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Abstract

Tuberculosis (TB) is still one of the ma-

jor infectious diseases in the world and

a leading public health problem, particu-

larly in developing countries where Multi-

Drug-Resistant Tuberculosis (MDR-TB) se-

riously threatens the e�orts to control it. A

deterministic compartmental model is de-

veloped to study TB transmission dynam-

ics with vaccination, reinfection, treatment

failure and development of MDR-TB. The

total human population is strati�ed into

six disjoint classes: susceptible unvacci-

nated, susceptible vaccinated, exposed, in-

fectious with drug-susceptible TB, infec-

tious with MDR-TB, and recovered individ-

uals. The positivity and boundedness of so-

lutions were proved to ensure biological fea-

sibility of the qualitative properties of the

model. We obtained the disease-free and

endemic equilibrium states and calculated

the basic reproduction numberR0 using the

next-generation matrix method. The sta-

bility analysis revealed that the disease-free
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equilibrium is locally and globally asymp-

totically stable if R0 < 1, and unstable if

R0 > 1. Furthermore, by developing a suit-

able Lyapunov function and using LaSalle's

invariance principle, the global asymptotic

stability of the endemic equilibrium is es-

tablished for R0 > 1. Numerical simu-

lations are performed to illustrate the ef-

fects of critical epidemiological parameters

on the disease progression and to verify

the analytical results. Sensitivity analy-

sis based on Partial Rank Correlation Co-

e�cients (PRCC) shows that the e�ective

contact rate is the most critical parame-

ter in�uencing TB transmission, while the

treatment and recovery parameters play a

strong role in reducing the spread of the

disease. The study shows that e�ective vac-

cination, better treatment adherence and

strong MDR-TB case management are nec-

essary to cut down TB burden and attain

long-term control over the disease.

1 Introduction

Tuberculosis (TB) is still a major global public health challenge, especially in low- and

middle-income countries (World Health Organization, 2023). TB is preventable if proper

precautions are taken and it is treatable with proper medical care (Bagcchi, 2023). The

disease is an airborne disease caused by Mycobacterium tuberculosis, which can infect any

part of the body, but most commonly a�ects the lungs. Tuberculosis (TB) is the leading

infectious killer in the world, with 10 million new cases and 1.5 million deaths reported

annually, the World Health Organization (WHO) reports. Globally, an estimated 1.6

million people died from TB in 2021, including 187,000 people living with HIV/AIDS.

Tuberculosis (TB) has re-emerged as the second leading infectious cause of death globally

and the thirteenth leading cause of death overall after the COVID-19 pandemic (World

Health Organization, 2022). There is a wide gap between TB incidence and case detection

rates. In 2021, 4.2 million people with active TB did not reach health facilities leading to

a drastic reduction in reported and screened cases: 7.1 million cases were reported in 2021

versus 6.4 million in 2019 (World Health Organization, 2022). Despite these challenges,

TB treatment has saved some 74 million lives between 2000 and 2021. However, drug-

resistant TB (DR-TB) is expected to increase, with 450,000 new cases reported in 2021

(World Health Organization, 2022).

There are three main medical strategies for controlling TB, preventive treatment of peo-

ple with latent TB infection to prevent re-activation, curative treatment of active TB

patients and vaccination to reduce transmission (Gabriela et al., 2007). The most com-

monly used vaccine against TB is the Bacillus Calmette-Guérin (BCG). It has been shown

to be e�ective in protecting children with rates of success above 50% against pulmonary

TB and 80% against disseminated forms of the disease (Peter and Mark, 2005). How-

ever, an important epidemiological consideration is that children rarely transmit TB and

transmission is primarily driven by adults (Nadolinskaia et al., 2020). However, BCG

vaccination has shown variable protection against pulmonary TB in adults, thus leaving

a critical gap in adult TB prevention strategies. Drug-resistant TB represents a serious

challenge in many developing countries where treatment is long and expensive (World
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Health Organization, 2022). In some countries, treatment for TB may be available but

not always free, with patients incurring a �nancial burden and some choosing home-based

rather than hospital-based care. Also, patients who do not improve in hospital settings

may opt to leave and continue care at home (Abimbode et al., 2020). Multidrug-resistant

TB (MDR-TB) may develop during the course of treatment of TB and, rarely, progress

to extensively drug-resistant TB (XDR-TB). This is generally due to the improper use of

drugs, poor prescription, early discontinuation of treatment, or inferior drugs. However,

treatment for MDR-TB and XDR-TB is still feasible but it is more time consuming and

labor intensive. Current treatment success rates for MDR-TB are 28% and 52% (World

Health Organization, 2022; Yongqi et al., 2011).

Mathematical modelling has become an important tool for studying the dynamics of TB

and evaluating intervention strategies. Christopher (2006) developed a model that allows

the drug-resistant strains to have a similar relative �tness as the drug-sensitive strains,

showing that at least 70% of drug-resistant patients must be identi�ed and treated to end

DR-TB epidemics. In recent years, simple compartmental models have been extensively

used to study the e�ects of inadequate immunization . These models classify individ-

uals as susceptible , vaccinated , infectious , or recovered and include frameworks such

as SVI and SVIR . There were several studies that speci�cally discussed MDR-TB and

vaccination. Bimal and Jyohka (2014) presented a mathematical model with vaccination

and quarantine classes considering both the vaccinated and MDR-TB patients. Their

work established system thresholds, equilibria and reproduction numbers and carried out

stability analysis. Simulations indicated that isolating MDR-TB patients accelerates re-

covery and essentially eliminates TB transmission, while vaccination reduces the number

of active TB cases. Ayinla and Wan Ainun (2019) developed a deterministic compart-

mental model to study the e�ect of isolating MDR-TB patients. Their model exhibited

two equilibria leading to backward bifurcation, and numerical simulations indicated that

quarantine policies could be e�ective in controlling the cases of MDR-TB via reducing

the incidence of the disease. Abdullahi et al. (2019) extended the SEIRS epidemiol-

ogy model of tuberculosis by including passive immunity and MDR-TB. Their analysis

showed that the disease free equilibrium is locally asymptotically stable if R0 < 1 and

globally asymptotically stable if R0 ≤ 1. They concluded that to control tuberculosis,

drug e�cacy should be improved and second line treatment enforced.

However, existing models have not simultaneously considered the combined e�ects of vac-

cination, reinfection, treatment failure and progression to MDR-TB in a uni�ed frame-

work. The interaction of these factors is not well understood, particularly in high-burden

settings where resources are limited and transmission pressures are high. Here we for-

mulate a deterministic compartmental model to study the transmission dynamics of TB

with vaccination, reinfection, treatment failure and progression of MDR-TB. The speci�c

objectives are to: (1) develop a six-compartment model (susceptible unvaccinated, suscep-

tible vaccinated, exposed, infectious with drug-susceptible TB, infectious with MDR-TB

and recovered); (2) establish qualitative properties of the model including positivity and

boundedness; (3) obtain the disease-free and endemic equilibria and compute the ba-

sic reproduction number R0; (4) carry out stability analysis using Lyapunov functions

and LaSalle's invariance principle; and (5) perform numerical simulations and sensitivity

analysis to identify key drivers of TB transmission. The rest of this paper is organized as

©2026 Department of Mathematics, Modibbo Adama University.



393 Musa et al. (2026). Int. J. Dev. Math. Vol. 3 Issue 2 |390�408|

follows. Section 2 deals with the formulation of the model. Basic properties of the model

is and the model theoretical analysis are presented in Section 3 Section 4. Sensitivity

analysis is described in Section 5. Implications of �ndings are discussed in Section 6.

Section 7 concludes with recommendations for policy and future research areas.

2 Mathematical Model Formulation

The proposed model strati�es the human population into six mutually-exclusive epidemi-

ological compartments to describe the transmission dynamics of Tuberculosis (TB). These

compartments are: susceptible unvaccinated individuals (Su), susceptible vaccinated in-

dividuals (Sv), exposed individuals (EH), infectious individuals (IH), multi-drug-resistant

infectious individuals (IR), and recovered individuals (RH).Individuals enter the popula-

tion at a constant rate ΛH . Of these new recruits, a proportion z enters the unvaccinated

susceptible class Su and the remaining proportion (1− z) enters the vaccinated suscepti-

ble class Sv. Natural mortality occurs at rate µH in both susceptible classes. Susceptible

unvaccinated individuals (Su) get infected with TB after e�ective contact with infectious

individuals at a force of infection λH adjusted by the vaccine e�cacy factor ε. Thus,

a fraction ελH of unvaccinated individuals are exposed and enter into the EH compart-

ment. Similarly, vaccinated susceptibles (Sv) are infected at a reduced rate (1 − ε)λH ,

where ϵ represents the degree of partial protection conferred by vaccination. The exposed

individuals (EH) are those who were infected but are not yet infectious. They transfer

to the infectious class (IH) at rate σ, or die naturally at rate µH . Infectious individuals

(IH) may be treated at a per capita rate τH .

A proportion (1−η) of treated individuals successfully recover at a rate (1−η)τH and en-

ter the recovered class (RH). A fraction η of treated individuals fail treatment, developing

multi-drug resistant TB and enter the IR compartment at a rate ητH . In addition, infec-

tious people die from natural causes or from the disease at a combined rate µH+di.Those

who acquire multi-drug resistance are moved to the compartment IR. These individuals

may recover at a rate ρH , or die from natural and disease induced causes at a combined

rate µH + dr.Recovered individuals (RH) lose immunity and become susceptible again at

rate (1− γ)λH , thus re-entering the infection cycle. Natural mortality at rate µH is also

experienced by recovered individuals.The vaccine-induced immunity wanes at rate ωH ,

causing vaccinated individuals to move from the vaccinated susceptible class Sv to the

unvaccinated susceptible class Su. Similarly, public health interventions may vaccinate

people at a rate ϕH or administer booster doses, moving individuals from Su to Sv. The

infection rate of humans is given as λH = βH(IH+κIR)
NH

. The equations for the TB model is

given by the following deterministic system of nonlinear di�erential equations in (1) and

the schematic diagram is depicted in Figure 1 while state variable and parameters are

presented in Tables 1 and 2 respectively.
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Figure 1. Schematic Diagram of the TB Model

dSu

dt
= zΛH + ϕSv − (ϵλH + µH + ω)Su

dSv

dt
= (1− z)ΛH + ωSu − (ϕ+ µH + (1− ϵ)λH)Sv

dEH

dt
= ϵλHSu + (1− ϵ)λHSv + (1− γ)λHRH − (σ + µH)E

dIH
dt

= σE − (µH + τH + di)IH

dIR
dt

= ητHIH − (ρH + dr + µH)IR

dRH

dt
= ρHIR + (1− η)τH − (µH + (1− γ)λH)RH

(1)

with initial conditions:

Su ≥ 0, Sv ≥ 0, EH > 0, IH > 0, IR > 0, RH > 0. (2)

Table 1. Description of Model State Variables

Variable Description

Su(t) Number of susceptible unvaccinated individuals at time
t

Sv(t) Number of susceptible vaccinated individuals at time t
EH(t) Number of exposed (latently infected, not yet infectious)

individuals at time t
IH(t) Number of infectious individuals with drug-sensitive tu-

berculosis (DS-TB) at time t
IR(t) Number of infectious individuals with multidrug-

resistant tuberculosis (MDR-TB) at time t
RH(t) Number of recovered individuals at time t (may have

temporary or permanent immunity)
NH(t) Total human population at time t, where NH = Su +

Sv + EH + IH + IR +RH
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Table 2. Description of Model Parameters

Parameter Description

ΛH Recruitment rate of new individuals into the human
population

z Proportion of new recruits entering the unvaccinated
susceptible class Su

(1− z) Proportion of new recruits entering the vaccinated sus-
ceptible class Sv

µH Natural death rate of humans (all compartments)
ε Vaccine e�cacy in reducing susceptibility to TB infec-

tion (0 ≤ ε ≤ 1)
ωH Rate of waning vaccine-induced immunity (progression

from Sv to Su)
ϕH Rate of vaccination or booster administration (progres-

sion from Su to Sv)
βH E�ective contact rate for transmission of drug-sensitive

TB
m Relative infectiousness factor of MDR-TB individuals

compared to drug-sensitive infectious individuals, so
that βR = mβH

σ Rate at which exposed individuals (EH) progress to ac-
tive drug-sensitive TB (IH)

τH Treatment rate of drug-sensitive infectious individuals
(IH)

η Proportion of treated IH individuals who develop drug
resistance and move to IR

τR Treatment rate of MDR-TB infectious individuals (IR)
di Disease-induced death rate of drug-sensitive infectious

individuals (IH)
dr Disease-induced death rate of MDR-TB infectious indi-

viduals (IR)
ρH Recovery rate of MDR-TB individuals (IR) to the recov-

ered class (RH)
γ Fraction of recovered individuals who acquire permanent

immunity
(1− γ) Fraction of recovered individuals who remain susceptible

to reinfection

2.1 Model Fitting and Parameter Estimation

The proposed TB model was calibrated using the reported tuberculosis case data from

Bulgaria, obtained from the European Centre for Disease Prevention and Control (ECDC)

tuberculosis surveillance database (European Centre for Disease Prevention and Control,

2024). Model �tting was performed by minimizing the sum of squared errors between

model output and observed incidence data. The key parameters estimated through

the �tting procedure are the e�ective contact rate (βH = 0.18838), vaccination rate
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(ϕH = 0.68234), vaccine e�cacy (ε = 0.46832), rate of progression from exposed to ac-

tive TB (σ = 0.11693), proportion of treated individuals who develop drug resistance

(η = 0.67401), and the proportion of recovered individuals who acquire permanent im-

munity (γ = 0.10648), as shown in Table 3. The other parameters were taken from the

literature or assumed on the basis of epidemiological plausibility. As seen in Figure 2,

the �tted model shows good agreement with the reported TB incidence and prevalence

data for Bulgaria, capturing the overall trend and magnitude of the observed cases. This

validation demonstrates the model's capacity to replicate the TB dynamics observed in

the real world, and supports its application for scenario analysis and intervention evalu-

ation.
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Figure 2. Fitted comparison of the Tuberculosis real data and model. The TB incidence and

prevalence data used for model calibration were obtained from the European Centre for

Disease Prevention and Control (ECDC) tuberculosis surveillance database for Bulgaria

European Centre for Disease Prevention and Control (2024)

©2026 Department of Mathematics, Modibbo Adama University.



397 Musa et al. (2026). Int. J. Dev. Math. Vol. 3 Issue 2 |390�408|

Table 3. Ranges and baseline values of parameters of the TB model.

Parameter Value Source

βH 0.18838 Fitted
ΛH 50000 Assumed
z 0.4 Assumed
ϕH 0.68234 Fitted
ε 0.46832 Fitted
ωH 0.25 Assumed
µH 0.01 Assumed
γ 0.10648 Fitted
σ 0.11693 Fitted
τH 0.5 Assumed
di 0.01 Assumed
η 0.67401 Fitted
ρH 0.1106456 Assumed
dr 0.0575 Assumed
τR 0.35 (World Health Organization, 2022)

3 Basic Properties of the TB Model

All associated parameters and state variables of the model system (1) are non-negative

for all t ≥ 0. We assert that the model has the following non-negativity result:

Theorem 3.1. For every time t > 0, all solutions of the model system with non-negative

initial data remain non-negative..

Proof. Let

t1 = sup{t > 0 : Su > 0, Sv > 0, EH ≥ 0, IH ≥ 0, IR ≥ 0, RH ≥ 0 for all t ∈ [0, t1]}.

Thus, t1 > 0. From the �rst equation of the model system,

dSu

dt
= zΛH + ϕSv − (ϵλH + µH + ω)Su ≥ −(ϵλH + µH + ω)Su

which can be written as

d

dt

[
Su(t) exp

{∫ t

0

ϵλH(u) du+ (µH + ω)t

}]
≥ 0

Hence,

Su(t1) ≥ Su(0) exp

{
−
∫ t1

0

ϵλH(u) du− (µH + ω)t1

}
> 0.

Also, from the second equation,

dSv

dt
= (1− z)ΠH + ωSu − (ϕ+ µH + (1− ϵ)λH)Sv

≥ −(ϕ+ µH + (1− ϵ)λH)Sv
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which gives
d

dt

[
Sv(t) exp

{∫ t

0

(1− ϵ)λH(u) du+ (ϕ+ µH)t

}]
≥ 0

Hence,

Sv(t1) ≥ Sv(0) exp

{
−
∫ t1

0

(1− ϵ)λH(u) du− (ϕ+ µH)t1

}
> 0.

In a similar manner, it can be shown that all remaining state variables of the model

system remain non-negative for all t > 0. Hence, all solutions of the model system with

non-negative initial conditions remain non-negative. □

Theorem 3.2. Consider the region

ZH =

{
(Su, Sv, EH , IH , IR, RH) ∈ R6

+ : NH(t) ≤
ΛH

µH

}
,

where NH = Su+Sv+EH+IH+IR+RH . Then, ZH is positively invariant and attracting.

Proof. Summing all equations of the model system gives

dNH

dt
= ΛH − µH(Su + Sv + EH + IH +RH)− diIH − drIR

≤ ΛH − µHNH .

Thus,
dNH

dt
≤ ΛH − µHNH .

Using the comparison theorem, we obtain

NH(t) ≤ NH(0)e
−µH t +

ΛH

µH

(
1− e−µH t

)
.

Hence,

NH(t) ≤
ΛH

µH

as t → ∞.

Therefore, the region ZH is positively invariant and attracting (Alhassan et al., 2024).

□

4 Theoretical Analysis

4.1 TB Model Disease Free Equilibrium

The TB model has a disease-free equilibrium given as:

E0 =
[
S0
u, S

0
v , E

0
H , I

0
H , I

0
R, R

0
H

]
=

[
ΛH

µH

,
(1− z)(µH + ω) + ωz

ϕµH

ΛH , 0, 0, 0, 0

]
(3)

To study the local stability of the disease free equilibrium (3) for the TB Model, we

used the next generation matrix approach (Van den Driessche and Watmough, 2002) as

adapted in (Abdullahi et al., 2024). From the model system (1) Matrix F of new infection
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terms Matrix V of linear transmission terms are given as:

F =

0 F0 κF0

0 0 0

0 0 0

 , V =

 k1 0 0

−σ k2 0

0 −ητH k3

 , (4)

where:

F0 =
βH [ϵS0

u + (1− ϵ)S0
v ]

N0
H

The TB Model e�ective reproduction number, Rc = ρ(FV −1) (where ρ is the spectral

radius of FV −1), can be easily de�ned as follows (5):

Rc =
βHσΛH

µH(σ + µH)(µH + τH + di)

[
ϵ+

(1− ϵ)
(
(1− z)µH + ω

)
ϕ

](
1 +

κητH
ρH + dr

)
(5)

By setting the control parameters of the model to zero, we obtain the basic reproduction

number R0 of the TB model as follows (6):

R0 =
βHσΛH

(σ + µH)(µH + di)

[
ϵ

µH

+
(1− ϵ)(1− z)

ϕ

]
(6)

R0 is the basic reproduction number of the TB model. It is the average number of new TB

cases that an infectious individual introduced into a fully susceptible community.

Theorem 4.1. The disease-free equilibrium (E0) (3) is locally asymptotically stable when

R0 < 1, and unstable when R0 > 1.

Theorem 4.1 implies that if we are able to reduce R0 to less than one, and keep it there,

then a small in�ux of TB-infected individuals will not cause a major outbreak in the

population.

4.2 Global Stability Analysis of DFE

Theorem 4.2. For the TB model system (1), the disease-free equilibrium E0 is unstable

if R0 > 1 and globally asymptotically stable (GAS) if R0 < 1.

Proof. The proof is based on the Castillo-Chavez and Song (2004) Theorem. Let G1 and

G2 describe the uninfected and infected compartments of the model system respectively.

Thus,

G1 = [Su, Sv, RH ]
T , G2 = [EH , IH , IR]

T

Thus, the model system can be expressed as follows:

dG1

dt
= F (G1,G2) ,

dG2

dt
= X (G1,G2) ; X (G1,0) = 0 (7)

To guarantee the global asymptotic stability of the disease-free equilibrium, E0, the fol-
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lowing conditions must be satis�ed:

(H1) :
(
G0
1 ,0

)
is globally asymptotically stable for

dG1

dt
= F (G1,0)

(H2) : X̂ ≥ 0 where X̂ (G1,G2) = AG2 −X (G1,G2)

such that A = DG2X (G0
1 ,0) is an M-matrix. To verify H1, we have from the model

system:

dG1

dt
= F (G1,0) =

 zΛH + ϕSv − (µH + ω)Su

(1− z)ΛH + ωSu − (ϕ+ µH)Sv

−µHRH

 (8)

The system above can be solved to give:
Su

Sv

RH

 =


S0
u + (Su(0)− S0

u) exp [−(µH + ω)t]

S0
v + (Sv(0)− S0

v) exp [−(ϕ+ µH)t]

RH(0) exp (−µHt)

 (9)

where (S0
u, S

0
v , 0) is obtained from:

0 = zΛH + ϕS0
v − (µH + ω)S0

u

0 = (1− z)ΛH + ωS0
u − (ϕ+ µH)S

0
v

Clearly, lim
t→∞

G1 = G0
1 . Hence, condition H1 is satis�ed. To verify condition H2, we

compute:

A = DG2X(G0
1 ,0) =

−(σ + µH) 0 0

σ −(µH + τH + di) 0

0 ητH −(ρH + dr)

 (10)

Clearly, A has negative diagonal entries and non-negative o�-diagonal entries; hence, A

is an M-matrix.

X(G1,G2) =

ϵλHSu + (1− ϵ)λHSv + (1− γ)λHRH − (σ + µH)EH

σEH − (µH + τH + di)IH
ητHIH − (ρH + dr)IR

 (11)

Therefore:

X̂ (G1,G2) = AG2 −X (G1,G2) =
[
X̂1, 0, 0

]T
(12)

where:

X̂1 = λH

[
ϵ
(
S0
u − Su

)
+ (1− ϵ)

(
S0
v − Sv

)]
Since Su ≤ S0

u, Sv ≤ S0
v , it follows that X̂ (G1,G2) ≥ 0. Thus, conditions H1 and H2 are

satis�ed. Therefore, by the Castillo-Chavez and Song (2004) Theorem, the disease-free

equilibrium E0 is globally asymptotically stable if R0 < 1 and unstable if R0 > 1.
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Figure 3. Global stability of infected

human population IH with di�erent initial

condition and R0 = 0.423 < 1.
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Figure 4. Global stability of infected

resistant human population IR with

di�erent initial condition and

R0 = 0.423 < 1.

Figures (3) and (4) describe the evolution of the time-dependent infected human popu-

lation, IH(t), and the infected resistant population, IR(t), for di�erent initial conditions

when R0 = 0.423 < 1.From Figure (3) we can see that for any initial population size,

all the trajectories of IH(t) monotonically decrease to zero, meaning that the infection

cannot be sustained and will eventually die out. The evolution of IR(t) shown in �gure

(4) starts with a rise and a maximum, and decreases to zero. This brief increase is typi-

cal of a short accumulation of resistant diseases before their �nal eradication.If R0 < 1,

then both IH(t) and IR(t) tend to zero for any initial condition, which implies that the

disease-free equilibrium is globally asymptotically stable. This means the disease will die

out no matter the initial level of infection. □

4.3 Endemic Equilibrium Point E∗

Let the endemic equilibrium of the system be denoted by:

E∗ = (S∗
u, S

∗
v , E

∗
H , I

∗
H , I

∗
R, R

∗
H) (13)

where:

S∗
u =

zΛH + ϕS∗
v

ϵλ∗
H + µH + ω

, S∗
v =

(1− z)ΠH + ωS∗
u

ϕ+ µH + (1− ϵ)λ∗
H

,

I∗H =
σE∗

H

µH + τH + di
, E∗

H =
λ∗
H

(
ϵS∗

u + (1− ϵ)S∗
v + (1− γ)R∗

H

)
σ + µH

,

I∗R =
ητH

ρH + dr
I∗H , R∗

H =
ρH

µH + (1− γ)λ∗
H

I∗R

4.4 Global Asymptotic Stability (GAS) of E∗

Theorem 4.3. The endemic equilibrium E∗ of the model system is globally asymptotically

stable whenever R0 > 1.
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Proof. Consider the Goh-Volterra type Lyapunov function de�ned as:

L =

(
Su − S∗

u − S∗
u ln

Su

S∗
u

)
+

(
Sv − S∗

v − S∗
v ln

Sv

S∗
v

)
+ a1

(
EH − E∗

H − E∗
H ln

EH

E∗
H

)
+ a2

(
IH − I∗H − I∗H ln

IH
I∗H

)
+ a3

(
IR − I∗R − I∗R ln

IR
I∗R

)
+ a4

(
RH −R∗

H −R∗
H ln

RH

R∗
H

) (14)

where the constants ai > 0 are chosen as:

a1 = 1, a2 = 1, a3 = 1, a4 = 1 (15)

Clearly, L ≥ 0 for all states in the feasible region and L = 0 if and only if the system is

at E∗. Di�erentiating L with respect to time, we obtain:

L̇ =

(
1− S∗

u

Su

)
Ṡu +

(
1− S∗

v

Sv

)
Ṡv

+ a1

(
1− E∗

H

EH

)
ĖH + a2

(
1− I∗H

IH

)
İH

+ a3

(
1− I∗R

IR

)
İR + a4

(
1− R∗

H

RH

)
ṘH

(16)

Substituting the model equations and a1 = a2 = a3 = a4 = 1 into the above expression

gives:

L̇ =

(
1− S∗

u

Su

)
[zΠH + ϕSv − (ϵλH + µH + ω)Su]

+

(
1− S∗

v

Sv

)
[(1− z)ΠH + ωSu − (ϕ+ µH + (1− ϵ)λH)Sv]

+

(
1− E∗

H

EH

)
[ϵλHSu + (1− ϵ)λHSv + (1− γ)λHRH − (σ + µH)EH ]

+

(
1− I∗H

IH

)
[σEH − (µH + τH + di)IH ]

+

(
1− I∗R

IR

)
[ητHIH − (ρH + dr)IR]

+

(
1− R∗

H

RH

)
[ρHIR − (µH + (1− γ)λH)RH ]

(17)
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Using the equilibrium relations:

zΠH + ϕS∗
v = (ϵλ∗

H + µH + ω)S∗
u,

(1− z)ΠH + ωS∗
u = (ϕ+ µH + (1− ϵ)λ∗

H)S
∗
v ,

(σ + µH)E
∗
H = ϵλ∗

HS
∗
u + (1− ϵ)λ∗

HS
∗
v + (1− γ)λ∗

HR
∗
H ,

(µH + τH + di)I
∗
H = σE∗

H ,

(ρH + dr)I
∗
R = ητHI

∗
H ,

(µH + (1− γ)λ∗
H)R

∗
H = ρHI

∗
R

and simplifying, we obtain:

L̇ = (µH + ω)S∗
u

(
2− Su

S∗
u

− S∗
u

Su

)
+ (ϕ+ µH)S

∗
v

(
2− Sv

S∗
v

− S∗
v

Sv

)
+ (σ + µH)E

∗
H

(
2− EH

E∗
H

− E∗
H

EH

)
+ (µH + τH + di)I

∗
H

(
2− IH

I∗H
− I∗H

IH

)
+ (ρH + dr)I

∗
R

(
2− IR

I∗R
− I∗R

IR

)
+ (µH + (1− γ)λ∗

H)R
∗
H

(
2− RH

R∗
H

− R∗
H

RH

) (18)

By the inequality between arithmetic and geometric means, each term satis�es 2− x
x∗ −

x∗

x
≤ 0 with equality if and only if x = x∗. Hence L̇ ≤ 0 with equality if and only if

Su = S∗
u, Sv = S∗

v , EH = E∗
H , IH = I∗H , IR = I∗R, RH = R∗

HHence the largest

invariant set in {L̇ = 0} is the singleton {E∗}. By LaSalle's invariance principle, E∗ is

globally asymptotically stable if R0 > 1.
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Figure 5. Global stability of infected

human population IH with di�erent initial

conditions and R0 = 8.012 > 1.
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Figure 6. Global stability of infected

resistant human population IR with

di�erent initial conditions and

R0 = 8.012 > 1.

Figures 5 and 6 show the time evolution and global stability of infected populations

with di�erent initial conditions for R0 = 8.012 > 1, indicating high disease transmission

potential. In Figure 5 all trajectories increase and reach their maximum early on in

the �rst few time units. The peak magnitude is a function of the initial condition .

Larger initial infections lead to earlier and more pronounced peaks . After this temporary

increase all curves fall and attain a common steady state level. This behavior con�rms
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the global stability of the endemic equilibrium as the infectious population converges to

the same long term value regardless of the initial position. A similar pattern can be seen

in Figure 6. The infected resistant population also rises to an initial-condition-dependent

peak before gradually decreasing. The fact that all trajectories converge to the same

equilibrium level also implies global asymptotic stability of this compartment. □

5 Sensitivity Analysis

The sensitivity analysis of the Partial Rank Correlation Coe�cient (PRCC) shows the rel-

ative importance of model parameters on the basic reproduction number R0 (Figure 9)

and the control reproduction number Rc (Figure 7). The most in�uential parameter

with a strong positive correlation for R0 is the human-to-human transmission rate βH .

That means the more intense the transmission, the more likely it is that the disease will

be transmitted through the population. On the other hand, the human natural death

rate µH and the disease-induced death rate di are strongly negatively correlated. The

death rate removes individuals from the infectious pool, and thus decreases the overall

transmission. Similarly, the parameters ε, r and dr have moderate negative correlations,

indicating that these parameters help to reduce R0, but to a lesser extent than µH and di.

The correlations among parameters such as δ , τH , η , and ρH are weak or almost zero,

which suggests that they have little e�ect on R0 in baseline. A similar, but more subtle

pattern is observed for the control reproduction number Rc. The transmission parameter

βH continues to be positively correlated and central to maintaining disease transmission,

even in the presence of control measures. However, the human natural death rate µH is

the most dominant negative contributor because it has a stronger suppressive e�ect on

Rc than on R0. This emphasizes the importance of removal processes to reduce transmis-

sion under intervention scenarios. Interestingly, the treatment parameter η is moderately

positively correlated with Rc, which indicates that it plays a more important role when

the control strategies are applied. Also, the parameters such as ρH , dr have a moderate

negative in�uence which indicates the importance of them in reducing the disease trans-

mission under control measures. The other parameters still exhibit weak or negligible

correlations, which supports their minor role in the overall dynamics.

The results of PRCC consistently indicate that βH is the most important driver of disease

transmission. This highlights the importance of interventions that reduce e�ective con-

tact or transmission probability. Meanwhile, the parameters associated with the removal

processes, in particular, µH and di, play a key role in suppressing the spread of infection.

The di�erences between R0 and Rc also imply that some parameters may have more

in�uence in the control situation, which points to the dynamic interplay between the

natural evolution of the disease and the intervention attempts. These results highlight

the importance of targeting interventions that reduce transmission and increase recovery

or removal rates for e�ective disease control.
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Figure 7. PRCC plot for Rc versus the

parameters of model (1).

Figure 8. Box plot for the control

reproduction number Rc.

Figure 9. PRCC plot for R0 versus the

parameters of model (1).

Figure 10. Box plot for the basic

reproduction number R0.

6 Discussion

We have developed and analyzed a deterministic compartmental model for the trans-

mission dynamics of tuberculosis (TB) with vaccination, treatment failure, reinfection

and progression to multidrug resistant tuberculosis (MDR-TB). The model has six epi-

demiological classes, namely susceptible unvaccinated, susceptible vaccinated, exposed,

infectious, MDR-TB infectious and recovered. This framework provides a realistic frame-

work to study the joint e�ects of vaccination and treatment-induced resistance on TB

transmission. The positivity and boundedness analysis ensured that the model is math-

ematically and epidemiologically well posed, i.e., all state variables remain non-negative

and biologically meaningful over time. We obtained the basic reproduction number R0

and determined the disease-free equilibrium (DFE) and the endemic equilibrium by the

next-generation matrix method. The threshold property of R0 indicates that the elimina-

tion of TB transmission is only possible when R0 < 1 while sustained persistence occurs

when R0 > 1.

The results were also con�rmed by local and global stability analysis. It was shown

that the disease free equilibrium is locally asymptotically stable for R0 < 1 and unsta-
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ble for R0 > 1. In addition, the DFE was shown to be globally asymptotically stable

for R0 < 1, using the Castillo-Chavez approach . This implies that the disease would

eventually die out regardless of the initial infection size. Numerical simulations support

this and show that both infectious and resistant infectious populations converge to zero

under di�erent initial conditions for R0 < 1. For R0 > 1, the global asymptotic stability

of the endemic equilibrium was proved using a suitable Lyapunov function and LaSalle's

invariance principle. This means that if the reproduction number is above one, the disease

continues to circulate in the population and tends to a stable endemic state. Simulation

results showed the convergence of infectious and resistant classes to positive equilibrium

values, thus con�rming the persistence of the disease.

The sensitivity analysis was carried out using the Partial Rank Correlation Coe�cients

(PRCC) and the e�ective contact rate βH was identi�ed as the most in�uential param-

eter, which positively a�ects both R0 and Rc. This �nding suggests the importance of

controlling transmission through early diagnosis, reduced contact with infective individ-

uals and improved infection control measures for TB control. Parameters such as natural

death rate µH , disease-induced death rates (di and dr), and parameters related to recov-

ery showed signi�cant negative e�ects, highlighting the importance of early treatment

and proper management of MDR-TB cases. The �ndings also suggest that vaccination

alone may not be su�cient to eliminate TB, especially when lack of treatment results

in drug resistance. E�ective vaccination and better treatment adherence, early detection

and proper management of MDR-TB patients together provide the potential for mean-

ingful control of the disease and for elimination. This study has a number of limitations

that should be acknowledged. The model assumes homogeneous mixing, which may over-

simplify the dynamics of TB transmission in heterogeneous populations. They did not

take into account age structure, spatial heterogeneity and HIV co-infection, which have

major impacts on TB progression and treatment outcomes. Future work should extend

the model to incorporate these factors and investigate the cost-e�ectiveness analysis of

di�erent combinations of interventions.

7 Conclusion

In this work, we have formulated and analyzed a mathematical model of tuberculosis

transmission including vaccination and multidrug resistance. The model could capture

the role of vaccination, reinfection, failure of treatment and progression to MDR-TB in

disease spread. The analysis shows that the basic reproduction number R0 is the main

threshold parameter which determines the extinction or persistence of the disease. It

was shown that the disease-free equilibrium is locally and globally asymptotically stable

whenR0 < 1, and the endemic equilibrium is globally asymptotically stable whenR0 > 1.

These results indicate that reducing the reproduction number below unity is necessary

for e�ective TB elimination. Results of sensitivity analysis showed that the transmission

rate is the most important factor in disease spread, while the treatment and recovery pa-

rameters play an important role in reducing disease burden. This �nding underscores the

importance of the need to strengthen vaccination programs, improve treatment adher-

ence, prevent treatment failure and reduce the emergence of MDR-TB. Therefore, public

health policies for TB control should concentrate on integrated intervention strategies
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rather than individual control measures. Future work may extend this model by incorpo-

rating optimal control strategies, age structure, co-infection dynamics, or time-dependent

interventions to further improve TB management and policy recommendations.
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