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Abstract

Cholera remains a significant public health
concern in regions with inadequate wa-
ter, sanitation, and hygiene facilities.
This study develops and analyzes an age-
structured cholera transmission model with
environmental contamination to investigate
the dynamics of the disease in Shendam Lo-
cal Government Area, Plateau State, Nige-
ria. The model incorporates susceptible, in-
fected, and recovered children and adults,
together with an environmental bacterial
reservoir. Fundamental qualitative prop-
erties of the model, including positivity
and boundedness of solutions, were estab-
lished. The basic reproduction number, Ry,
was derived using the next-generation ma-
trix method, and stability analysis showed
that the disease-free equilibrium is glob-
ally asymptotically stable when Ry < 1,
while the endemic equilibrium is globally
asymptotically stable when Ry > 1. The
model was calibrated using monthly cholera
case data from January to December 2025
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through a least-squares fitting procedure
in MATLAB, yielding good agreement be-
tween observed and simulated data. Sensi-
tivity analysis revealed that direct and en-
vironmental transmission rates, as well as
bacterial shedding, are the most influen-
tial parameters driving disease persistence,
whereas recovery, bacterial decay, and im-
proved sanitation contribute significantly to

Jantiku & Abdullahi (2026). Int. J. Dev. Math. Vol. 3 Issue 2 [252-277|

ronmental hygiene and treatment interven-
tions substantially decrease infection preva-
lence. The findings highlight the critical
role of environmental contamination in sus-
taining cholera transmission and underscore
the importance of integrated control mea-
sures, including improved sanitation, safe
water supply, environmental management,
and effective treatment programmes, for

disease reduction. Numerical simulations sustainable cholera control.

further demonstrated that enhanced envi-

1 Introduction

Cholera is an acute diarrhoeal disease caused by the bacterium Vibrio cholerae, primar-
ily transmitted through the consumption of contaminated water or food. The disease
remains a major public health concern, particularly in low and middle-income countries
where access to safe water, sanitation, and healthcare services is inadequate (WHO,
2022). Clinical manifestations range from mild diarrhoea to severe dehydration, cir-
culatory collapse, and death if prompt treatment is not provided. Despite advances in
prevention and treatment, cholera continues to cause substantial morbidity and mortality
worldwide.

Globally, cholera remains endemic in many regions, with recurrent outbreaks reported
across Africa, Asia, and parts of the Middle East. The World Health Organization esti-
mates that approximately 1.3—4.0 million cholera cases and between 21,000 and 143,000
deaths occur annually (WHO, 2024a). Recent reports indicate a resurgence of cholera
outbreaks in several countries, with the African region accounting for a disproportion-
ately high burden of reported cases and deaths (Africa CDC, 2025; WHO, 2026). These
trends highlight the continuing threat posed by cholera and the need for effective disease
control strategies.

Nigeria is among the countries that experience recurrent cholera outbreaks, particularly
during the rainy season when flooding often compromises water quality and sanitation
systems (NCDC, 2020). Several outbreaks have been recorded across the country in re-
cent years, resulting in significant morbidity and mortality. Northern Nigeria remains
especially vulnerable due to inadequate water, sanitation, and hygiene (WASH) infras-
tructure, population displacement, rapid urbanization, and environmental factors that fa-
cilitate disease transmission. In Plateau State, recurrent outbreaks have been associated
with poor sanitation, unsafe water sources, seasonal flooding, and population mobility
(Abubakar et al., 2016; Ali et al., 2015). Although no major outbreak was reported in
Plateau State as of early 2025, communities such as Shendam Local Government Area
remain susceptible because of their environmental and socioeconomic conditions.

The transmission dynamics of cholera are complex because they involve interactions be-
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tween human hosts and environmental reservoirs contaminated with Vibrio cholerae.
Infection may occur through direct human-to-human contact or indirectly through con-
taminated water sources (Codeco, 2001). Since environmental bacterial concentration
plays a significant role in disease spread, mathematical models that incorporate environ-
mental transmission have become valuable tools for understanding cholera epidemiology
and evaluating intervention strategies.

Mathematical modelling has contributed substantially to the study of infectious disease
dynamics by providing quantitative frameworks for analysing disease transmission, pre-
dicting outbreak behaviour, and assessing control measures (Heesterbeek et al., 2015;
Keeling & Rohani, 2008). Numerous cholera models have been developed to investigate
the effects of environmental transmission, vaccination, demographic processes, and in-
tervention strategies (Cai et al., 2020; Cheng et al., 2023; Codeco, 2001; Finger et al.,
2018; Hartley et al., 2006; Hove-Musekwa et al., 2011; Mukandavire et al., 2011; Mwasa
& Tchuenche |, 2011; Sun et al., 2017; Tien & Earn, 2010). However, many existing mod-
els assume homogeneous mixing of the population and do not adequately account for
age-specific differences in susceptibility, exposure, recovery, and contact behaviour.

Age structure is an important determinant of disease transmission because children and
adults often exhibit distinct behavioural patterns, exposure risks, and immune responses
(Anderson & May, 1991; Hethcote, 2000). Previous studies have demonstrated that
age-structured models provide more realistic descriptions of disease dynamics and can
identify high-risk groups for targeted interventions (Cai et al., 2017; Cheng et al., 2024;
Lin et al., 2019; Mossong et al., 2008; Wallinga et al., 2006; Yang et al., 2014). Although
age-structured approaches have been applied to several infectious diseases, relatively few
cholera studies explicitly distinguish between children and adults while simultaneously
incorporating environmental transmission.

Motivated by the continued burden of cholera in Nigeria, this study develops and analy-
ses an age-structured cholera transmission model for Shendam Local Government Area,
Plateau State. The model incorporates child and adult populations, each stratified into
susceptible, infectious, and recovered classes, together with an environmental reservoir of
Vibrio cholerae, thereby capturing both demographic heterogeneity and environmental
transmission dynamics. The model formulation, analytical results, parameter estimation,
sensitivity analysis, and numerical simulations are presented in Sections 2 and 3, while the
results, discussion, and conclusions are provided in Sections 4, 5, and 6, respectively.

2 Mathematical Model Formulation

The human population is stratified into susceptible, infected, and recovered classes for
both children and adults, denoted by S.(t), I.(t), Rc(t), Sa(t), 1,(t), and R,(t), respec-
tively. An additional variable, B(t), represents the concentration of Vibrio cholerae in
the environment. The state variables, model parameters, and transmission dynamics
are summarized in Table 1, Table 2, and Figure 1, respectively. The resulting cholera
transmission dynamics are described by the following system of nonlinear differential
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equations:
dcic = A+ wR. — (Bccfc + Kﬁ :BB +o+ u) Se,
dft“ = ¢S + wa Ry — (ﬁaala + Kﬁ :B =+ M) S
Ciiftc _ (5ce[c + Kﬁi_BB) S — (e + 0 + p) 1,
cgj B <5aa[a + KBZBB) Sa = (Ya + 00 + 1) L, (1)
% = Vel — (we + 1) Re,
% = Yala — (Wa + 1) Ra,
Cz—f = ol + aoly — (04 1) B.

The susceptible children population S, increases through recruitment at rate A and
through loss of immunity among recovered children at rate w.R.. The population de-
creases due to infection from infected children at rate (§..1.S., infection through contact
with contaminated environment at rate IgféSc, progression into the adult susceptible
class at rate ¢S., and natural death at rate u.S..

The susceptible adult population S, increases through maturation of susceptible chil-
dren at rate ¢S. and through waning immunity among recovered adults at rate w,R,.
The adult susceptible class decreases through infection caused by infected adults at
rate (,.1,5,, environmental transmission at rate 1?}353 S,, and natural mortality at rate
WSg.

The infected children compartment I. increases when susceptible children acquire infec-
tion either through direct child-to-child transmission or through exposure to contaminated
bacteria in the environment. Infected children leave the compartment through recovery
at rate v./., disease-induced death at rate d./., and natural death at rate ul..

Similarly, the infected adult compartment I, increases through adult-to-adult transmis-
sion and environmental exposure, while infected adults recover at rate v,1,, die due to
disease at rate d,1,, or die naturally at rate ul,.

Recovered children R, are generated through recovery of infected children at rate 7./..
Recovered children lose immunity at rate w.R. and experience natural mortality at rate
1R,

Recovered adults R, arise from recovery of infected adults at rate v,/,. They lose immu-
nity at rate w, R, and die naturally at rate puR,.

The bacterial population B increases due to shedding of pathogens by infected children
and infected adults at rates a.l. and a,l,, respectively. The bacterial concentration
decreases through environmental sanitation or cleaning at rate B and natural bacterial
decay at rate p,B5.

The term I’?’fB is a saturated incidence function representing environmental transmission,
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where K denotes the half-saturation constant. This formulation captures the nonlinear
effect of bacterial concentration on disease transmission.
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/‘Xc Se_" [ +K+BJ o7 71 ey uR
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Figure 1. Schematic Diagram of the Model.

Table 1. Description of state variables

Variable | Description
Se(t) Population of susceptible children at time ¢
Sa(t) Population of susceptible adults at time ¢
) Population of infected children at time ¢
I,(t) Population of infected adults at time ¢

R.(t) Population of recovered children at time ¢

R, (t) Population of recovered adults at time ¢

B(t) Concentration of pathogenic bacteria in the environment
at time ¢
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Table 2. Description of model parameters

Parameter | Description

A Recruitment rate into the susceptible children popula-
tion

Bee Transmission rate from infected children to susceptible
children

Baa Transmission rate from infected adults to susceptible
adults

By Environmental transmission rate due to contaminated
bacteria

) Progression /maturation rate from children to adults

1 Natural death rate of humans

Ve Recovery rate of infected children

Ya Recovery rate of infected adults

O Disease-induced death rate for infected children

Oq Disease-induced death rate for infected adults

We Loss of immunity rate for recovered children

Wq Loss of immunity rate for recovered adults

Qe Bacterial shedding rate by infected children

Qg Bacterial shedding rate by infected adults

0 Bacterial removal rate due to environmental sanitation

b Natural death/decay rate of bacteria

K Half-saturation constant for environmental transmission

3 Analysis of the Model

3.1 Positivity and Boundedness

3.1.1 Positivity of Solutions

In epidemiological modeling, it is important to show that all state variables remain non-
negative for all time since they represent human populations and bacterial concentration.
We therefore establish the positivity of solutions of the model.

Theorem 3.1 (Positivity). Let
(Sc<0)v Sa(o)v ]c<0)a Ia(o)v RC(O)’ Ra(())? B(O)) € RZ—

Then all solutions of the model remain nonnegative for all t > 0. Hence, the nonnegative
orthant

RZ_ = {(Sca Sa: Ica [a7 Rc> Ra: B) € R7 : Sca Sa> [m Iaa Rca Rm B > O}
15 positively invariant.

Proof. To establish positivity, suppose there exists a first time t; > 0 at which one of
the state variables becomes zero while all variables remain positive on [0,¢;). Evaluating
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the corresponding model equation at t = t; gives

ds.,
— A+ w,Ry(ty) > 0.
i . =+ w ( 1) >
ds,
= ngc(tl) + waRa(tl) Z Oa
dt ity
d]c BbB(tl)
= B gy s
dt|._, K+ B(t) ()
dl, ByB(t:)
= 220U g (1) >0,
dt |,_, K+DB(t) (t) 2
dR,
= /Yclc(tl) 2 07
dt tty
dR,
= 'Yala(tl) Z 07
dt 1=t
and B
e = Oécjc(tl) + O-/aja(tl) Z 0
dt bty

Thus, none of the state variables can cross the boundary of the nonnegative orthant into
the negative region. Therefore, all solutions remain nonnegative for all ¢ > 0, and the
region RZF is positively invariant.
3.1.2  Boundedness of Solutions

In this section, we show that the solutions of the model remain bounded in a biologically
meaningful feasible region. This guarantees that the population variables and bacterial
concentration do not grow without bound as time increases.

Proposition 3.2 (Boundedness). All solutions of the model with nonnegative initial con-

ditions remain nonnegative and bounded for all t > 0. Furthermore, the feasible region

A A(ozCJroza)}
O = (S0, S0, L, I, Ry Ry, B) €RT - N(1) < =, B(t) < 22T %) L
{< ) € Ry NG T () 11(0 + pp)

18 positively invariant.

Proof. Let
N({t)=S.+S,+ 1.+ 1,+ R.+ R,.

Adding the first six equations of the model gives

dN
— =A—uN —0.1.—6,1,.
dt a
Since 0.1, 0,1, > 0, we obtain
dN
— < A —uN.
a =0 H
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Applying the Comparison Theorem in (Lakshmikantham & Leela, 1969) yields

so that

A A
N < (Vo - ) e,
(t) . (0) .
A
0< N(t) < — for all ¢ > 0.
i

Similarly, from the bacterial population equation,

dB
E = Oéc[C =+ aa[a — (9 + [Lb)B,

and using I, I, < N(t) < A/u, we obtain

dB < Aac+ad)

—_— B.
P (0 + o)

Again, by the Comparison Theorem in (Lakshmikantham & Leela, 1969),

Alae + @)

as t — oo.
(0 + )

B(t) <

Hence, all state variables remain bounded in ). Therefore, the feasible region  is
positively invariant and biologically meaningful.

3.2 Disease-Free Equilibrium Point

The equilibrium points of the model are obtained by setting

dS. _dS, _dl. _dl, _dR. _dR, _dB _

dt

At dt dt — dt

dt — dt

At the disease-free equilibrium (DFE), there are no infected individuals and no bacterial
concentration in the environment. Thus,

I.=1,=R.=R,=B=0.

Substituting these conditions into the equilibrium equations gives

A dA
G0 — 7
“ o+ p)

Hence, the disease-free equilibrium point of the system is

EO:( A g

: ,0,0,0,0,0 ) .
¢4 p o+ p) )
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3.3 Basic Reproduction Number

The basic reproduction number, denoted by Ry, is derived using the next-generation
matrix method in (Diekmann et al., 2010; Driessche & Watmough , 2002). The Jacobian
matrix associated with new infection terms evaluated at the DFE is

SO
ﬁccsg 0 b
F 50
T 0 BawsSy = |
B8y
0 0 0
while the transition matrix is
Ve + 0c + 1 0 0
V= 0 Yo + 00 + 1 0
—a, —ay 0 + 1y
The inverse of V' is given by
! 0 0
A
Vvl = 0 i 0
— Yy 7
Q. oy 1
AQ  AQ Q

where
AC:IYC+5C+M7 Aa:7a+5a+,u, Q:(9+Mb

Hence, the next-generation matrix becomes

/BCCSS + ﬁb&csg ﬁbaasg 61)8’2
A KAQ KA.Q KQ
FV_l == ﬁbacsg Baa‘s’g + 5b04a52 Bbsg
KA.Q A, KA,Q K@
0 0 0

The basic reproduction number is defined as the spectral radius of the next-generation
matrix:

Ry = p(FV™).

Thus,
Ry = max{R., R,},
where
/BCCA ﬁbacA

B et 050 T Kt (e + 0 4 (O )
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and

— ﬁaa@bA + @,Oéagzﬁ/\
Cope+ ) (va+0a+ 1) Kp(d+ ) (Ve + 00+ 1) (0 + )

Therefore, R, represents the average number of secondary infections generated by a single
infectious individual introduced into a wholly susceptible population. Thus, the following
lemma is established:

Lemma 3.3. The disease-free equilibrium is locally asymptotically stable if Ry < 1, and
unstable if Ry > 1.

3.4 Existence of the Endemic Equilibrium Point

In this section, we establish the existence of the endemic equilibrium point (EEP) of
the model. The endemic equilibrium corresponds to a steady-state solution at which the
disease persists in the population, namely,

I >0, I; >0, B* > 0.

3.4.1  FEquilibrium Equations
Let
E*=(S:, S 121 R R B")

a’ c?)a’

denote an endemic equilibrium point of the system. Setting

dS. dS, dI, dl, dR. dR, dB
dat  dt dt dt  dt  dt  dt

we obtain the equilibrium system

By B*
A c . — ccl* = ) 2
By B*
* a *_ aa[* *: ,
oS +w. R, (6 “+K+B*+” Sr=0 (3)
By B*
cc-[%< v = c 60 I*a 4
(5 T St = (Ve + e+ p)I7 (4)
By B*
aa]* ;= a 50, 1*7
(6 T Sy = (Va + 00 + 1)1, (5)
A7
Ry = Joe (6)
We + 1
ol
Ry= 1" (7)
We + 1
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and
B ocd) + ol

B*
0+

(8)

Substituting equations (6)—(8) into equations (2) and (3) yields

CC]->k
A+M—C

g* — We + 1 9)

C B* )
Beel* + by +o+p

K + B*

and i
657 4 Walala
g _ ¢ Watp
@ By B*
aal*
z “+K+B*

(10)

+p
3.4.2  FEuxistence of the Endemic Equilibrium
We now establish the existence of a positive endemic equilibrium.

Theorem 3.4. Given that the feasible region

A A(ac+&a)}
Q: ScaSmIca]chaRaaB €R7:Nt S_a Bt S— )

s positively invariant. The model admits at least one endemic equilibrium point in )
whenever Ry > 1.

Proof. Define the forces of infection

By B*

)\*: ccP< )

e = Bele g

and 5,B"
M= Bl Lo

=0 “+K+B*

Using equations (9) and (10), we obtain

S* = , 11

et IO T 0+ 1) .
e Bwa + 1)S; +
* Wa + 1) 5S¢ + WaYals

St = . 12

(et %+ 1) -

Substituting equations (11) and (12) into equations (4) and (5) gives
Awe + 1) + weyel; )
A ) = (Ve + 0+ p)l}, 13
(G rmtersam) = ) 1
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and

N (sb(wa + 1)S: + waral
(wu+ WV + 1)

Furthermore, from equation (8),

) = (Yo + 00 + )1 (14)

acdl + ol

B* =
0+ o

Equations (13)—(15) define a continuous nonlinear mapping
F Q= Q.

Since the feasible region €2 is positively invariant and bounded, it follows that €2 is compact
and convex in R’ . Moreover, all model parameters are positive; hence the mapping F is
continuous on 2. Furthermore, when Ry > 1, the disease-free equilibrium loses stability
and the infection components satisfy I > 0, I¥ > 0. Consequently, equations (13)—(15)
admit positive solutions in Q. Therefore, by Brouwer’s Fixed Point Theorem in (Granas
& Dugundji, 2003), the mapping F possesses at least one fixed point

E* = (8,85, 1" I R*, R*, B*) € Q1.

a’~c’)a

Finally, equations (6)—(8) imply that R: > 0, R} > 0, B* > 0, whenever [} > 0, I > 0.
Similarly, equations (11) and (12) yield S > 0, S* > 0. Hence, E* is a positive endemic
equilibrium point of the system whenever Ry > 1. This completes the proof.

3.5 Stability Analysis

3.5.1 Global Stability Analysis of the Disease-Free Equilibrium

In this section, we establish the global asymptotic stability of the disease-free equilib-
rium (DFE) using the Lyapunov direct method together with LaSalle’s Invariance Prin-
ciple.

Theorem 3.5. Given that the feasible region () is positively invariant. Then the disease-
free equilibrium point Eqy is globally asymptotically stable in Q0 whenever Ry < 1.

Proof.

Consider the Lyapunov function

V(Ic;-[aaB) = a1[c+a2]a+a3B7 (]‘6)

where a1, as,a3 > 0 are constants to be determined.

Differentiating V' along the trajectories of the system gives

V = a1f0+a2fa+a33. (17)

Substituting the model equations yields

(©2026 Department of Mathematics, Modibbo Adama University.
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BB

By B
+ a2 |:<ﬁaaja + K + B) Sa - (7(1 + 5(1 + N)Ia:|

+ az [acl. + oIy, — (0 + 1) BJ .

V=a Kﬂccfc +
(18)

Since the feasible region € is positively invariant, we have S, < 5%, S, < S°.

. B B .
Furthermore, since 25 < £, it follows that

ByS?
K

V <ay [BCCSSIC + B — (Ve +0c + M)IC}

BpS?
K

+ az [ad. + oI, — (0 + ) B .

(19)

+ ay {ﬁmsﬁj]a + B — (Y4 + 04 + u)la]

Rearranging terms gives

V S [alﬂccsg — a1 (’YC + 60 + M) + a3ac} Ic
+ [a2ﬁaa52 — Q2 (761 + 5a + M) + a305a:| Ia

0 0 (20)
N [mﬁb c . az S, —a3(9+ub)] B

K K

andagzK(Bb (sS 45 )

Choose a; = O+pp) \ Yetdetn ' Yatdatp

A9 —

1 1
'Yc+§c+/1/ ? 'Ya+6a+,u ’

Substituting these choices into V gives

I,

0 0
V S |: BccSc + /BbOéCSC B 1:|
70+5c+u K(70+§c+ﬂ)<9+ub)
|: ﬁaasg Bbaass

(21)
—1
7a+6a+u K(7a+5a+ﬂ)(9+ﬂb) }

1,.
Using the expressions R. and R, we obtain

V S (Rc - l)lc + (Ra - l)Ia~ (22)

Since Ry = max{R,, R,}, it follows that if Ry < 1, then R. <1, R, < 1, and therefore,
V < 0. Moreover, V =0 if and only if I. =0, [, = 0. Substituting I. = I, = 0 into the
bacterial equation gives

dB
0+ m)B
0 (0 + 1) B,
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which implies B = 0. Similarly,

dR.
dt

dR,
dt

= _(wc + /L)Rca = _(wa + /L)Raa

so that R. = R, = 0. The remaining subsystem becomes

ds. ds

dt A — (¢ + M)Scu dt = QbSc - /~LS¢M

whose unique equilibrium is S, = S, S, = SY. Hence, the largest invariant subset con-
tained in {V = 0} is the singleton set {E,}. Therefore, by LaSalle’s Invariance Principle,
every solution in the feasible region ) converges to the disease-free equilibrium point as
t — o0o. Hence, the disease-free equilibrium Ej is globally asymptotically stable whenever
Ry < 1.

Remark 3.6. Biological Interpretation

The global asymptotic stability of the disease-free equilibrium implies that whenever Ry <
1, the infection cannot persist in the population. Consequently, the infected populations
and environmental bacterial concentration gradually vanish over time, and the system
converges to the disease-free steady state.

3.5.2  Global Stability of the Endemic Equilibrium

In this section, we establish the global asymptotic stability of the endemic equilibrium
point using a suitable Goh—Volterra type Lyapunov function together with LaSalle’s In-
variance Principle. At equilibrium, the following relations hold:

At we Ry = (AL + ¢+ p)S,
PSe +wa Ry = (A, + p)Sg,
AeSe = Al
AaSq = Auly, (23)
Velo = WeR;,
Yaly = W IR,
adl + o, = QB

where
Ac:/70+5c+#'7 Aa:7a+6a+,ua Wc:wc+ﬂ> Wa:wa+MaQ:9+Mbv
and

By B* By B*
K + B*’ K + B*

Theorem 3.7. Suppose that Ry > 1 and the endemic equilibrium point E* exists uniquely
in the feasible region 2. Then E* is globally asymptotically stable in €.

AZ = Bcclz + AZ - Baalz +

(©2026 Department of Mathematics, Modibbo Adama University.
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Proof. Consider the Lyapunov function

* * SC * * Sa * * I
V—(&—Sf%%m§>+(&—SM%%m%)+(Q I —I*In ) ( 11%)

R R B
R.— R — R'1 B R,— R'—R'1 —9 B — B* — B* .
*( C C“R*)*( g ““R*)*( B)

C a

(24)

Recall that for any positive number z, x —1 —1Inz > 0. Hence, z — 2" — 2" In % > 0 for
all positive z. Therefore, V' > 0, with equality if and only if

Se=58: S,=8;, I.=1;, I,=1,, R.=R., R,=R, B=DB"

Thus, the Lyapunov function is positive definite with respect to the endemic equilibrium.
Differentiating V' along solutions of the system yields

V(-5 ) b (1= ) Sr (1) fer (1- ) v (1- ) R
Sc Sa Ic [a RC
P (-5 ) B

Substituting the model equations into V and applying the endemic equilibrium identities,
after straightforward algebraic simplification we obtain

SrooASAE Sy AaSady 1, I'R
_ * c c VxR Q a -a _ * | Z¢€ c_C_2
V= AS{SJFA*S* + =< 3} AS[SJFA*S* +]; 3} [ ik ]

I, IR, B B* acle + agl,
SN S E e S| Y-8 (@cletaul) |

Ir IR B(ozc.f;k + g l})

(26)
Now observe that each bracketed expression is non-negative by the Arithmetic Mean—
Geometric Mean inequality. Indeed, for positive numbers xq, s, ..., Ty,
T +To+ -+ Ty
> Yx1To - Ty
n

For the first bracketed term, define z; = ‘;z Ty = /A\chIC’ T3 = I*. Then z1x523 f\‘

At equilibrium, A\, = A}, hence, xjx9x3 = 1. Therefore, x; + x5 + x3 > 3. Similarly, all
remaining bracketed expressions are non-negative. Consequently, V' < 0. Furthermore,
V =0 if and only if

Se=8. S,=8;, I.=1;, I,=1,, R.=R., R,=R, B=DB"

Hence, the largest invariant subset contained in {V = 0} is the singleton set { £*}. There-
fore, by LaSalle’s Invariance Principle, every solution in the feasible region ) converges
to the endemic equilibrium point E* as t — oo. Thus, the endemic equilibrium point £*
is globally asymptotically stable whenever Ry > 1.
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3.6 Sensitivity Analysis of the Basic Reproduction Number

Sensitivity analysis of the basic reproduction number is carried out to determine the
relative influence of the epidemiological parameters governing disease transmission and
persistence. This analysis identifies the parameters that contribute most significantly to
the spread of the disease and provides useful insight into effective intervention and control
strategies.

3.6.1 Normalized Forward Sensitivity Index

To quantify the influence of model parameters on disease transmission, we employ the
normalized forward sensitivity index. For a differentiable function R = R(p), the nor-
malized forward sensitivity index of R with respect to a parameter p is defined by

TR_aR.B

f=% & (27)

The quantity Tf measures the relative change in R generated by a relative change in the
parameter p.

3.6.2 Basic Reproduction Number
Recall that the basic reproduction number of the model is given by

Ry = max{R., R,}, (28)
where A Bah
Rc _ cc bQc : 29
G i+t T K@+ e+ ot 100+ 1m) %)
and A A
R — Baa¢ + ﬁbaa¢ (30)

o+ ) (e b)) K (o4 1) (Yo + 00+ 1) (0 4 1)
Since Ry is defined as the maximum of R, and R,, sensitivity analysis is performed sepa-
rately for the child and adult reproduction components. This avoids the differentiability
issue associated with the maximum function at the point R, = R,,.
3.6.3 Sensitivity Indices of the Child Reproduction Number R,

Using equation (29), the sensitivity indices of selected parameters are obtained as fol-
lows.

Sensitivity with respect to A. Since R, depends linearly on A, we have

OR. R,
oA A
Hence,
OR. A
Re — c. - — 1
A I\ Rc (3 )

Sensitivity with respect to .. Differentiating R. with respect to (.. gives
OR. A

Bec (@ + p)(ve +0c+ 1)
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Therefore,
R, __ 5CCA

P Re(¢+ 1) (e + 0e + 1)

> 0. (32)

Sensitivity with respect to v.. Differentiating R. with respect to 7., we obtain

OR. R,

A
Consequently,

YR — T 33
Ye ,yc_i_éc_i_ﬂ ( )

Sensitivity with respect to ;. Differentiating R. with respect to p;, yields

% _ BbacA
o K(¢+ 1) (e + 0 4+ 1) (0 + 115)?

Thus,
B By A
R.K (¢ + ) (e + 0c + 1) (0 + 13)?

Re _
T = < 0. (34)

3.6.4 Sensitivity Indices of the Adult Reproduction Number R,
Similarly, the sensitivity indices for the adult reproduction number are obtained.

Sensitivity with respect to [,,.

R, — Baaqu
Paa Ra,u(¢ + ,u) (%L + 04 + ,u)

> 0. (35)

Sensitivity with respect to ~,.

YRe = To 36
e (30

Sensitivity with respect to 6.

BraadAd
The — _ .
T TR 1) e 0 O+ (37)

The sensitivity analysis indicates that transmission rates, bacterial shedding, and suscep-
tible recruitment positively influence the basic reproduction number, thereby promoting
disease persistence. Conversely, recovery, bacterial decay, environmental sanitation, and
reduced environmental infectivity exert negative effects on Ry, contributing to disease
control. From an epidemiological perspective, the results underscore the dual role of
direct transmission and environmental contamination in sustaining cholera outbreaks.
Therefore, effective control strategies should combine measures that reduce transmission
and bacterial shedding with interventions that enhance treatment, recovery, and environ-
mental sanitation. Such integrated approaches are essential for reducing Ry below unity
and achieving sustainable cholera elimination.
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3.7 Model Fitting and Parameter Estimation

Monthly cumulative cholera case data for children and adults collected through house-
hold surveys in Shendam Local Government Area, Plateau State, Nigeria, from January
to December 2025 were used to calibrate the proposed model (Table 3). Demographic pa-
rameters were estimated from population and vital statistics. Using the 2006 population
census of 205,119 and an annual growth rate of 2.5%, the 2025 population was projected
to be 327,914. The recruitment rate, natural mortality rate, and maturation rate were
estimated from published demographic data and are summarized in Table 4. Parameter
estimation was performed by fitting the model to the observed cumulative cholera cases
using a nonlinear least-squares approach implemented in MATLAB. Fixed parameter
values were obtained from the literature (Table 5), while key transmission and recovery
parameters were estimated by minimizing the discrepancy between model predictions and
observed data. The model equations were solved numerically using the ode45 solver, and
optimization was carried out using the Nelder-Mead simplex algorithm (fminsearch).
The calibrated model provided a good fit to the data, with a coefficient of determination
of R? = 0.93, indicating strong agreement between observed and simulated cholera cases.
The estimated parameter values are presented in Table 6, and the corresponding model
fit is shown in Figure 2.

Table 3. Monthly cumulative cholera cases used for model calibration.

Month Children Adults
January 2 1
February 5 3
March 9 6
April 14 9
May 21 13
June 31 19
July 44 28
August 58 38
September 70 46
October 79 52
November 85 51§)
December 89 59

Table 4. Demographic parameters used in the model.

Parameter Description Value Source

N Projected population of Shendam LGA (2025) 327,914 (NPC, 2006)

A Recruitment rate 31.8 day ™! (World Bank, 2023
w Natural mortality rate 4.44 x 107° day™'  (World Bank, 2023
o Maturation rate 1.83 x 107* day™' Estimated
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Table 5. Fixed parameter values used in the model simulations.

Parameter Value Source

Se 0.015 day * (Codeco, 2001; Wang, 2022)

Sa 0.008 day ™ (Codeco, 2001; Wang, 2022)

We s =013 x 107" day™"  (Koelle et al., 2005)

We =013 x 107* day ™" (Koelle et al., 2005)

Qe 10 cells ml~*day ™! (Tuite et al., 2011; Wang, 2022)

0y 8 cells ml~'day ! (Tuite et al., 2011; Wang, 2022)
35 = 0.0333 day ! (Codeco, 2001)

L 0.03 day ™! (Hartley et al., 2006)

K 10 cells m1™! (Codeco, 2001)

Table 6. Estimated model parameters obtained from fitting the model to cholera data from
Shendam Local Government Area.

Parameter Description Estimated value
Bee Child-to-child transmission rate 0.0030 day '
Baa Adult-to-adult transmission rate 0.0011 day !
o Environmental transmission rate  0.1147 day ™"
Ve Recovery rate of children 0.1796 day !
Ya Recovery rate of adults 0.2158 day "
100 : 70 :
2 Data @ Data
0f Madel ] sl Model
g0}
£ % 4l
= =
@ B 3|
s i
il
0}
D 1 1
15 0 5 10 15
haonth tonth

Figure 2. Comparison between observed cumulative cholera cases and model predictions for
children and adults in Shendam Local Government Area. Circles represent observed data,
while solid curves denote model simulations obtained using the estimated parameter values.

3.8 Numerical Simulations

Numerical simulations were carried out in MATLAB using the ode45 solver. The param-
eter values employed in the simulations are summarized in Tables 4, 5, and 6 . In the
first set of simulations, the effect of environmental hygiene on cholera transmission was
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investigated using the infected child and adult populations as indicators of disease bur-
den. The simulation results show that an increase in the level of environmental hygiene
leads to a significant reduction in the number of infected individuals among both children
and adults, as illustrated in Figure 3. This finding suggests that improved environmen-
tal hygiene is an effective control strategy for reducing cholera transmission in Shendam
Local Government Area of Plateau State, Nigeria. The results further emphasize the
importance of access to safe water, proper sanitation, and effective waste management in
mitigating cholera outbreaks.

In the second set of simulations, the impact of treatment, represented through the re-
covery rates of infected individuals, was examined. The results indicate that increasing
the treatment rates leads to a corresponding increase in the number of recovered indi-
viduals in both the child and adult populations, as shown in Figure 4. This outcome
demonstrates the critical role of timely diagnosis and effective treatment in controlling
cholera outbreaks. Enhanced treatment coverage not only improves recovery outcomes
but also reduces the duration of infectiousness, thereby contributing to a reduction in
disease transmission within the community.

Overall, the simulation results highlight the combined importance of environmental hy-
giene and effective treatment interventions in reducing the burden of cholera. Conse-
quently, public health policies aimed at improving sanitation infrastructure, ensuring
access to clean water, and strengthening healthcare services are essential for the effec-
tive control and prevention of cholera in Shendam Local Government Area and similar
endemic settings.

«10%  Effects of Enviromental Hygeine on the Infected Children 1o’ Effects of Enviromental Hygeine on the Infected Adults
T T T T T T T T

Infected Children
Infected Adults

o Enwiromental Hygeine

o Erwviromental Hygeine e | 0 Ereitornental Hygeine

4l | Erviromental Hygeine 06
Muoderate Erwiromental Hygeine
= High Ermiromental Hygeine 0.4

Moderate Envirorental Hygeine ||
== High Enwiromental Hygeine

0 L — 0 n . L .
o 5 10 15 20 25 [u] 5 10 15 20 25
Time (days) Time (days)

(a) Effects of Environmental Hygiene on the (b) Effects of Environmental Hygiene on the
Infected Children Infected Adults

Figure 3. Effects of Environmental Hygiene on the Transmission Dynamics of Cholera.

4 Results

4.1 Mathematical Analysis

The proposed cholera model was shown to be mathematically and epidemiologically well
posed, with all solutions remaining nonnegative and bounded within a biologically feasible
region. The disease-free equilibrium (DFE) and the basic reproduction number, Ry, were
derived using the next-generation matrix approach. Stability analysis established that
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Figure 4. Effects of Treatment on the Transmission Dynamics of Cholera.

the DFE is globally asymptotically stable when Ry, < 1, implying disease elimination.
In contrast, a unique endemic equilibrium exists and is globally asymptotically stable
whenever Ry > 1, indicating sustained cholera transmission.

4.2 Model Fitting and Parameter Estimation

The model was calibrated using cumulative cholera case data collected in Shendam Local
Government Area between January and December 2025. The estimated parameters are
presented in Table 6, while the fitted trajectories are shown in Figure 2. The model repro-
duced the observed cholera dynamics with good accuracy, demonstrating its suitability
for describing disease transmission within the study population.

4.3 Sensitivity Analysis

Sensitivity analysis revealed that transmission rates, bacterial shedding rates, and recruit-
ment rate exert the strongest positive influence on Ry, thereby promoting disease persis-
tence. Conversely, recovery rates, bacterial decay, sanitation, disease-induced mortality,
and reduced environmental infectivity negatively affect Ry, highlighting their importance
in disease control.

4.4 Numerical Simulations

Numerical simulations demonstrated that improvements in environmental hygiene sig-
nificantly reduce infection prevalence among both children and adults, while enhanced
treatment increases recovery and shortens the infectious period. Overall, the results
suggest that integrated interventions combining environmental sanitation and effective
treatment can substantially reduce cholera transmission and disease burden.

5 Discussion

The results demonstrate that the proposed cholera model is biologically and epidemio-
logically well posed, with all state variables remaining positive and bounded within a
feasible region. The basic reproduction number, Ry, was identified as the key threshold
parameter governing disease dynamics. The global asymptotic stability of the disease-free
equilibrium when R, < 1 indicates that cholera can be eliminated if control measures
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successfully reduce transmission below the epidemic threshold. Conversely, the global
asymptotic stability of the endemic equilibrium when Ry > 1 confirms that cholera per-
sists in the population whenever transmission remains sufficiently high.

Model calibration showed good agreement between observed and simulated cholera cases
in Shendam Local Government Area, demonstrating the ability of the model to capture
the underlying transmission dynamics. The findings further emphasize the importance
of incorporating both age structure and environmental contamination in understanding
cholera spread.

Sensitivity analysis revealed that transmission-related parameters, including direct human-
to-human transmission, environmental exposure, and bacterial shedding, exert the great-
est influence on disease transmission. In contrast, recovery and environmental sanitation
were found to reduce disease burden by lowering the effective reproduction number. These
observations are consistent with previous studies that identify contaminated water sources
and environmental reservoirs as major drivers of cholera outbreaks.

Numerical simulations further supported the analytical results by showing that improved
environmental hygiene significantly reduces infection prevalence through decreased bac-
terial contamination, while increased treatment rates enhance recovery and shorten the
infectious period. Overall, the results indicate that sustainable cholera control requires
integrated interventions targeting both human transmission pathways and environmen-
tal reservoirs to effectively reduce transmission and achieve long-term disease elimina-
tion.

6 Conclusion

This study developed and analyzed an age-structured cholera transmission model that
incorporates environmental contamination and was calibrated using cholera data from
Shendam Local Government Area, Plateau State, Nigeria. The model was shown to be
mathematically and epidemiologically well posed, and the basic reproduction number,
Ry, was derived as the key threshold parameter governing disease dynamics.

Theoretical results established that cholera can be eliminated when Ry < 1, whereas per-
sistent transmission occurs when Ry > 1. Model calibration demonstrated good agree-
ment between observed and simulated data, confirming the model’s ability to capture
the transmission dynamics of cholera in the study area. Sensitivity analysis identified
transmission and bacterial shedding parameters as the most influential drivers of disease
persistence, while recovery, bacterial decay, and environmental sanitation contribute to
disease reduction.

Numerical simulations further revealed that improvements in environmental hygiene and
treatment coverage significantly reduce infection prevalence and disease burden. Overall,
the findings highlight the importance of integrated control strategies combining sani-
tation, safe water provision, environmental management, rapid diagnosis, and effective
treatment to reduce transmission, prevent endemic persistence, and support the long-term
elimination of cholera in endemic communities.
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