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1. Introduction  

An outlier is an observation that deviates from the distributional behaviour of the remaining dataset (Barnett & Lewis, 

1994; Moore & McCabe, 1999; Monhor & Takemoto, 2005; Petronilla & Chinaka, 2023; Vijayalakshmi et al., 2025). 

The concept of outliers originated from the mathematical analysis of geodetic and astronomical measurement data 

according to Monhor & Takemoto (2005). Identifying the specific cause requires a thorough investigation of the 

process, from data collection to processing, to minimize variability in the data, avoid overfitting of regression models, 

reduce bias in parameter estimation, and prevent misleading conclusions (Gumedze, 2018). It is also important to note 

that outliers in a dataset are not necessarily bad points; they can reveal the most informative phenomena in a study. 

Galton, a British statistician in the 19th century, developed several statistical tools and concepts that are fundamental 

for identifying outliers. Over time, various outlier detection methods have evolved and are generally categorized into 

three classes: statistical (model-based), proximity-based, and clustering-based (Smiti, 2020).  

Detecting and accommodating outliers can enhance the accuracy of regression coefficient estimates. Evidence suggests 

that spatial outliers hold valuable information, leading to models that more accurately reflect the underlying data and 

improve predictive performance (Baba et al., 2022). 

Two principal outlier formulations have emerged: the Mean-Shift Outlier Model (MSOM) (Dai et al., 2016; Lehmann 

et al., 2020; Song et al., 2024) and the Variance-Shift Outlier Model (VSOM) (Babadi et al., 2016; Gharbaghi et 
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 A B S T R A C T 

The Variance Shift Outlier Model (VSOM) and its spatial extension (SVSOM) for 

outlier accommodation have been developed in linear and spatial frameworks; 

however, they often fail to account simultaneously for spatial disparities and 

correlated measures within groups. This study proposes a Modified Spatial 

Variance Shift Outlier Model (m-SVSOM) within a Generalized Linear Mixed 

Model (GLMM) framework to address these limitations. The proposed model 

incorporates spatially lagged dependent variables and spatial autocorrelation in the 

residuals, while accounting for random effects to capture repeated measures. 

Variance parameter estimation is performed using the Restricted Maximum 

Likelihood (REML) method. To evaluate the model's performance, a simulation 

study was conducted across varying sample sizes (n = 16, 36, 144, 400, 900, 1000). 

The results show that the m-SVSOM consistently outperforms the SVSOM, 

achieving lower Mean Squared Error (MSE = 0.0522) and Root Mean Squared 

Error (RMSE = 0.2108). The findings suggest that the proposed model yields more 

robust parameter estimates, making it a valuable tool for analyzing complex spatial 

datasets with hierarchical structures.  
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al. ,  2026;Gumedze & Chatora, 2014; Gumedze et al., 2010; Ismadyaliana et al., 2024; Thompson, 1985). The 

MSOM assumes that outliers arise from additive shifts in the mean of specific observations, effectively treating them 

as case-deletion scenarios (Cook & Weisberg, 1982). In contrast, the VSOM posits that outliers are observations with 

inflated variances relative to the bulk of the data, a formulation particularly suited to situations where extreme 

observations reflect increased measurement uncertainty or heterogeneous error structures (Thompson, 1985; Gumedze 

et al., 2010). These outlier models were developed within the framework of either linear models or general spatial 

models.  The choice between mean-shift and variance-shift formulations depends on the nature and relevance of the 

outlier mechanism in the substantive context, with the VSOM having a clear advantage over the MSOM, where 

observations detected as outliers are down-weighted and their weights are automatically incorporated into the 

parameter estimation (Beckman and Cook, 1983). 

Thompson (1985) adopted the VSOM within a linear regression model and employed Restricted Maximum Likelihood 

(REML) for parameter estimation. Gumedze et al. (2010) adopted the VSOM within a linear mixed model to detect 

and accommodate outliers, and employed REML to estimate the variance parameters. Dai et al., (2016) proposed the 

MSOM and VIOM in a spatial regression model to detect and accommodate outliers; Maximum Likelihood (ML) was 

employed for parameter estimation. 

The variance shift outlier model (VSOM) was later extended by Baba et al., (2022), who formulated the VSOM in the 

general spatial regression model (GSM) and called it the Spatial Variance Shift Outlier Model (SVSOM), which was 

employed to further accommodate spatial outliers based on spatial weights that are said to contain neighborhood 

information both in the dependent and residual variables, REML was employed for parameter estimation.  

In addition some literatures on outlier detection and accommodation that have applied various estimation methods 

include:(Cai et al., 2024; Gumedze & Dunne, 2011) employed the Restricted Maximum Likelihood to estimate the 

parameters in their models, (Dai et al., 2016; Torabi, 2014) employed the maximum likelihood, Melo et al., (2013) 

employed the Markov Chain Monte Carlo maximum likelihood, and Shukla et al., (2023) employed the  Robust 

Modified Maximum Likelihood (MML) estimation.  

Despite these advances, existing spatial outlier models exhibit important limitations. Firstly, extensions of VSOM to 

linear models or linear mixed models have failed to account for spatial disparities, treating spatial structure as absent 

or secondary (Babadi et al., 2016; Gumedze et al., 2010; Kowalskie, 2025). Secondly, spatial models such as SVSOM 

do not accommodate correlated or repeated measures within groups at specific locations, thereby ignoring hierarchical 

data structures common in longitudinal studies, clustered designs and multi-site investigations. This forms the basis of 

this study, as it addresses the limitations of these existing outlier and accommodation models (Baba et al., 2022; Babadi 

et al., 2016; Gumedze et al., 2010) by proposing a Modified Spatial Variance Shift Outlier Model (m-SVSOM) 

embedded within a Generalized Linear Mixed Model (GLMM) framework. The m-SVSOM integrates three key 

components: (1) spatial lagged dependent variables and spatial autocorrelation in residual terms to capture spatial 

dependence, (2) random effects to model intra-group correlation arising from repeated measures or hierarchical 

grouping, and (3) variance-shift outlier parameters estimated via REML to accommodate extreme observations without 

deletion. This unified model extends the SVSOM of Baba et al. (2022) by incorporating the random-effects structure 

of GLMMs, thereby enabling robust outlier accommodation in spatially dependent, hierarchically structured data. 

 

2. Methodology 

2.1 Existing Spatial variance shift outlier model  

 Following Baba et al., (2022), the general spatial model is given as  

 𝒚 = 𝑾1𝒚 + 𝑿𝛽 + 𝒖,            𝒖 = 𝜆𝑾2𝒖 + 𝒆           (1) 

Where y is an (nx1) vector of response variable, X is a (n x k) matrix of explanatory variables, 𝑾1  and 𝑾2 are (n x n) 

spatial weights square matrices which are known. 𝜆 a coefficient on the spatial autocorrelation in the residual term. 𝒆 

is the (n x 1) vector of the error term, 𝒆 ~𝑀𝑉𝑁(0, 𝜎2𝐼𝑛).  
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The Spatial Variance Shift Outlier Model (SVSOM) is given below as   

 𝒚∗ =  𝑿∗𝛽 +  𝜹𝒊
∗ 𝜑𝑖 + 𝑒           (2) 

  𝑖 = 1,2, … , 𝑛, 𝜹𝒊
∗
 a dummy variable that assigns  

𝜹𝒊
∗ =  {

       1                   𝑖𝑓 𝑡ℎ𝑒 𝑖𝑡ℎ 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑛 𝑜𝑢𝑡𝑙𝑖𝑒𝑟 
0,                                                              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

𝜑𝑖 is an unknown random coefficient  𝜑𝑖~𝑁(0, 𝜎2𝜹𝒊
∗𝜔𝑠𝑖𝜹𝒊

∗⊺)  ,𝜔𝑖 is the measure that determines inflation in the 

variance. 

Using the Restricted maximum likelihood estimation method the outlier parameter estimate was obtained below as  

𝜑𝑖̂ = 𝜔̂𝑠𝑖𝜹𝒊
∗⊺𝑷𝑩̂𝑨̂𝒚      (3) 

2.2 The proposed Modified Spatial Variance Shift Outlier Model (m-SVSOM)  

To capture the random effect in Equation (2), the equation is re-expressed in the GLMM framework for normal 

responses, identity link g(μ)=μ is used. 

The GLMM can be expressed as  

𝑔(𝜇𝑖) = 𝜼𝑖 = 𝒙𝑖
⊺𝛽 + 𝒛𝒊

⊺𝑏,     𝑏 ~ 𝑁(0, 𝐺)      (4) 

Where  𝑔(. ) = Link function; 𝜇𝑖= Expected mean of the observations;  𝒙𝒊 =Vectors of  𝑝  fixed effect; 𝛽 = Coefficient 

of the fixed effect;  𝒛𝒊 = Vectors of  𝑞 random effect and  𝑏 = coefficient of the random effect and 𝐺 is the variance-

covariance matrix of the random effect.  

 Following Maestrini et al., (2024), let X denote 𝑛 × 𝑝 and Z denote 𝑛 × 𝑞  matrices, respectively, which are obtained 

by stacking the   𝒙𝑖’s   and 𝒛𝒊’ s respectively as row vectors and  𝜼 = (𝜂1,…, 𝜂𝑛)⊺. 

Considering the special case of the spatial GLMM with normally distributed responses and an identity link function 

𝜂 ≡ 𝑦, incorporating both spatial dependence between regions (i, j) and an error term with spatial effects, yields 

Equation (4) below  

𝜼𝒊 = 𝜌𝑾𝟏𝜼𝒋 + 𝑿𝛽 + 𝒁𝑏 + 𝒖;     𝒖 = 𝜆𝑾𝟐𝒖 + 𝒆     ; 𝒆 ~ 𝑁(0, 𝜎2)          (5) 

Where: 

𝜌= the spatial autoregressive coefficient  

𝑊1𝑎𝑛𝑑 𝑊2 = 𝑛 𝑥 𝑛 Spatial weights matrix 

𝜆 = coefficient on the spatial autocorrelations in the random error term  
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𝑾𝜼𝒋= spatial lagged dependent variable 

From Equation (5), let  𝑨 = (𝐼 −  𝜌𝑊1) , 𝐁 =  (𝐼 − 𝜆𝑊2)   

Equation (5) can be re-parameterized as   

𝑨𝜼 = 𝑿𝛽 + 𝒁𝑏 + 𝑩−𝟏𝒆         (6) 

𝑨𝜼~𝑀𝑉𝑁(𝑿𝛽 , 𝜎2(𝒁𝑮𝒁𝑻 +  (𝑩𝑻𝑩)−1)      

Introducing spatial outliers via variance shift and adopting the Spatial Variance Shift Outlier Model (SVSOM) gives 

the Modified Spatial Variance Shift Outlier Model (m-SVSOM) as  

𝑨𝜼 = 𝑿𝛽 + 𝒁𝑏 + 𝜹𝒊𝜑𝑖  + 𝐵−1𝑒          (7)  

Pre-multiplying Equation (7) by B gives   

       𝑩𝑨𝜼 = 𝑩𝑿𝛽 + 𝑩𝒁𝑏 + 𝑩𝜹𝒊𝜑𝑖 +  𝑒 ,         (8) 

𝑙𝑒𝑡    (𝒚∗  = 𝑩𝑨𝜼 ,  𝑿∗ = 𝑩𝑿,  𝒁∗ =  𝑩𝒁,  𝜹𝒊
∗ =  𝑩𝜹𝒊)  

Where   𝜹𝒊
∗ =  𝑩𝜹𝒊is the n×1 transformed outlier indicator vector 

Thus,  𝒚∗ =  𝑿∗𝛽 +  𝒁∗𝑏 +   𝜹𝒊
∗ 𝜑𝑖 + 𝑒        (9)  

          𝒚∗ ~ 𝑀𝑉𝑁 (𝑿∗𝛽, 𝜎2(𝒁∗𝐺 𝒁∗ ⊺ +  𝜹𝒊
∗𝜔𝑠𝑖𝜹𝒊

∗⊺
+ 𝑅))  

         𝒚∗ ~ 𝑀𝑉𝑁 (𝑿∗𝛽, 𝜎2(𝐻 +  𝜹𝒊
∗𝜔𝑠𝑖𝜹𝒊

∗⊺
))      

where G, 𝜔𝑠𝑖and R represent the Variance- covariance matrix of the random effect, outlier and error term in the model. 

2.3 Parameter Estimation   

Setting the dummy variable 𝜹𝒊
∗ = 0 and  𝜑𝑖 = 0  in Equation (9), implying no outlier term gives Equation (10) 

below  

𝒚∗ =  𝑿∗𝛽 +  𝒁∗𝑏 + 𝑒        (10) 

𝒚∗~𝑀𝑉𝑁 ( 𝑿∗𝛽, 𝜎2𝐻)        

The marginal log likelihood function of the random variable is obtained as   

ℒ(𝑏) =  −
𝑝

2
𝑙𝑜𝑔(2𝜋) −

1

2
𝑙𝑜𝑔|𝐺| − 

1

2
𝑏⊺𝐺−1𝑏      

And the conditional distribution of   𝒚∗|𝑏  is  

ℒ(𝒚∗|𝑏) =  −
𝑛

2
𝑙𝑜𝑔(2𝜋) −

1

2
𝑙𝑜𝑔|𝑅| −  

1

2
𝒆⊺𝑅−1𝒆     

ℒ(𝒚∗, 𝑏) = ℒ(𝒚∗|𝑏) +   ℒ(𝑏)  
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   = [−
𝑛

2
𝑙𝑜𝑔(2𝜋) −

1

2
𝑙𝑜𝑔|𝑅| −

1

2
𝒆⊺𝑅−1𝒆]     

         − [
𝑝

2
𝑙𝑜𝑔(2𝜋) +

1

2
𝑙𝑜𝑔|𝐺| +

1

2
𝑏⊺𝐺−1𝑏]      

              =  −
𝟏

𝟐
[𝒏𝑙𝑜𝑔(2𝜋) + 𝑙𝑜𝑔|𝑅| + 𝒆⊺𝑅−1𝒆]   

        −
𝟏

𝟐
[𝒑𝑙𝑜𝑔(2𝜋) + 𝑙𝑜𝑔|𝐺| + 𝑏⊺𝐺−1𝑏]      (11) 

Assuming that the variances of the random and error terms are known, following Gumedze & Dunne (2011), 

Equation (11) yields. 

let 𝑒 = 𝒚∗ − 𝑿∗𝛽 − 𝒁∗𝑏 

ℒ(𝒚, 𝑏) =  −
𝟏

𝟐
[𝒏𝑙𝑜𝑔(2𝜋) + 𝑙𝑜𝑔|𝑅| + (𝒚∗ − 𝑿∗𝛽 − 𝒁∗𝑏)⊺𝑅−1(𝒚∗ − 𝑿 ∗𝛽 − 𝒁∗𝑏)]   

     −
𝟏

𝟐
[𝒑𝑙𝑜𝑔(2𝜋) +  𝑙𝑜𝑔|𝐺| +  𝑏⊺𝐺−1𝑏]        (12)       

Ignoring terms that do not depend on β and b, Equation (12) can be re-expressed as  

ℒ(𝒚, 𝑏) =  −
𝟏

𝟐
(𝒚∗ − 𝑿∗𝛽 − 𝒁∗𝑏)⊺𝑅−1(𝒚∗ − 𝑿∗𝛽 − 𝒁∗𝑏) −

𝟏

𝟐
𝑏⊺𝐺−1𝑏    

= −
𝟏

𝟐
[(𝒚∗ − 𝑿∗𝛽 − 𝒁∗𝑏)⊺𝑅−1(𝒚∗ − 𝑿∗𝛽 − 𝒁∗𝑏) + 𝑏⊺𝐺−1𝑏]     (13) 

Taking the partial derivatives of the joint distribution in Equation (13) with respect to  𝛽  and equating to zero results 

in Equation (14) below 

 𝑿∗⊺𝑅−1𝑿∗β + 𝑿∗⊺𝑅−1𝒁∗b = 𝑿∗⊺𝑅−1𝒚∗           (14) 

Similarly, taking the partial derivative of Equation (13) with respect to b and equating it to zero results in Equation 

(15) below  

𝒁∗⊺𝑅−1𝑿∗𝜷 + (𝒁∗⊺𝑅−1 𝒁∗ + 𝐺−1 )𝑏 =  𝒁∗⊺𝑅−1𝒚∗            (15) 

The estimate of 𝛽 and 𝑏 are obtained using the Henderson Mixed model equation, which is obtained by arranging 

Equation (14) and Equation (15) in a matrix form below as  

(𝑿∗⊺
𝑅−1𝑿∗

𝒁∗⊺𝑅−1𝑿∗          𝑿∗⊺
𝑅−1𝒁∗

(𝒁∗⊺𝑅−1 𝒁∗+ 𝐺−1 )
) (

𝜷̂

𝑏̂
) =  (

𝑿∗⊺
𝑅−1𝒚∗

𝒁∗⊺𝑅−1𝒚∗)                (16) 

 The estimates are obtained below as   

                               𝜷̂ = ((𝐵𝑋)⊺𝑯−𝟏 (𝐵𝑋))−𝟏 (𝐵𝑋)⊺𝑯−𝟏𝐵𝐴𝒚               (17) 

Similarly,        𝑏̂(𝑖) = 𝐺(𝐵𝑍)⊺𝑯−𝟏(𝐴𝒚 −  𝐵𝑋𝜷̂)                               (18) 

2.4 Variance Estimation  

The REML for the m-SVSOM is given below as  

−2𝑅ℒ(𝜔𝑠𝑖 , 𝜎2; 𝒚∗) = (𝑛 − 𝑝)𝑙𝑜𝑔𝜎2 + log|𝐻| + log|𝑋∗⊺𝑯−𝟏𝑋∗| +  
(𝑨𝒚)⊺ 𝑃 (𝑨𝒚)

𝜎2            (19) 

For which the estimated variance can be shown to be   

𝜎̂2 =
(𝑨𝒚)⊺ 𝑃 (𝑨𝒚)

(𝑛−𝑝)
               (20) 

2.5 Parameter Estimation with the Outlier Parameter 
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The estimates of the fixed and random effects are analogous to Equations (17) and (18) above. Following (Gilmour, 

1997; Meyer, 1989), the mixed model equation from Equation (9) is analogous to the Mixed Model equation of Linear 

Mixed Model in Equation (16) and can be expressed below as; 

𝐹𝑖(
𝜑𝑖 
θ

) =  (
𝜹𝒊

∗⊺
𝑅−1𝑦∗

𝑊⊺𝑅−1𝑦∗ )          (21) 

where  𝑊 =  [𝑿∗  𝒁∗] ,    θ̂ = (𝛽̂⊺ ,  𝑏̂⊺)  with the solutions for θ corresponding to Equations (17) and (18), 

respectively and 𝜑𝑖   is similar to Equation (3).   

Where  𝐹𝑖 = [
𝐹11 𝐹12

𝐹21 𝐹22
] 

The REML log-likelihood function is given below as  

−2𝑅ℒ(𝜔𝑠𝑖 , 𝜎2; 𝒚∗) = (𝑛 − 𝑝)𝑙𝑜𝑔𝜎2 + log|𝐻𝑖| +  log|𝑿∗⊺𝐻𝑖
−1𝑿∗|           

+ 
(𝑨𝒚)⊺ 𝑃i(𝑨𝒚)

𝜎2          (22) 

Equation (22) can be re-expressed following Gumedze et al., (2010) as  

  +
(𝑨𝒚)⊺ 𝑃(𝑨𝒚)

𝜎2 −
(𝑨𝒚)⊺𝑃𝜹𝒊

∗(𝜹𝑖
∗⊺

𝑃𝜹𝒊
∗+𝜔𝑠𝑖

−1)−1𝜹𝑖
∗⊺𝑃(𝑨𝒚)

𝜎2  

                                + log(𝜹𝒊
∗⊺

𝑃𝜹𝒊
∗𝜔𝑠𝑖 +  1)       (23) 

Substituting   𝒆𝒊 = (𝑨𝒚)⊺ 𝑃𝜹𝒊
∗
 which is the conditional residual for unit i observation and  𝒂𝒔𝒊 =  𝜹𝒊

∗⊺𝑃𝜹𝒊
∗  into 

Equation (23) results in  

−2𝑅ℒ(𝜔𝑠𝑖 , 𝜎2; 𝒚∗) = (𝑛 − 𝑝)𝑙𝑜𝑔𝜎2 + log|𝑅| +  log|𝐺| +  log|𝐹| + 

                  
(𝑨𝒚)⊺ 𝑃(𝑨𝒚)

𝜎2 + log( 𝒂𝒔𝒊𝜔𝑠𝑖 +  1) −
𝟏

𝜎2 (𝑠𝑖
2 −

𝑠𝑖
2

(𝒂𝒔𝒊𝜔𝑠𝑖+1)
)                   (24) 

And can be further rewritten as  

−2𝑅ℒ(𝜔𝑠𝑖 , 𝜎2; 𝒚∗) = (𝑛 − 𝑝 − 1)𝑙𝑜𝑔𝜎2 + log|𝐻| +  log|𝑿∗𝐻−1𝑿∗| +   

 
(𝑨𝒚)⊺ 𝑃(𝑨𝒚)−𝑠𝑖

2

𝜎2 + log 𝜎2( 𝒂𝒔𝒊𝜔𝑠𝑖 +  1) +  
𝑠𝑖

2

𝜎2(𝒂𝒔𝒊𝜔𝑠𝑖+1)
         (25) 

 Simplifying further   let  𝜎2 = Φ1 and  𝜎2(𝒂𝒔𝒊𝜔𝑠𝑖 + 1) = Φ2 

Replacing back in Equation (25) gives  

−2𝑅ℒ(Φ1, Φ2; 𝒚∗) = (𝑛 − 𝑝 − 1)𝑙𝑜𝑔Φ1 + log|𝐻| +  log|𝑿∗𝐻−1𝑿∗| +   

                  
(𝑨𝒚)⊺ 𝑃(𝑨𝒚)−𝑠𝑖

2

Φ1
+ log Φ2 + 

𝑠𝑖
2

Φ2
        (26) 

Take partial derivatives of with respect to Φ1 gives               

Φ̂1 =
(𝑨𝒚)⊺ 𝑃(𝑨𝒚)−𝑠𝑖

2

(𝑛−𝑝−1)
              

substituting 𝑠𝑖
2 =  𝑡𝑠𝑖

2  𝜎̂2 ; (𝑛 − 𝑝)𝜎̂2 = (𝑨𝒚)⊺ 𝑃(𝑨𝒚) gives 

Φ̂1 = 𝜎 2̂
𝑖 =

(𝑛−𝑝−𝑡𝑠𝑖
2 )𝜎̂2

(𝑛−𝑝−1)
         (27) 

Similarly, taking the partial derivative with respect to  Φ2 gives      
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Φ̂2 = 𝑠𝑖
2           (28) 

Re-expressed as  

𝜎2(𝒂𝒔𝒊𝜔𝑠𝑖 + 1) =  𝑠𝑖
2   

And can be rewritten below as          

𝜔̂𝑠𝑖 =
(𝑛−𝑝)(𝑡𝑠𝑖

2 −1)

(𝑛−𝑝−𝑡𝑠𝑖
2 )(𝟏−𝒗𝒔𝒊)

         (29)   

 

 Simulation Study 

A simulation study is conducted to evaluate the performance of the m-SVSOM model relative to the SVSOM. The 

models are simulated for several sample sizes, considering n=16, 36, 144, 400, 900,1000, spatial weights  𝑊1 =  𝑊2 

were constructed using a row-standardized Queen's contiguity. Random effects were generated from a normal 

distribution, and outliers were introduced via variance inflation at randomly selected indices. Initial values of 𝛽0 =

2.0, 𝛽1 = 0.5,𝛽2 = 0.5, 𝜎2 = 1.0 ,𝜌 = 0.5   and  𝜆 = 0.3 . Two random effects, b₁ and b₂, were independently drawn 

from N (0, 1) for each simulation replicate. The simulation was run 10,000 times, and the performance metric used is 

the Mean Squared Error.  

3. Results 

Table 1:  Model Performance Under Different Sample Sizes  

 MSE  

N m-SVSOM  SVSOM 

16 0.1687 0.2254 

36 0.1021 0.1399 

144 0.0431 0.0627 

400 0.0230 0.0347 

900 0.0138 0.0217 

1000 0.0131 0.0205 

 (Based on 10,000 simulations; MSE averaged across replicates)1 

Table 1 above presents the MSE for the two models across sample sizes (n=16, 36, 144, 400, 900, 1000) in a simulation 

study focused on the models' outlier-detection capabilities. The results showed a consistent decline in MSE, with the 

m-SVSOM achieving the lowest MSE across varying sample sizes compared to the SVSOM model.   
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Table 2: Overall Average Performance of the Models  

Model MSE RMSE  

m-SVSOM 0.0522  0.2108   

 SVSOM 0.0735  0.2525   

(Lower MSE and RMSE indicate better predictive accuracy)2 

 

Table 2 shows that the m-SVSOM dominates on the two-error metrics, i.e., (MSE = 0.0522) and (RMSE = 0.2108), 

followed by the SVSOM with (MSE = 0.0735) and (RMSE = 0.2525) 

  

Table 3: Parameter Estimation  

 Parameters MSE 

  Model (λ, ρ) 𝜷̂𝟎  

(𝒔. 𝒆) 

𝜷̂𝟏 

(𝒔. 𝒆) 

𝜷̂𝟐 

(𝒔. 𝒆) 

 

𝒃̂𝟏 

(𝒔. 𝒆) 

𝒃̂𝟐 

(𝒔. 𝒆) 

m- SVSOM 

 

(0.3, 0.5) 2.0009 

(0.2048) 

0.4984 

(0.0977) 

0.5069 

(0.1044) 

-0.0026 

(0.3031) 

0.0011 

(0.3028) 
0.0522 

SVSOM (0.3,0.5) 2.0106 

(0.2024) 

0.4963 

(0.1004) 

0.5000 

(0.0997) 

  
 0.0735 

 

From Table 3, it can be deduced that the SVSOM does not incorporate a random effect, but the m-SVSOM does. It 

can be deduced that the m-SVSOM achieves the lowest prediction error (MSE=0.0522), implying that its parameter 

estimates converge more closely to the true parameters than those of other models with λ=0.3 and ρ=0.5.  

 

4. Discussion 

The proposed m-SVSOM consistently outperformed the SVSOM across all sample sizes, with lower MSE and RMSE 

(Table 2). The inclusion of random effects and spatial lag terms allowed the model to account for hierarchical data 

structures that SVSOM ignores. These results align with Gumedze et al. (2010) and Baba et al. (2022), but extend their 

work by simultaneously handling spatial dependence and within-group correlation. The decreasing MSE with larger n 

(Table 1) supports the asymptotic efficiency of REML estimation. However, the model assumes normality and a single 

spatial weights matrix, which may not hold in all applied settings. Future work should explore non-Gaussian responses 

(e.g., Poisson, binomial) and time-varying spatial weights. 
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5. Conclusion  

This research successfully extended the Spatial Variance Shift Outlier Model (SVSOM) by integrating spatial weight 

matrices with fixed- and random-effects components, the m-SVSOM provides a comprehensive approach to handling 

data that exhibit both spatial dependence and intra-group correlation. 

The simulation results show that the m-SVSOM outperforms SVSOM across all tested sample sizes. Specifically, the 

m-SVSOM achieved a significantly lower MSE (0.0522 vs 0.0735 for the SVSOM) and had parameter estimates (fixed 

and random effects) that more accurately approached their true values. The steady decrease in error metrics with 

increasing sample size further validates the asymptotic efficiency of REML estimation in this m-SVSOM. 

In conclusion, the m-SVSOM accounts for spatial disparities and correlated measures simultaneously, thus enhancing 

the precision of regression coefficient estimates and improving the overall predictive performance of spatial statistical 

analyses.  

 

Limitation and Future Research 

While m-SVSOM captures both spatial disparities and random effects within a group, it assumes a normally distributed 

response with an identity link function, a single spatial weight structure, and a constant ρ; this can be extended to other 

distributions in the exponential family. 
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