combinatorial results on order-reversing (IOR,,)

First, note that k = w* (a) is underfined when p = 0. Due to the presence of the empty map, it seems reasonale to
define k=0 if p=00rr=0;and F(n;vr) =F(n;p) =F(n;k) =F(n;r, k) =F(n;r,p) =F(n;p, k) =
1,if anyof r.por kis 0.
This and other observations were record in the following lemma, which will be used implicitly whenever needed, Umar
2010), Ganyushkin and Manzorchuk (2001), Ganyushkin and Kormysheva (1993), and Limscomp (1986)
Lemma 4.1 let X,, = {1,2,3,...,n} and P = {r, q,p, m, k}. Where for a given a € B, we setr = b(a),q = c(a),p =
h(a),m = f(a)and k =w*(a). We also define F(n;r)=Fm;p)=Fm;k)=Fn;r,k) =F(n;rp) =
F(n;p, k) = 1ifany r.p or k is 0. Then we have the following:

. nzrzp=m=0

2. nzkzpzm=0

3. nzrzqz=zr—-p=0

4, r=1=p=1

5. k=1=>p=1=>m<1

6. r=0p=0=k=0.

We now recall some known key enumeration results recorded including a characterization by image set and
corresponding binomial enumerations Michael et al (2023).

Theorem 4.2 Let I, = IOR,,, then |IOR,| = (*7), n > 0.

Proof,

o on
x; + i, then the mapping between (x4, X5, ..., X,) = (V1, V2, ..., Y,) is a bijection between the set of all (xy, x,,...,x,)
such that 1 < x; < x, <+ < x, <nandthesetofall (y;,y,,...,yp)suchthat 1 <y, <y, <<y, <n+n.lIf
follows that (y;, ¥, ..., V) is uniquely determined by the n — elements subset (y;, ¥,, ..., ¥n) 0f{1,2,3, ...,2n}. Hence

[IOR,] = (*1), n=0.

For all the elements @ = ( ) € IOR,, can be uniquely determined by x4, x5,...,x, fori = 1,2,3,...,n. Set y; =

The following corollaries ware deduced:

Corollary 4.3 let I,, = IOR,, then,
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("F), n=0, p=0
Q). nz0 pae
Fanspy = { (7)o e e
( ) nz1, pzl, 20
((n ((n- 1)“)) n=2,p=2
((n 1>(<n 1>+1)) 2, p20

Corollary 4.4 let I, = IOR,, then,

(", n=1, k>0
n+k-1, nz1, k=1
(n:l'k), n20, k=0

fil) =1 (") n=2, k=2
C“Hn=2 k=0
*Hn=1 k=1

Corollary 4.5 let I, = IOR,, then,
73") +2n+5 S5
f(;a) = 4 =

=m—-a)in=a=>2

Corollary 4.6 let I, = IOR,, then,

(n+1) _ n(n+1)

p+k) T p+k

f(n: b) ={0p=0anq +an_3+ an_y
471.
Lan =4a, 1+ a,_,,

Corollary 4.7 let I, = IOR,, then,

f(n;¢) = {a, = 43"3), a, =1,a, =2,

Corollary 4.8 let I, = IOR,, then,
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nx=1 p=

k=1

ao = 1,a1 :2,a3 =3

n=2

a0=2,a1=5

n=3

f(n-i)—{nzzan—1+(n_1) a0:1!a2:1'n22
ol ap=ap,tag,+a, 3 +4n—-8,n>3

Corollary 4.9 let I, = IOR,, then,

f ) ={an=2ayp1+an_,—an3 a=1a,=3,a,=6 n=3
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Corollary 4.10 let I,, = IOR,, then,

a, =2"(n®—3n%+2n+ 48
f(n;l)z{n ( 18 Jn>

5. Combinatorial Results for Order-Decreasing and Order-Reversing (IDR,,)

Let a € I, then a transformation « is said to be (IDR,),if Vx,y € Doma,xa = x and x < = xa = a.
The following are the elements of IDR,, forn = 1,2,3.

Forn = 0, IDR,, have,

Forn = 1, IDR, have,

Forn = 2, IDR, have,

G 96 DG 26 o

For n = 3, IDR; have,
FEIDCIDEINEINCINEEY

1 2 3\y(1 2 3 _
((b & 3) ) ((D o (Z))' It follows for = 4,5, ... . We now present some results on (IDR;,)

Lemma 5.1 An element a € IDR,,, is uniquely determined by its image set.

Proof. Since « is order-decreasing and order-reversing, its values form a non-increasing sequence along the ordered

domain. Once the image set is fixed, monotonicity and injectively forces a unique assignment.
The following corollaries ware deduced:

Corollaries 5.2 Let I,, = IDR,, then,

1. [IDR,| =2",n>1

il. fum)={a,=ap 1 +an,+a, 3+ay 4 +ansaz=a,=1,n=5

© 2026 Department of Mathematics, Modibbo Adama University.



95 Cornelius et al. (2026) Int. J. of Dev. Math. Vol 3 Issue 2 | 090 - 098

111. f(n:m)z(;:l)—n, n=mz==2
v. fm)=2", n>1
{ nn+1) n>1
2 -
(Z) n=p=>0
V. f(n;p) =

() -pn=p=2

n(n-1)(n-1)(n-3)
24

nk+1, n=0k=0
()—k n=k=0
n—-knz=2k=1

n=2

’

Vi. f; k) =
n(n+1)’n >1
k n(n+1)(n+2)'n >0
6
G)—a n=adz>2
VI f;a) ={a, =2a,_1—ap_,+a,.s a,=0a,=1a,=2n=3
2n? n=0

nb+1,n>0,bh=0
viii.  f(nb)=4 G)—bn=b=2

—6+5n+n3

,n=1
6
(0 -¢ n=2¢20
IX. f;¢) =4a, =a,_1 — apn_p + ay_s, a,=0,a,=1a,=2n2=>3
ap =0Qp_1+ay_p +a,_3, a=a;,=1,a,=0n=>3

(a _ n(n+1)(n+2)

n — 6 )] a0=0,n21

X, Flni) = Jn(ni)llan_l —6a,_, +4a,_s, ap12=0,a3=1,n2=3
P nx=1

an = 3Ap_1 — Qn_y, a,=0,a,=1,n>2

ap = 2Qy_1 — Qp_p + ay_3, ay=a;,a, =1, n=>3

Xi. f; ) = {(”“) n>1
=au,_1ta,_,+a,s ap=a,=0,a,=1, n=3

—3(7Ln1 An_2, a, =a; =1, n=2

Xii.  fm;D) = { nz1
n(n+1)(n+2)’ a=0n>1
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6. Generating Functions and Refinements

Theorem 6.1 Let X, be a finite chain and let IDR,(lk) be the set of order-decreasing and order-reversing partial one to

one transformation with at least k image changes, then

k

por=3 (7).

i=1

Proof. Let @ € IDR,,, suppose « is order-reversing, then the sequence a(x,,) = a(x,a) = a(x;) = -+ = a(x,) is non-
increasing. Now, let define a change point at position i if @(i) > a(i + 1), then there are exactly (n — 1) possible
position for the change points. Choosing a subset S, that is, § € {1,2,3, ..., n} it sizes i uniquely determines a and

restricting to at most k changes, which implies |S| > k, and therefore the number of admissible transformations is

)

=1
The following lemmas ware deduced:

Lemma 6.2 Let m > 1 be fixed, define

m

ore =57

i=0
Then for m = n — 1, we have

n-1

-1
IDRU™™Y = z (n . ) =200, n > 0.

, i
=0
Lemma 6.3 The ¢ — analogue refinement.

We refine the enumeration of IDR,, by assigning a weight q to each change point in the IDR,,. If a transformation has

exactly i change point, it is assigned a q', the total weight enumeration is therefore,

n-1

Fa(@) = Z q' (n : 1) =1+

i=1

This polynomial encodes the distribution of transformation according to the number of image change and reduces to

2=V when q = 1.

Lemma 6.4 The fixed-point refinement.
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Let f(n; m) denote the number of elements of /DR, with exactly m fixed points, then introducing a weight u for fixed

point led to the generating polynomial

E,(uw) = Z fy;m)u™
m=0

This recurrence relations established earlier imply that F, (u) satisfies a linear recurrence in n and the initial values
suggest that F, (u) is a polnimial of degree n with nonnegative integer coefficient this provide a refined combinatorial

classification of elements of IDR,,.
Lemma 6.5 A bivariate generating function

A bivariate generating both refinements yield a bivariate generating function

Gn(u, q) = z u|fixa|qc(a)

a€IDRy,

Where c(a) denotes the number of changes of @. The specialization u = 1 recovers (1 + q)™~ while g = 1 yield
the fixed-point generating polynomial F,(u). This bivariate framework unifies the enumeration of IDR,, with respect

to multiple structural parameters.
Lemma 6.6 The g — indeterminate.

Let g be an indeterminate, then
n-1

F(q) = Z q" (n : 1)-

=1

o~

7. Conclusion

We have presented a complete combinatorial enumeration of the semigroup IDR,, of order-decreasing and order-
reversing partial one-to-one transformations on a finite chain. The total number of such transformations is 2™, and
refined distributions with respect to image changes and fixed points are encoded by natural generating polynomials.
Further directions include the study of regular and inverse Subsemigroups determined by additional constraints, as well
as extensions to transformations on more general finite posets.
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