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ABSTRACT
ARTICLE INFO Leptospirosis is a zoonotic disease caused by Leptospira species and remains a
major public health concern in tropical and subtropical regions. It is transmitted
Article history: primarily through contact with contaminated water or soil. This study develops
Received 03 April 2026 and analyzes a mathematical model of the transmission dynamics of leptospirosis
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eceived in revised form 20 July 2026 to enhance understanding of its spread. The basic reproduction number R, was
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control globally asymptotically stable when R, <1. Sensitivity analysis was performed

using the normalized forward sensitivity index to identify key parameters
influencing disease transmission. Parameters with positive sensitivity indices
increase the risk of outbreaks, whereas those with negative indices reduce the
likelihood of sustained transmission. Numerical simulations were conducted to
illustrate the effects of these parameters and to evaluate intervention strategies.
The results indicate that effective control of leptospirosis requires a combination
of improved environmental sanitation and proper treatment of infections in both
humans and animals, providing valuable insights for public health policy in
affected communities.

MSC 2020 Subject classification:
92D30, 34D20, 92D25

1 Introduction

Leptospirosis is a globally significant zoonotic disease caused by pathogenic Leptospira species, with transmission
driven by contact with environments contaminated by infected animal urine. This study provides a comprehensive
overview of the epidemiology, transmission pathways, clinical manifestations, treatment options, and global burden
of the disease, with particular emphasis on tropical and resource-limited settings. The disease persists in a wide range
of animal reservoirs, especially rodents and livestock, facilitating environmental contamination and sustained

transmission to humans. Clinically, leptospirosis presents a broad spectrum, ranging from mild febrile illness to
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severe, life-threatening complications such as Weil’s disease and multi-organ failure. Its diagnosis is often
challenging due to non-specific symptoms and limited access to reliable diagnostic tools, contributing to widespread
underreporting. The global burden remains substantial, with over one million cases reported annually, particularly in
regions with poor sanitation, frequent flooding, and high human-animal interaction. In Africa, prevalence rates are
notably high, with significant variability across countries and population groups. The study highlights that effective
control of leptospirosis requires an integrated One Health approach, combining environmental sanitation, early
diagnosis, and coordinated treatment strategies targeting both human and animal populations. Leptospirosis is a
globally prevalent zoonotic disease caused by pathogenic Leptospira species and remains a major public health
concern, particularly in tropical and subtropical regions where poor sanitation, flooding, and close human-animal
interaction enhance transmission (Picardeau, 2013). The disease persists in a multi-host system involving rodents,
livestock, and domestic animals, which shed the bacteria into the environment through urine, contaminating soil and
water (Reis et al., 2008). Human infection occurs through direct contact with infected animal fluids or indirect
exposure via contaminated environmental media, highlighting the importance of a One Health framework (Bharti et
al., 2003). Clinically, leptospirosis ranges from mild febrile illness to severe disease, including Weil’s disease,
characterized by jaundice, renal failure, hemorrhage, pulmonary complications, and multi-organ failure. The disease
often follows a biphasic pattern and is frequently misdiagnosed due to non-specific symptoms resembling malaria,
dengue, and typhoid fever, compounded by limited diagnostic capacity (Haake & Levett, 2015). Globally,
leptospirosis accounts for over one million cases and approximately 60,000 deaths annually, with the highest burden
in South and Southeast Asia, sub-Saharan Africa, and Latin America (Costa et al., 2015; Guo et al., 2020). In Africa,
seroprevalence studies indicate substantial infection rates in both humans and animals, with higher risks among
occupational groups and in regions with poor infrastructure. Reported prevalence varies widely, with human
infection rates ranging from 2.3% to 19.8% and higher levels observed in livestock and rodent populations (Coutinho
et al., 2011). Transmission is strongly influenced by environmental and seasonal factors, particularly rainfall and
flooding (Costa et al., 2015). Treatment depends on disease severity, with antibiotics such as doxycycline,
amoxicillin, and penicillin proving effective when administered early, while severe cases require hospitalization and
supportive care (Haake & Levett, 2015). Preventive strategies, including prophylactic antibiotic use, remain debated.
Overall, effective control requires integrated interventions combining environmental sanitation, early diagnosis, and
coordinated management of human and animal infections within a One Health framework. Several mathematical
models have been developed to understand the complex dynamics of leptospirosis. However, many existing models
either oversimplify the role of environmental reservoirs or fail to fully incorporate the interactions between humans,
animals, and the environment. This limits their applicability in guiding effective public health interventions,
particularly in resource-limited endemic settings. For instance, Ayoade et al. (2024) constructed a toxoplasmosis
model including vertical transmission and environmental contamination from infected cats. Their results revealed
that vertical transmission, contact rates, and environmental oocyst contribution significantly influence disease

persistence, supported by sensitivity and stability analyses. Engida et al. (2022) developed a leptospirosis model
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incorporating rodent reservoirs and environmental contamination. Their analysis revealed forward bifurcation and
identified key parameters influencing transmission, while simulations showed that reducing transmission rates and
controlling rodent populations significantly reduces infection spread. Alalhareth et al. (2023) proposed a fractional -
order leptospirosis model with environmental effects, analyzing stability, boundedness, and bifurcation behavior.
Their numerical simulations highlighted the role of asymptomatic and symptomatic infections and demonstrated the
influence of fractional dynamics on disease spread. Pimpunchat et al. (2013) developed a classical SIR model for
leptospirosis and analyzed its stability using nonlinear dynamical system techniques. Their results identified
equilibrium points and confirmed consistency between analytical and numerical solutions. Sarkar et al. (2019)
formulated a leptospirosis model incorporating exposed individuals, infected vectors, and disease-induced mortality.
Although these studies have significantly advanced the mathematical understanding of leptospirosis transmission,
several important gaps remain. Most existing models focus on a limited number of transmission pathways,
particularly human-rodent or human-environment interactions, and do not comprehensively integrate the coupled
transmission dynamics among humans, dogs, and the contaminated environment. Furthermore, many models neglect
important epidemiological features such as asymptomatic human infection, hospitalization, waning immunity, and
the dynamic accumulation and natural decay of leptospiral bacteria in the environment. These limitations reduce their
ability to capture the full complexity of disease transmission and to evaluate integrated intervention strategies within
a One Health framework.

To address these limitations, this study develops a novel deterministic compartmental model for leptospirosis that
explicitly incorporates the interactions among humans, dogs, and the contaminated environment. Unlike previous
studies, the proposed model simultaneously accounts for asymptomatic and symptomatic human infections,
hospitalization, recovery with waning immunity, environmental bacterial shedding, and natural pathogen decay,
thereby providing a more realistic representation of leptospirosis transmission. The model is analysed by deriving the
basic reproduction number using the next-generation matrix approach, investigating the local and global stability of
the disease-free and endemic equilibria, and performing both normalized forward sensitivity and Partial Rank
Correlation Coefficient (PRCC) analyses to identify the parameters that most strongly influence disease transmission.
Furthermore, numerical simulations are used to validate the theoretical findings and to investigate the biological and
epidemiological implications of key model parameters. Consequently, this study provides a comprehensive
quantitative framework for understanding leptospirosis transmission and offers scientifically informed
recommendations for integrated One Health intervention strategies aimed at reducing disease burden in endemic and
resource-limited settings.

The remainder of this paper is organized as follows. Section 2 presents the formulation of the proposed leptospirosis
transmission model together with the model assumptions and parameter definitions. Section 3 establishes the
existence of the equilibrium points, derives the basic reproduction number, and investigates the local and global
stability properties of the model. Section 4 presents the normalized forward sensitivity analysis and the Partial Rank

Correlation Coefficient (PRCC) analysis to identify the epidemiological parameters that most strongly influence
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disease transmission. Numerical simulations, biological interpretations, and discussions of the results are presented in

Section 6, while Section 7 concludes the paper with the major findings and recommendations for future research.

2 Leptospiral Model

2.1 Description of the leptospirosis model
The proposed model describes the transmission dynamics of Leptospirosis in a population consisting of humans,

dogs (as animal reservoirs), and the environment (contaminated water or soil). The human population is stratified

into six compartments: susceptible human S, (t) , latent humans L, (t) ,asymptomatic infectious humans 1, (t),
symptomatic infectious humans I, (t) ,hospitalized humans H, (t), and recovered humans R, (t). The dog
population is divided into five compartments: susceptible dogs S (t), exposed dogs Eg(t), infectious dogs

I (t), recovered dogs R (t), and an environmental compartment L (t), which represents the bacterial load in
the environment.
Susceptible humans SH (t) are recruited into the population at a rate AH . They are at risk of infection through

direct contact with infectious dogs or indirect contact via the contaminated environment. The force of infection for
humans is given by:

vLe iy
| +ole Np

Am =
where L. (t) is the bacterial concentration in the environment, E, is the latent dog population, ¢ is a saturation
parameter moderating the environmental infection, y is the contact rate from the environment, and ¢ is the
transmission coefficient due to contact with infected dogs. Susceptible humans become exposed at this rate, and

natural death occurs at rate £, . Recovered individuals may lose immunity and return to the susceptible class at rate

Oy, . The equation governing this compartment is:

% H
dt

Latently infected humans L, have contracted the bacteria but are not yet infectious. They progress to the infectious

= Ay —AgSy — j.l;.,r.‘;j-.r + ayRy.

classes at rate &, , or die naturally at a rate £, :
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r.’!rLH . \
= ArrSer — (M + &) L.

Upon leaving the latent state, a fraction g of individuals become asymptomatically infectious I ., , while the
remaining fraction 1—q develop symptoms and move to the symptomatic class |, . The asymptomatic class faces
natural death, disease-induced death £z , or hospitalization at rate &, :

d s
clt

= qepLy — (U + 1) + 0y M an.

Symptomatic human |, increases at which individuals show symptoms (1—q)€H and are subject to death
(#4, + 4,) or hospitalization at rate 0, :

i
gy = (1

o g)enly — (Mp + 2 + 62 ) sy .

Hospitalized humans H |, increases from both infectious classes via 81 and 82, respectively. They recover at rate

@, , die from complications at rate £¢;, or from natural causes:

dHyy

r = Olap + Olsy — (Uy + 3 + Oy )Hy .
Recovered humans R,; are those who have successfully undergone treatment. They may lose immunity and return

to the susceptible class or die naturally:

f.IrRH
— = oy Hyr — U Ry — opRy.

The environmental bacterial load L. increases through contamination by infectious dogs at rate ¢ and decays at rate

€ + 1, where 7 represents natural decay and € environmental cleanup or evaporation:

el ]

=t = ol — (4 T)Lg.

dr

Dogs are introduced into the population at rate AD . Susceptible dogs SD are at risk of infection from both the

environment and contact with infectious dogs. The force of infection for dogs is:

_ KLg nin
a | + ol Np ’

AD

where x and 77 are analogous to W and for dogs. Susceptible dogs become exposed at this rate or die at £ ,

while recovered dogs rejoin this class via immunity loss at rate o7 :
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i
TI” = Ap—ApSp — upSp+ opRp.

Exposed dogs Ej are in the latent stage after infection. They progress to the infectious class at rate & or die

naturally:
dEn
dr

=ApSp — (Up + En)Ep.

Infectious dogs |, actively shed bacteria into the environment, die from the disease at rate 14, , recover at @y, or

die naturally:

f”j_j
—= = epEp — (Up + ta + @p)ip.

Recovered dogs RD gain temporary immunity and eventually return to the susceptible class at rate o, or die:

dRp

=wplp — UpRp — apRp.
dt

The description of the model is summarized in table 2 and 3 respectively.

|

: PIHR”
OyRy MLy I .1‘"(”.) 7 (")
VAeSy Uy S l g
Ny ~\Itay N, ' (b + 1)1 3~ O Hy
- .S,-,(r)_ } > LH(I). : # A ' H,(0))
/’rrs'ul (1-q)sply : l
, R Oy
> ( 1.0 (4, + 1) H,
L) EIN Ble e
¢l (e + 1 M oy
(e+1)L,
‘ MSy Wy
/ 1+ad, N, S E @pl y
Ci 98 S, o M E (1) ) 1,00 ol R,()
HSp l { l;lDE_,, (i + 4, )lnl l.llpR,-,

UD&)

Figure 1: Schematic diagram for the Leptospirosis model with constant control
2.2 Leptospirosis model equations

The Leptospirosis model equation is governed by the following equations:
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ngt(t) =A, +A4,S, —1,S, +o,R,
dL, © =4Sy — (1 + &)L

dt
%:% Ly, = (3, + ty + 1),
W:@IAH +0, gy — (1 + 1y + @y )Hy
%z(l_q)gH L, — (S, + sy, + 11,)\ g,
%:@,HH —(on +14)Ry
%:@D—@H)LE
%:AD —ApSp — HpSp + oy R,
dE;t(t) = 2S5 — (p + &) Ep
d'gt(t) = 0B — (ttp + 41y + @)
%:CODID—(#D"‘UD)RD

with initial conditions:
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@

I—E(O): Leo, SD(O):SDO’ ED(O): Ebos ID(O): I oo RD(O):RDO

SH (O)ZSHO’ LH (O):LHO’ IAH (O): IAHO’ ISH (0): ISHo’ HH(O):HHO’ RH(O):RHO’}

Table 1: Parametric values for the simulation of Leptospirosis infection model.

Parameters Description Values Source

Ay Recruitment rate of susceptible humans. 1.6 Adler, (2015)

Ap Recruitment rate of susceptible dogs. 1 Adler, (2015)

m Natural death rate of humans. 0.034 Adler, (2015)

Up Natural death rate of dogs. 0.6 Phineas & Isaac, (2022)

4 Contact rate between the environment and 0.009 Hiver, Phineas & Isaac,
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humans.

Contact rate between infected dogs and 0.0078
susceptible dogs.

Contact rate between infected dogs and 0.1
susceptible humans.

Saturation parameter for infection. 0.05
Proportion of exposed humans who become 0.7
asymptoatically infected.

Rate at which exposed humans progresses to 0.0098
infection.

Rate at which exposed dogs become infectious. 0.0018
Rate at which asymptomatically infected 0.1
humans are hospitalized.

Rate at which symptomatically infected 0.3
humans are hospitalized.

Disease-induced death rate for asymptomatic 0.000016
humans.

Disease-induced death rate for symptomatic 0.000046
humans.

Disease-induced death rate for hospitalized 0.000056

humans.

Disease-induced death rate for infected dogs. ~ 0.0018

Recovery rate for hospitalized humans. 0.007

Recovery rate for hospitalized dogs. 0.009

Loss of immunity in recovered humans. 0.0027
0.00548

Loss of immunity in recovered dogs.

Bacteria shedding rate from infected dogs into 0.00357
the environment.
Natural decay rate of leptospiral in the 0.011

environment.

© 2026 Department of Mathematics, Modibbo Adama University.
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] o ] 0.0055 Hiver, Phineas &
T Environmental cleaning/intervention rate
Isaac,(2022)
Contact rate of susceptible dogs with 0.0018 Hiver, Phineas &
K
contaminated environment Isaac,(2022)
3 Results

3.1 Basic Properties of Leptospirosis model

The invariant region and positivity of solution of dynamical system (1) is given, coupled with the fact that,
the model describes human population. Hence, the study claims the following results.

3.2 Invariant region of Leptospirosis model

In this section, we get a region in which the solution of equations (1) is bounded. To obtain this, first we
considered the total population of human N, and dog N , where

Ni =Sy (1) + Ly (€) + Ly () + 1 (1) + H () + R, (t)} -
Np (1) =Sy (1) + Ep (1) + 15 (1) + Ry (1)
Then, differentiating both sides of equation (2) with respect to and simplifying leads to
dN
dtH =Ay —uNy =l — il —psH ?)
dN
d_tD =Ap —uNp — 415

And the environmental reservoir is given by

L. < Mo —(e+7)Lg

Hp

Theorem 1: The closet

Qz(SH,LH,IAH,ISH,HH,RH,LE,SD,ED,ID,RD)eRf:NH <Au no<Bo s¢A—D—(3+r)LEj is

H Hp Hp
positively invariant and attracting with respect to the model (1).
Proof:

In the absence of disease-induced death, (i.e. £4 = i, = i3 = 14, =0), and by comparison theorem, the first

equation of equation (3) becomes

dN,,
dt

<A, —u,Ny, (4)
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Solving equation (4) by method of integrating factor and applying initial condition resulted into

A A
N, (t) S—H+[NH (0)——Hje‘*’Ht (5)
H H
Further simplification of equation (5) resulted into
—ut AH —pyt
Ny (£) < Ny, () + = (1-e ™) (6)
Hy
: : Ay . o
From equation (6), it can be observed that N, (t) > | — | as t —>oo. That is, the total population size
Hy

N,, (t) takes off from the value N, (0) at the initial time t = 0and ends up with the bounded value Aw as the

Hy
time ¢t grows to infinity. Thus, it can be concluded that N, (t) is bounded within0 < N, (t) < A—H
Hy
Solving for the Dog population also resulted into
—#pt AD —upt
Np (t) < Np (0)e ' + =2 (1—e ') @
Hp
: . Ap : o
From equation (7), it can be observed that N D (t) > | —= | ast —> 0. That is, the total population size Np (1)
Hp

takes off from the value N (O) at the initial time t = 0and ends up with the bounded value Ao as the time ¢

Hp
grows to infinity. Thus, it can be concluded that N, (t) is bounded within0 < N, (t) < Ao :
Hp
Thus, the feasible solution set of the system (1) of the model enters and remains in the region:
Q:[SH’LH’IAH’ISHlHH’RHlLE’SD’EDv ID’RD) E]Ril: NH SA—H, ND Sh,LE SW\_D—(E‘FT)LE]’
H Hp Hp

Hence, our Leptospirosis model is well posed and biologically meaningful.
3.3 Positivity of the solution for the Leptospirosis model

In this section, it was shown that all the solutions of the model equation (1) remain positive for future time if their

respective initial values are positive.
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Theorem 2: Let the initial data be

{(54(0), Ly, (0), 1, (0), I, (0), H,, (0), Ry, (0), e (0), 5 (0), E (0), 15(0), Ry (0)) 20 } € Q. thenall
the solution sets; S, (£), L, (1), |y, (), 155 (1), Hyy (©), Ry (8), Le (1), S (1), E (8), 1 (8), Ry (t) 0 the model
equations (1) is non-negative for all time, t > 0.

T,>0:5,>0,L,>0,1,,>0,1I, >0,H, >0,

Proof: Let T. =su
! p{ R,>0,L.>0,S,>0,E;>0,1,>0,R, >0€[0, t]

} thus, T, > 0. Then it

follows from the first equations of (1) after eliminating the positive term that

ds
— = —(Ay + 14)Sy @)
dt
Applying method of separable variable on equation (7), we have
dSSH > —(4, (u)du + g, )dt >0 ®)
H

Integrating equation (8), we get
t

In sH(t)z—sz(u)du—ijdt ©)
0

Taking exponential of both sides on equation (9)

t
—IAH (u)du—gsy t+c

S, (t)>e? (10)

where €°=C,

Simplifying equation (10), we have

t
= Ay (u)du—peq t

S (t)>Ce > (12)
Applying the initial condition at t = O on equation (11), we have
S(O) = Cl (12)
Substitute (12) back into (11) to have
i () dmsa (13)
0

S, (1)=S, (0)e >0

© 2026 Department of Mathematics, Modibbo Adama University.
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Applying the same method above to other state variables
L, (0, 1, @), Ig, @), H, 1), R, (1), Lc(t), Sy (1), E5 (1), 15(t), Ry (t).it can be shown that the solutions

are positive for all time t> O.

4 Existence of Equilibrium
4.1 Leptospirosis-free equilibrium point
The Leptospirosis-free equilibrium point is steady-state solution where there is no leptospirosis infection in

the population. Thus, in the absence of  Leptospirosis infection , we set infectious states to zero,
L, =Ey=1,, =1y, =1,=0. Equations of the system (1) are solved simultaneously and therefore, the
Leptospirosis-free equilibrium point is obtained, Hence,

A A
M(): _H1010|010)01_D!0101010 (15)

Hy Hp
4.2 Endemic equilibrium points of the leptospirosis model
The Leptospirosis endemic equilibrium points are steady-state solution where leptospiral infection persists in the
population. At  endemic  equilibrium, the infectious states are not equal to  zero,
L, #0,E;#0, 1, #0, Iy, #0,1, #0. To establish the existence of endemic equilibria of our Leptospirosis

model, we solve equations of the system (1) at steady state simultaneously.
where the force of infection is,

po=¥e do e xle nlp (16)
LE ND LE ND
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And the endemic equilibrium point is obtained as:

0
kg,
" k1kzg1
. 7 0-Q)e (A, +0,R))
Lﬁ k,9
| | 2 e R 0,0 - 05,0)
l_:T X X kZKSIfAklgl
M, = R;“ | A (A + 0 R )k Bd, + 1~ 0)0)
L* k5k2k3k4klgl
: Ay +0,R;
S[f T
i g,
i Jato(Ao +05RE) an
kk;g,
Jopf(As +05R5)
k6kBk7g2
Wp {’1[*)50 (Ap +O—DR;)}
k9k6k8k7gz

4.3 Basic Reproduction Number of Leptospirosis Model

Calculation of effective reproduction number for the system model (1) This section studies the effective reproduction
number, which is a threshold parameter that controls the spread of a disease. To obtain the effective reproduction
number, we apply the next generation approach described in (Driessche & Watmough, 2002). The associated
incidence term F and the transfer term V for the Leptospirosis model for the unvaccinated and vaccinated
proportions, are respectively obtained as:
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( wle ZIDJS
H
IIEH brake Mo (en +144)Ey
IAH 8 —qey By + (e + 14 +0)1 4
F=| " |= Vo= —A-a)e By + (uy + 1, +6,) 1, (18)
L 0 -ply+(t+¢)L;
Ep kL +l|_D S (1o +&5)Ep
I 1+al, N, ) ° —epEp + (1p + 11, + )1
0

Thus, the effective reproductive number of system model (1) is calculated from the spectral radius o(FV ‘1),
Therefore, the Leptospirosis reproduction number is
R — KApPEp + Nép
b =
o (7 + &) (g + py + ) )(ep + 1) (Hp + 1ty + @5) (&g + )

Local stability of modified Leptospirosis-free equilibrium point

(19)

Theorem 3: The leptospirosis-free equilibrium M point of the model is locally asymptotically stable (LAS) if

R, <1 and unstable if R, >1

Proof
To prove the system’s local stability, the Jacobian of the proposed model system (1) is investigated at DFE, which is
then given by:

4, 0 0 0 0 oy yS, 0 0 ——— 0
ND
0 -k 0 0 0 0 pS, 0 0 0
ND
0 qe, -k 0 0 0 0 0 0 0 0
0 @-q)e, 0 -k O 0 0 0 0 0 0
0 0 5 5 -k 0 0O 0 0 0 0
Jee=| 0 0 0 o, K 0 0 0 0 0
0 0 0 0 7,8 * 0 0 ¢ 0
0 0 0 0 0 7(1“’;\‘)?9"0 S~y 0 —% o
D
0 0 0 0 0 0 kS 0 -k - 0
ND
0 0 0 0 0 ¢ -k O
0 0 0 0 0 0 0 0 0 w -k (20)
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The Jacobian (20) reduces to (21) as the ﬂl =—Hy J'z =—Hp
k. 0 0 0 0 yS, 0 — O
ND
e, k, 0 0 0 0 0 0 0
l-q)e, 0 k, 0 0 0 0 0 O
0 & 6 k 0 0 0 0 0 21)
Jee=|l 0 0 0 @, kk 0 0 0 0
0 00 0 0 k, O ¢ 0
0 00 0 0 &8 k -~ 0
ND
e ki 0
0 o, kg

where

Ki=(eq +a1q), Ky = (i + 146, K= (e + 14 +52)’}
ks =(z+€), k; =(€p +4p) kg = (1t + 11y + @0p)

The characteristic equation of equation (21), given by ‘FV Lol ‘ =0 is:

Using the approach in Podder and Gumel, (2009), the characteristic equation (21) at the associated DFE, E0 is given

by

J(Ey) =[Geuo  Giaol (22)
The following characteristic equation are obtained

(2°+BA° +B,A" + B,A° + BA* + B,A' + B, ) (A + BA + R,A* + AP, + P, ) =0 (23)
where

a, =k +k, +k; +k, +Kk;

a, = (K, + Ky +K, +Kg )k + (ks +k, +kg )k, +(k, +ks ) ks +K,Kq
ay = ((k; + K, +Kg)k, + (K, + K )k; + K Ko )k + (K, + kg )k, + KK,k (24)
a, = (((k, +kg)ks + K Kok, + KK, Ko )k, + KKK, K
as = Ksk,kskoky

And
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=1
= (kg + kg +k; +k;)
, = (Ky +Kg + K, )Ks + (K + Ko )k, — € d, + Kk (25)
b, = ((k; +kg)ky—€p d, +K;Kg)ks + (K Ks— €, d,)ks —¢d, €,

b, =k, (krks —d, 5)ks —4d, €,

Applying Routh-Hurwitz Criterion which state that all roots of the polynomial (23) have negative real part if and

only if the coefficients B and P are positive and the determinant of the matrices H, >0 for i=0,1, 2, 3,...,5.
.and Hj >0 for j=0,1, 2, 3, 4.it was shown that all the eigenvalues of the polynomial (23) have negative real

parts, implying that A are less than zero, for i =1, 2, 3,..., 11., when Ry <1.

Therefore, the conclusion was that the disease-free equilibrium point is Locally Asymptotically Stable (LAS).
4.1.6 Global stability of the Leptospirosis- free equilibrium point

In this section, the global stability of the disease free equilibrium for the model (1) was investigated using
the theorem by (Castillo-Chavez and Song, 2004)

Lemma 1 Consider a model system written in the form

Y _Fv.2)

:
—=0G(Y,Z),(Y,0)=0

L _6(v,2),(v.0)

where Y =(S,,H,;,R;,Sp Ry)  and Z =(Ly, 14, lgy, Le, Eo, I )with the components of Y € R®

denoting the uninfected population and the components of Z € R® denoting infected population.

The disease free equilibrium is now denoted as:

The following two conditions H1 and H2 must be met to guarantee a global asymptotic stability:
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Assume that:

(Hl) . For Z—: =F (Y , 0) is globally asymptotically stable 27

N

(H,). G(Y,Z2)=AZ-G(Y,Z),G(Y,Z)20,For(X,Z) e (28)
where A= DZG(XO,O) is a M — matrix (the off-diagonal elements of A are non-negative) and €2 is the region

where the model makes biological sense. Then, the LFE , Y is globally asymptotically stable if Ro <1 (Castillo-
Chavez et al. 2002).

Theorem 4: The Leptospirosis-free equilibrium point M, =(Y*,O) of the system model (1) is globally

asymptotically stable provided R0 <1 and the conditions (H1) and (H2) are satisfied.

Proof: from the model (1) we canget F(X,Z)and G(X,Z)

dy
—=F(,Z
dt ¥.2) (29)
vl i,
A, —-| ————+—2|S, —u,S, +0,R
H ((1+0!|D) ND) H - Hyoy TOuRy
51|AH+52ISH_k4HH
F(Y,Z2)= o, H, —kR, (30)
KL nl
A — E _+1DIS —uS, +0,R
D [(1+0£|D) ND] p ~ Hpop TOpRp
wplp —KRp
(‘//—LEJ'_D]SH ~kL,
A+ealy) N
Qe Ly — kol
1-g)e, L, —k,l
G(Y,Z) = A-a)e, Ly —kslg, (31)
¢|D_k6LE
( wle +UIDJSD—k7ED
I+ealy) N
epBp —Kglp

At disease free equilibrium, equation (30) becomes
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Ay = 1y Sy
0
0

Ap = 1pSp
0

From the system (32) above, it can be seen that

[

This can be verified from the solutions, namely:

o 3]
5,(0) -2

H, (0)=H y (O)e—(uH +it3+ oy )t
R, (1) =R, (0)e ¢ront
Hp

|

R, (t) = Ry (0)e toreo

As t — oo, the solutions

F(Y,0) =

AH

Hy

Ap

Hp

M, 00

5,,(0)— 21

Hy

Sy (1) ZA_H+

H

Sp(t) =20+

D

Si (00), Vi (%), R(0), Sp (0) , Ry, (e0) —{
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(32)

Oj is Locally-Asymptotically Stable (LAS).

(33)

Ay

Hy

which implies a global convergence of the system (1) in €) and this satisfied condition Hl.

The second condition demands that:

A

G(Y,2)=AZ-G(Y,2)

and that G(Y,Z)>0, V (Y,Z) €Q

we already know that from equation (31),

(34)
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(I+aly) Ng
Gen Ly — Koy
G(Y,2)= d-aey Ly —kslgy

¢ID _kBLE

+77|D

n

xle
(I+aly) Np

gDED_kBID

G(Y,Z2)=AZ-G(Y,Z).

—k,L

1-H

jSD—k7ED
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where A isan nxn matrix, Z is a column vector and G(Y,2Z)) is a column vector formed from the infectious

compartments.

By computing the Jacobian of equation (31) and evaluating at disease-free equilibrium, gives

%« 0 0 d o0 d,

qe, -k 0 0 0 0

l-q)e, O —k 0O 0 0

A= g 0 % 0 0
0 0 d, -k d,
0 0 ey kK

(35)

It can be observed that the matrix A is a metzler matrix because all its off-diagonal elements are non-negative.

Thus multiplying the matrix Aand Z gives

-« 0 0 d 0 d,
ey, -k, 0 0 0 0
g |@De 0 k00 0
0 0 % 0 0
0 0 0 d -k d,
0 0 0 0 e -k

Evaluating equation (36), gives

(36)
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Pl
Hy Np
Gen Ly =Kol
@-9)e, L, -kl
A7 = HEn ~Rglsy @7
¢|D_k6LE
ENRTI
Hy Np
epEp —Kslp

Now, using G(Y,Z)= AZ —G(Y,Z) one obtains the following

S S
Llso—_ou | , [go_>n
v E( H (1+aID)J+l D( H NDJ
G(X,Z)= (38)

S S
kL[S0 |, g0 o
E( D (1+aID)j "D[ D NDj

In the system (1), the total population is bounded by[A—th and (LH Mo Iy Le Ep ID)S (S,(_), ,S%).

My Hp
Hence, it is clear that the matrixG(X , Z) >0 since
S S S S
Sp>—H— 8 >—H §0>-D §0>__ D __ Ao, it is obvious that the matrix Ais an M-
Lral,) N, N, Atal,)

matrix which satisfies the conditions H1 and Hz, we conclude that the system (1) is Globally Asymptotically Stable,
GAs)if R, <1.

4.4 Sensitivity Analysis
In this section, sensitivity analysis of the parameters of the reproduction number of leptospirosis model was

examined. This helps in checking and identifying the parameters that have impact on the basic reproductive number.

To determine the impact, Ro was partially differentiated with respect to the model parameters in equation (1). In an
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attempt to compute the sensitivity index, the technique outlined by Blower and Dowlatabadi (1994) was adopted.

This technique develops a formula to obtain the sensitivity index of all the basic parameters, defined as;

hsv aROHSV X
AR = X — (39)
x R

where X represents all the basic parameters to be tested.
€, &1 9T, € Wy, Y
The sensitivity of Ro to each of the 12 parameters presented in Table 2 is calculated using the effective reproduction

number given below;

R — KApf €p n TTHp Sp
0 =
Ho (T+E)(Ep +1tp ) + 1y + p)  Np(Ep +1tp) (1 + 11y + @)

Sensitivity index implied the parameters values obtained in Table 3, we can see that the parameters have both

positive and negative effects on Ro .Positive SI values, such as &p, K, 7], ¢5 as shown in Table 3 reveal that an
increase in these parameters values increases RO , which brings about the infection attacking the population. While

the parameters 7,&, @y, L, have negative S, that is, an increase in these parameters values decrease R;, and as a
result, the infection gradually fades from the population.

Table 3: Sensitivity indices for the reproduction number, Ro

Parameter  Baseline values References Sensitivity Index  Remarks

&y 0.0018 Hiver, Phineas & Isaac, +0.5000 Positive
(2022)

K 0.0018 Hiver, Phineas & Isaac, +0.9999 Positive
(2022)

n 0.0078 (7 +0.0000451 Positive

& 0.00357 Hiver, Phineas & Isaac, +0.9999 Positive
(2022)

T 0.0055 Hiver, Phineas & Isaac, -0.3333 Negative
(2022)

g 0.011 3) -0.6666 Negative

[N 0.3000 Hiver, Phineas & Isaac, -0.7143 Positive
(2022)

L 0.6000 (14) -0.1429 Negative
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The partial ranking correlation coefficient for the sensitivity indices for the reproduction number is presented in

figure 3

Sensitivity index

_O 8 1 1 1 1 1 1 1 1
€D K n P T € wp Iy

Parameter

Figure 3: Showing the sensitivity indices for parameters in Ro

The sensitivity indices show the effects of the variation of parameters in relation to the reproduction number. An
increase in those parameters with positive values will lead to a corresponding increase in the reproduction number.

While an increase in those parameters with negative values will have a reducing effect on the reproduction number.

4.5 Computational results

We performed numerical simulation of the model equations using the inbuilt RK-ode45 function in
MATLAB R2021a to study the behavior of the system and effects of the contact rates of both human and
animal on the dynamics of leptospirosis infection. The initial condition employed are:
S,,(0)=100,L,,(0)=50,1,,(0) =25, 1, (0) =15,H,, (0) =15,R,, (0) =15,

L (0) =1500, S, (0) =50, E, (0) = 20, I, (0) =10, R, (0) =30,
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Figures 4.1 to 4.18 are the graphs generated from numerical simulations carried out on the model equations.
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Figure 4.7: Recovered Humans as a function of time.
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Figure 4.18: Effects of loss of immunity rate in recovered dogs on infected dogs

4.6 Numerical Simulations and Policy Implications

Figures 4.1-4.11 illustrate the temporal dynamics of the human and dog populations together with the environmental
pathogen concentration. The susceptible human population (Figure 4.1) decreases rapidly before approaching a
steady state, indicating intense disease transmission during the early phase of the outbreak. Biologically, this reflects
the rapid depletion of individuals at risk of infection as exposure to contaminated environments and infected dogs
increases. The latent human population (Figure 4.2) also declines sharply, suggesting a relatively short incubation
period and rapid progression to infectious stages. This implies that infected individuals quickly become capable of
transmitting the disease, thereby accelerating the spread of infection.

The asymptomatic infected population (Figure 4.3) and symptomatic infected population (Figure 4.4) both decline
rapidly over time, indicating progression to hospitalization or recovery, together with the effects of disease-induced
mortality and control interventions. Biologically, this demonstrates that infectious individuals do not remain in these
compartments for extended periods, thereby reducing the duration of active transmission when effective treatment
and control measures are implemented. Hospitalized individuals (Figure 4.5) increase sharply during the early stages
of the outbreak before gradually declining. This early surge reflects the burden placed on healthcare facilities during
an epidemic, while the subsequent decline indicates successful treatment, reduced disease transmission, or a decrease
in the number of severe infections requiring hospitalization.

The recovered human population (Figure 4.6) decreases steadily over time, suggesting waning immunity and the

gradual return of recovered individuals to the susceptible class. From a biological perspective, this indicates that
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immunity is temporary, allowing reinfection to occur and creating conditions for recurrent outbreaks if transmission
persists. Similarly, the environmental pathogen concentration (Figure 4.7) declines continuously, which may be
attributed to natural pathogen decay, environmental sanitation, and reduced bacterial shedding as the number of
infectious hosts decreases. Biologically, this reduction lowers the risk of indirect transmission and demonstrates the
critical role of environmental management in interrupting the disease cycle.

For the dog population, susceptible dogs (Figure 4.8) decrease rapidly owing to infection pressure from contaminated
environments. This indicates that dogs serve as an important reservoir capable of sustaining disease transmission
within the population. The exposed dog population (Figure 4.9) initially increases as susceptible dogs become
infected and subsequently stabilizes as transmission approaches equilibrium. Biologically, this reflects the
continuous recruitment of newly infected dogs into the latent stage before the epidemic reaches a stable state.

The infected dog population (Figure 4.10) exhibits an initial decline followed by a slight resurgence, indicating the
possible effects of reinfection, waning immunity, or reduced effectiveness of intervention measures. This behavior
suggests that, without sustained control strategies, infection can persist within the reservoir population, thereby
maintaining the risk of spillover transmission to humans. The recovered dog population (Figure 4.11) gradually
declines, indicating temporary immunity. Biologically, this demonstrates that recovered dogs eventually become
susceptible again, replenishing the susceptible reservoir and contributing to the long-term persistence of the disease.
Figures 4.12-4.17 present the sensitivity of the model to changes in selected epidemiological parameters. An
increase in the saturation parameter (Figure 4.12) accelerates disease transmission, resulting in earlier epidemic
peaks and faster infection spread. Biologically, this indicates that higher effective contact rates increase the speed at
which susceptible individuals acquire infection, making outbreaks more difficult to contain.

Increasing the environmental sanitation rate (Figure 4.13) substantially reduces pathogen concentration,
demonstrating the effectiveness of sanitation in controlling environmental contamination. This finding highlights
environmental sanitation as a key public health intervention capable of reducing indirect transmission and protecting
both humans and dogs. Likewise, increasing the natural pathogen decay rate (Figure 4.14) accelerates pathogen
removal from the environment, thereby reducing the probability of infection following environmental exposure.
Biologically, this suggests that environmental conditions that shorten pathogen survival can significantly suppress
disease persistence.

Reducing the contact rate between dogs and contaminated environments, (Figure 4.15) significantly lowers the
number of infected dogs. This emphasizes the importance of restricting animal access to contaminated water sources,
waste disposal sites, or other environmental reservoirs to interrupt the transmission cycle. Conversely, increasing the
bacterial shedding rate (Figure 4.16) elevates environmental pathogen concentration and intensifies disease
transmission. Biologically, this indicates that highly infectious hosts disproportionately contaminate the environment,
increasing exposure risk and sustaining community transmission.

Finally, increasing the loss of immunity rate (Figure 4.17) causes recovered dogs to return more rapidly to the
susceptible class, thereby increasing the pool of susceptible hosts and promoting sustained disease transmission. This
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demonstrates that long-lasting immunity is essential for reducing disease persistence and that interventions capable
of prolonging immunity, such as effective vaccination, could substantially reduce future outbreaks and enhance
disease control.

4.7 Biological and Public Health Implications

These findings demonstrate that effective control of leptospirosis requires a comprehensive One Health approach that
simultaneously targets humans, animal reservoirs, and the environment. The simulation results indicate that
improving environmental sanitation and waste management substantially reduces environmental pathogen
concentration, thereby lowering the risk of indirect transmission. Similarly, increasing the natural decay of
leptospiral bacteria in the environment shortens pathogen survival and further limits disease persistence.

The results also show that reducing contact between dogs and contaminated environments through responsible
animal management, restricted roaming, proper waste disposal, and improved hygiene practices significantly
decreases disease transmission among dogs and, consequently, the risk of human infection. Furthermore, reducing
bacterial shedding through early diagnosis, prompt treatment, and effective management of infected dogs minimizes
environmental contamination and interrupts the transmission cycle.

The observed effects of waning immunity suggest that maintaining long-term immunity in the dog population is
essential for preventing recurrent outbreaks. Consequently, sustained vaccination programmes and regular veterinary
surveillance should be considered key components of leptospirosis control strategies. For the human population,
timely diagnosis, improved access to treatment, health education, and occupational protection for high-risk groups,
and community awareness campaigns can reduce disease transmission, severe infections, and hospitalization.

Overall, the study highlights that isolated interventions are unlikely to eliminate leptospirosis. Instead, coordinated
environmental, veterinary, and public health measures are required to achieve sustainable disease control and reduce

the burden of leptospirosis in endemic communities.

5 Conclusion

A deterministic compartmental model describing the transmission dynamics of leptospirosis among humans, dogs,
and the contaminated environment was developed and analysed. The model successfully captured the interactions
between susceptible, exposed, infectious, hospitalized, and recovered human populations, the corresponding dog

populations, and the environmental reservoir of leptospiral bacteria.

The disease-free equilibrium was established, and the basic reproduction number, Ro , was derived using the next-
generation matrix approach. Local and global stability analyses showed that the disease-free equilibrium is
asymptotically stable whenever Ro <1, implying that leptospirosis can be eliminated if each infectious individual
generates, on average, less than one secondary infection. The endemic equilibrium was also shown to be globally
asymptotically stable when Ro >1, indicating persistent disease transmission once the infection becomes established

in the population.
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Sensitivity analysis identified the parameters that exert the greatest influence on disease transmission. In particular,
parameters associated with environmental contamination, bacterial shedding, contact between dogs and contaminated
environments, sanitation, pathogen decay, and loss of immunity were found to play significant roles in determining
the magnitude and persistence of the outbreak. These findings identify the most effective targets for disease control
and provide quantitative guidance for prioritizing intervention strategies.

Numerical simulations further demonstrated the temporal behaviour of the epidemic and confirmed that interventions
aimed at reducing environmental contamination, limiting exposure to contaminated environments, decreasing
bacterial shedding, and maintaining immunity substantially reduce disease prevalence in both humans and dogs. The
results also emphasize the critical role of the environmental reservoir in sustaining transmission, thereby reinforcing
the importance of environmental management alongside veterinary and public health interventions.

In conclusion, the proposed model provides valuable insights into the epidemiological dynamics of leptospirosis and
offers a quantitative framework for evaluating potential control strategies. The study supports the implementation of
integrated One Health interventions that combine environmental sanitation, veterinary surveillance and vaccination,
responsible dog management, early diagnosis and treatment, and public health education. Such coordinated measures
are expected to reduce disease transmission, minimize environmental contamination, and ultimately lessen the public
health and economic burden of leptospirosis in endemic regions. The impact of parameters on the reproduction
number: raising a parameter with a positive sensitivity index increases the risk of a disease outbreak, while
raising a parameter with a negative index reduces the likelihood of an outbreak. Numerical simulations
demonstrate some of the measures that could be taken in order to eradicate the disease from society. The
general conclusion of'this work is that, to eradicate leptospirosis completely from the system, the best measures to

employ are adequate environmental sanitation and proper treatment in both humans and animals.
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