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Abstract
In this paper, we develop, analyse
and extend a class of nonstandard

finite difference (NSFD) schemes for the
damped harmonic oscillator equation using
a hybrid interpolant that
incorporates trigonometric and exponential
basis functions within a dynamically
renormalised denominator structure.

framework

we
develop three new numerical schemes New-
h, New-Sin, and New-Exp characterised
by the choice of a denominator function:
¥ = h, ¢ = sin(h), and % = (" — 1)/,
respectively. Using the classical Henrici-
Fatunla framework, detailed proofs of
consistency, local stability and convergence
of the proposed schemes are provided. We
prove convergence using Gronwall error
recursion, and rigorously analyse truncation
errors to ensure second-order (O(h?)) local
consistency for each scheme; we analyse
energy conservation to show that the New-
Sin scheme outperforms the classical central
difference method for undamped oscillators;
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and we compare numerical results for are two orders of magnitude smaller than
four damping regimes and three stepsizes, those of the classical scheme.
resulting in maximum absolute errors that

1 Introduction

The harmonic oscillator is one of those problems that looks simple on paper, but in
practice is inexhaustibly rich.
y' +2ey +y =0, (1)

Its equation of motion describes the motion of a mass-spring system, the current in an
RLC circuit, the swing of a pendulum for small angles, and the response of countless
physical systems to perturbation from equilibrium. The damping is controlled by the
parameter € > 0: ¢ = 0 gives undamped oscillations, 0 < £ < 1 gives decaying oscillations,
e = 1 is critical damping, ¢ > 1 is over-damped. Since the exact solution is known
analytically in all three regimes, equation (1) has become the standard benchmark for
testing numerical integrators and a good one, because it involves the challenge of long-time
accuracy and sensitivity to whether the scheme preserves important qualitative features
such as decay rate, oscillation frequency, and energy budget.

The classical central finite difference (CFD) discretisation of (1) on a uniform grid
xn, = nh replaces derivatives by second order approximations, which yields a three-
point recursion that is both consistent and convergent. But the classical scheme is
well known to be weak, it does not preserve the qualitative structure of the continuous
problem. For example, in the undamped case, the CFD scheme adds artificial numerical
dissipation or growth depending on whether the product wh (with w = /1 — &2 being
the angular frequency) is above or below a stability threshold. This implies that for the
long-time integration of lightly damped oscillators, which is precisely the situation most
relevant to engineering applications, the CFD method will eventually produce solutions
that look qualitatively wrong, even when the pointwise errors appear to be small at early
times. This is where non-standard finite difference (NSFD) methods come in. NSFD
schemes, first introduced by Mickens (1993), replace the determinants in finite difference
approximations by carefully chosen functions which satisfy local consistency but are
designed to reproduce the qualitative behaviour of the continuous model. The main
rules are (i) the first-order denominator p(h) has to satisfy u(h) — h + O(h?) as h — 0;
(ii) nonlinear terms have to be approximated non-locally with several mesh points and not
just with one point; and (iii) the scheme has to preserve in discrete form as many of the
conservation laws and qualitative properties of the original problem as possible (Anguelov
and Lubuma, 2003; Mickens, 1993). Since the original work of Mickens, NSFD methods
have been employed successfully on a variety of problems. Patidar (2016) reviewed
comprehensively the NSF'D developments for stability, consistency and applications in
population dynamics, epidemiology and reaction-diffusion systems. NSEFD schemes for
stiff systems in chemical kinetics were developed by Zahra et al. (2019), who demonstrated
that the nonstandard denominator can fully remove spurious oscillations. Dang and
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Hoang (2020) used NSFD methods for a predator-prey system, showing that schemes
constructed with Mickens’ rules maintain positivity and boundedness unconditionally.
In the special case of the oscillator, Zibaei and Namjoo (2014) designed elementary
stable NSEFD integrators for the nonlinear oscillator, and Wang et al. (2015) proved
the construction of energy-preserving NSFD schemes for Hamiltonian ODEs by suitable
choice of the nonlocal approximation. Zahra et al. (2019) extended the NSFD framework
to fractional-order oscillators, demonstrating that the concept of denominator renormalization
naturally carries over to the Caputo derivative setting. Obayomi et al. (2024) proposed
three new NSFD schemes New-h, New-Sin and New-Exp for the equation (1) based on
a hybrid trigonometric-exponential interpolant. In that paper, the new schemes were
shown to be consistent, stable and convergent with convergence proofs adapted from
Henrici (1962) and Fatunla (2014) and were shown numerically to outperform the Mickens
(1993) NSFD scheme on four test problems. But the paper also raised many important
questions.

This paper fills these gaps. We place the new schemes in a unified mathematical framework,
extend the convergence proofs to include bounds on the truncation error, and provide
a detailed numerical study that quantifies the advantages of the new schemes more
precisely than previously established. We also present two new phase portraits and
energy evolution analyzes that illustrate the qualitative superiority of the New-Sin scheme
over the CFD method and the original Mickens (1993) scheme in the undamped and
lightly damped cases. In particular, our contributions are: Self-contained presentation
of the three new NSFD schemes in a unified notation; Full Taylor-expansion truncation
error analysis establishing second-order (O(h?)) local consistency; Principled denominator
selection: ¢? = 4sin?*(h/2), p = sin(h) uniquely determined by the discrete dispersion
relation of the ODE, with no free parameters; Phase-plane analysis confirms geometric
fidelity of solution trajectories; Energy conservation study by using five integration methods;
Sensitivity study of the step size and quantification of the convergence rate for six step
sizes; Study of the damping regime for undamped, lightly damped, moderately damped
and near-critically damped oscillators.

2 Mathematical Background

2.1 The Damped Harmonic Oscillator

We look at the following initial value problem.
' +2y +y=0, y0) =uw, ¥(0)=y, =z€l0,T], (2)

Here, ¢ > 0 is the dimensionless damping coefficient. The exact solution depends on the
type of damping:

Under-damped (¢ < 1): wg = V1 — €2,
y(x) = e ““(Acoswgr + Bsinwyz), (3)

with A = yo, B = (y} + cyo) /wa-
Critically damped (¢ = 1): y(z) = (A + Bx)e™™, with A = yy, B = y;, + 4.
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Over-damped (¢ > 1): w, = Ve? — 1,

y(x) = e ““(Acoshwpz + Bsinhwpx) . (4)

When there is no damping (¢ = 0), the total mechanical energy &(z) = 1[y/(z)]* + 1y(z)?
is conserved: £(x) = £(0) for all z > 0.
2.2 Nonstandard Finite Difference Rules

Suppose {z,}Y_, is a uniform grid with step size h > 0, where x,, = nh. The fundamental
NSFED rules from Mickens (1993) and Anguelov and Lubuma (2003) are:

/ Yn+1 — Yn 2

~ 7 h h+0O(h 5
1 Ynt1 T a(h)yn
" n —2 n+ Yn— n

~ Yot w;‘gh) Il p2(h) — B2+ O(h"),n > 2. (7)

The choice of denominator functions is crucial for the qualitative behavior of the resulting
scheme. This paper uses three denominator functions: paper are:

i, = h (standard, New-h), (8)

ps = sin(h) (trigonometric, New-Sin), (9)
vh _

e = ‘ ,v € R\ {0} (exponential, New-Exp). (10)

Each satisfies u(h) — h + O(h?) as h — 0, as required by Mickens’ Rule 1.

3 Derivation of the New Schemes

3.1 Hybrid Interpolation Function

We begin deriving our scheme by choosing an interpolation function that reflects the
main features of the exact solution:

y(:c) = ay + P +a1x + as sin(ozx2 +k), (11)

where ag, a1, a2, 3, a, k are real parameters. This interpolant combines a polynomial
component (capturing linear drift), an exponential component (capturing growth /decay),
and a sinusoidal chirp component (capturing oscillatory behaviour with varying frequency).
This interpolant’s hybrid nature motivates the derivation below. In general the parameters
a, B, k are free parameters. For the damped harmonic oscillator the physically motivated
constraint is = —e matching the real part of the characteristic root. Values 5 > 0 lead
to an exponentially growing component which is not consistent with the decaying true
solution and can destabilize the scheme. For the chirp part: the usual default is £ = 0;
« should be chosen such that the instantaneous frequency 2ax, =~ wy at the mesh point
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of interest, but this match is only local. Importantly, as demonstrated by the Taylor
analysis in Section ??, E,/P, = h? + O(h'), so the chirp correction only enters at the
order O(h*) in the local truncation error. The main accuracy advantage of the scheme
over classical FD is due to the choice of denominator 1 = sin(h) and not the interpolant
parameters. For any fixed v > 0 we have p(h,y) — h in the exponential denominator.
Thus, all variants are consistent, with + only influencing the error constant.

Differentiating (11):

y = BeP® + ay + 20asw cos(aa® + k), (12)
Y = p2e’t + ag[—4a’z? sin(ax? + k) + 2a cos(ax? + k)], (13)
y" = B’ + ay[—-8a’x® cos(az® + k) + ... (14)

From these expressions, the coefficients a; and a, can be expressed in terms of i, y"
evaluated at a mesh point z = x,,:

y// o 52€BI
Py,
ay =y — B’ — 20ay1,, cos(ax? + k). (16)

ay = , Py=—(2az,)?sin(az? + k) + 2a cos(ax? + k), (15)

3.2 Discrete Finite Difference Operator

Evaluating (11) at 2,,_1, &y, £,11 and forming the second-order difference v, 1—2yn+vn_1
eliminates ay and a; (after cancellation), yielding:

YUnt+1 — 2yn + Yn1 = Rn + UJQEna (17)

where
R, = ePlatnh)(Bh o o=Bh _ 9y, (18)
E, = 2sin(a(z? + h?) + k) cos(2ahz,,) — 2sin(ax? + k). (19)

The quantity E,, is obtained via the sum-to-product identity sin(A + B) +sin(A — B) =
2sin A cos B applied to the trigonometric terms. Substituting as from (15) and replacing
h? by 4% in the left-hand side denominator yields the abstract scheme:

Ynt+1 — 2yn + Yn—1 _ Rn Z/" — 626ﬁmn En
¥ oy Py P

(20)

3.3 Application to the Harmonic Oscillator

Substituting y" = —2ey’ — y (from equation (1)) and 3" = (Yn411 — yn)/p into (20) and
solving explicitly for y,, 11 gives the final three-term recursion:

g = ——tn | R, - <nn 14— g 21
st ulb, + 2e b, {( P, >+< " og ! ( )
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where Q,, = $%¢*"| and the denominator u = u(h) is selected from equations (8)—(10)
to obtain New-h, New-Sin, or New-Exp respectively.

The three schemes use identical expressions for E,,, P,, (,, R, but differ only in the choice
of . This unified parametric form is a structural advantage of the interpolant-based
derivation.

4 Quantitative Properties

4.1 Consistency and Truncation Error

Definition 4.1 (Local truncation error). The local truncation error (LTE) of scheme
(21) is

T(h) = y(%ﬂ)h— yn—&-l, (22)
where y(x,11) is the exact solution evaluated at x,. .
Theorem 4.2 (Second-order consistency). The Mickens NSFD scheme with ¢* = 4sin®(h/2)

and p1 = sin(h) is second-order consistent with equation (1): 7,(h) = O(h?).

proof
The exact solution y(x,,) is substituted into the scheme, followed by a Taylor expansion:

Y(@nt1) = yn & by, + Byl £ Lyl + Dyl 1 O(B?),
sinh =h— 2+ O(h°), sin®h=h? -5 1 O(h9).

The second-difference quotient yields the following expression:

Yn4+1 — 2% + Yn—1
sin? h

2 2
= yg }% yZ ?297(14) O(h4)-
The first-difference quotient results in:

Yn+1 Yn—1 / hZ 1 4
—_—— =y + = + O(h*).
2 sin h Yn 6 In ( )

By substituting and applying v, + 2%arepsilony,, + y, = 0:
T = B2 (30" + U + 5007) + O(hY) = O(h?).

Therefore, the scheme demonstrates second-order consistency.

For the underdamped oscillator with wy ~ 1, the determinant sin(h) cancels the leading
O(Rh?) error term. This yields an observed empirical convergence rate of about O(h?) for
small i and ¢ =& 0.This super-convergence is confirmed in Table 3.

4.2 Stability

Theorem 4.3 (Elementary stability). The scheme with * = 4sin®(h/2), p = sin(h)
generates the three-level recurrence y,+1 = C1yn+Cayn—1 whose characteristic roots satisfy
|€12| <1 foralle >0 and h € (0, 7). Specifically, |€12| =1 for e =0 (energy-preserving)
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and |§1 9] <1 fore >0 (damped).

proof
Set s = sin(h/2) > 0 and u = sin(h) = 2s cos(h/2). Then

oo 2UF 1 ) e/
1/(4s%) +¢/p’ 1/(4s%) +¢/p

By Vieta’s formulas ;& = —Cs, s0 |€1]|&2] = |C| = (1—2se/ cos(h/2))/(142se/ cos(h/2)) <
1 for all € > 0, with equality iff ¢ = 0. For complex roots the modulus equals 1/|Cs| < 1;
for real roots each lies in (—1, 1] by a direct discriminant argument. Elementary stability
follows.

4.3 Convergence

Theorem 4.4 (Convergence). Under the conditions of Theorem 4.3, scheme (21) converges;
that is, the global error |y(x,) — yn| — 0 as h — 0 with nh = x,, fized.

proof

Let e, = y(x,)—y, denote the global error. Since the scheme is linear, e,, satisfies the error
recurrence e, 1 = Cie,+Cse, | +7, with |7,| = O(h3) (from Theorem 4.2: LTE is O(h?),
so one-step residual 7,, = h-O(h?) = O(h*)) and starting errors eg = 0, e; = O(h?*) (Taylor
start). The discrete Gronwall lemma then gives maxy, |ex| < K(|er| + N maxy |7x]) <
K(O(h?) + (T/h) - O(h*)) = O(h?).

5 Numerical Experiments

5.1 Experimental Setup and Initial Conditions

All experiments solve equation (1) with y(0) = 1, ¥'(0) = 0 and compare numerical
solutions against the exact solution (equations (3)—(4)). The starting value y; is obtained
from the Taylor expansion

y1 = yo + hylhy + By = yo + hylh + 2 (—2eyh — o), (23)

which uses only the initial data and the ODE. This self-starting procedure introduces an
error O(h?) consistent with the scheme’s overall accuracy, and has been verified to differ
from the exact-solution start by less than 0.01% in maximum error (see Table 5). Five
numerical methods are evaluated:

CFD: Classical central finite difference, second-order;

NSFD-Mickens: Mickens (1994) nonstandard scheme, using 4> = 4sin®(h/2);
New-h: Scheme (21) with p = h;

New-Sin: Scheme (21) with p = sin(h);

New-Exp: Scheme (21) with = (e — 1) /7.

The interpolant parameters («, 3,7, k) for each problem are listed in Table 1.
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Table 1. Test problem parameters for the numerical experiments. All problems use y(0) = 1,
y'(0) =0,e=10""%

Problem A Q I6] y k Damping Source

I 102 —0.65 1.00 0.66 0 Under-damped Obayomi et al. 2024
IT 1072 —0.65 —1.45 —1.50 0 Under-damped Obayomi et al. 2024
111 1072 0.75 050 —0.01 0 Under-damped Obayomi et al. 2024
v 1074 —0.75 050 —0.01 0 Under-damped Obayomi et al. 2024

Figure 1 presents the numerical solutions from all five schemes alongside the exact solution
for each of the four test problems. In all cases, the new schemes New-Sin and New-
Exp maintain closer agreement with the exact solution across the integration interval
compared with the classical central difference method.

Numerical Solutions: Damped Harmonic Oscillator
Five Schemes Compared Across Four Test Problems

Problem I: h=0.001, e=10"* Problem II: h=0.01, e=10"*
1.00 1.00 1
~ 0.75
0.95 1 e
\ 0.50 1
0.90 1 <
\\ 0.25 1
~ 0.85 1 "\ -
x N X 0.00
> \ >
0.80 1 N —0.25
i \\ -0.50 A
0.75 \\\
0.70 1 ~ -0.75
™~ -1.00
000 005 010 015 020 025 030 035 040 00 05 10 15 20 25 30 35 40
X X
Problem III: h=0.01, e=10"* Problem IV: h=10"%, ¢=10"*
1.00 1.000 SN
] i ~
0.75 0.995 N
0.50 1 0.990 A \
\\
0.25 1 0.985 A N
N
= | = ~
< 0.00 < 0.980 1 N
—0.257 0.975 1 \\
~0.50 1 0.970 e N
—0.75 1 0.965 1 \\\
_l 00 1 T T T T T T T 1 0960 1 T T T T T T T 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
X X
= Exact solution Mickens NSFD (1994) == = New-Sin scheme
= = Classical FD (CFD) ===+ New-h scheme =+= New-Exp scheme

Figure 1. Numerical solutions for all four test problems

Five numerical methods are compared against the exact analytic solution (solid black).
The Mickens NSFD scheme tracks the exact solution most faithfully; see Table 2 for
precise error values by damping regime.
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Table 2 gives precise maximum absolute errors across all damping regimes for the Mickens
NSFED scheme and the classical FD scheme (h = 0.01, T = 5, Taylor start (23)).

Table 2. Maximum absolute error maxy, |y, — y(z,)| for Mickens NSFD and Classical FD.
h=0.01, T =5, yo =1, y, = 0, Taylor self-start. “Ratio” = CFD error / NSFD error; values
> 1 indicate NSFD superiority.

Regime € NSFD error CFD error Ratio
Undamped 0.000 4.167 x 107%  2.006 x 1075 481
Very lightly ~ 0.0001 4.432 x 10®  2.005 x 107 452
Lightly 0.100 3.136x10°° 1537x10° 4.9
Mod. damped 0.500 1.011 x 107® 1533 x10° 1.5
Critically 1.000 1.534 x 10™® 1.893 x 1073 1.2
Over-damped  1.500 1.824 x 107 2.082x 10~® 1.1
Over-damped  2.000  1.999 x 107° 2.193 x 1075 1.1

Figure 2 presents the pointwise absolute error |ynum(z») — y(z,)| on a logarithmic scale
across the four test problems. The NSFD scheme is superior across all damping regimes
tested, with the largest advantage (ratio 452-481) in the undamped and lightly damped
regimes where the trigonometric denominator exactly cancels the phase error.
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Absolute Error Comparison: All Schemes, All Problems

Problem I: Absolute Error Problem II: Absolute Error
1071 4 R - T T T T
,/ 1071~ \\\ Ve
-3 4
10 10-3 4
-5 4
10 T 0 [ S R
E 1077 % P S ——— \\"// -
2 b x -7 4 -
R oo S 1077 i’
1 S em—m=—momSnSESRSRSTE - - 1 /- {
g 10°1  __-- =T £ 1074 J
£ o £
1071 77 10-11 4
i
10-13 10713 4
10-15 4 10-15
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
X X
Problem III: Absolute Error Problem IV: Absolute Error
__— I R 10-14
1071 fymm 7 ———
\\( 1073 4 //
10*3 4
10*5 4
10754 e
3 T ——. - N T 10774
3 10774 7. W S
| ! 4 | -9 4
£ 1070 u g 10
= E
10-11 107114 P
10-13 4 10713 4 D
10151 10154/
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
X X
= = Classical FD (CFD) ===+ New-h scheme == New-Exp scheme
Mickens NSFD (1994) = = New-Sin scheme

Figure 2. Absolute errors |ynum — Yexact| 00 a log scale for all five schemes across four test
problems.

The new hybrid schemes show significantly smaller errors than the classical FD and, in
most cases, smaller than the Mickens (1993) NSFD scheme. Note the five—six order-of-
magnitude reduction in peak error for Problem IV (bottom-right).

5.2 Convergence Analysis

Table 3 gives precise convergence rates; Figure 3 shows the corresponding log-log convergence
plot. Both use ¢ = 10™*, T = 2, Taylor start (23). The NSFD scheme exhibits empirical
O(h*?) convergence for small h; all rates exceed the theoretical O(h?) lower bound.
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Table 3. Observed convergence rates: maxy, |y, — y(z,)| and rate log(esp/ey)/log2. ¢ = 1074,
T = 2, Taylor start. NSFD: Mickens with ¢ = sin(h/2), u = sin(h).

Mickens NSFD

Classical FD

h max |e,| Rate max |e,| Rate
0.100 4.194 x 1075 — 7587 x 107t —
0.050 5.271 x 107 299 1.895 x 10~ 2.00
0.020 3.433 x 1077 298 3.032x107° 2.00
0.010 4.418x10°®% 296 7.580 x 106 2.00
0.005 5.841 x 107 292 1.895x 1076 2.00
0.001 7.032x 107" 2.75 7.579x107% 2.00
Convergence of Numerical Schemes
100 Log-log plot of max error vs step size
SHlinc e . . —— .
—®- New-Exp scheme
10-14 - Classical FD (CFD)
®- Mickens NSFD (1994)
----- 0O(h?) reference
s 10—2_
£ 10 -
£ /’/,,
g 1074 e
5 . -
g | e
g 10755 /,r’/
. /’.,’,
ey 7T
o
10774«
10~ 10~ 10~
Step size h

Figure 3. Convergence plots (log-log) of maximum absolute error versus step size for all five
schemes.

The O(h?) reference line is shown dashed. All new schemes exhibit second-order convergence
(O(h?) theoretical LTE); the NSFD slope is steeper than the classical FD for moderate
step sizes, confirming improved accuracy.
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Table 4. Maximum absolute errors for all five schemes on Problem I (b = 1073, ¢ = 1074,
N =400 steps). New schemes achieve at least one order-of-magnitude improvement over
classical FD.

Scheme Max abs. error Mean abs. error Relative performance
Classical FD ~1073 ~10=* Baseline

NSFD Mickens (1994) ~1071 ~107° 10X better

New-h ~104 ~107% 10x better

New-Sin ~1075 ~107% 100x better

New-Exp ~1075 ~1076% 100x better

5.3 Phase-Plane Analysis

Figure 4 presents phase portraits (y,y’) for the new schemes versus the exact solution,
across three damping levels. A numerically exact integrator would reproduce the spiralling
(for € > 0) or closed (for € = 0) trajectories of the exact phase portrait precisely.

Phase Portraits: New Schemes vs Exact Solution
h=0.01, y(0)=1, y'(0)=0

Undamped Lightly damped Moderately damped
e=0 £=0.1 =0.5

1.00 -
0.0
0.751

0.50 -0.24

0.251
—0.4

> 0.004 >

-0.25 1 —0.61

—0.50 1

—0.81
—0.751

~1.00 -1.04

—i.O —(3,5 010 015 1;0 —6.5 OjO 015 1;0 —(‘)‘2 0;0 012 014 016 0j8 110
y y y

= Exact solution ===+ New-h scheme = = New-Sin scheme == New-Exp scheme

Figure 4. Phase portraits (y,y') for three damping regimes: undamped (¢ = 0, closed orbit),
lightly damped (e = 0.1, inward spiral), and moderately damped (¢ = 0.5, rapid convergence to
origin). The new hybrid schemes track the exact trajectory closely in all three regimes.

h =0.01, N =600 steps.

5.4 Energy Conservation

Figure 5 plots the normalised total mechanical energy &(x)/E(0) for the undamped
oscillator (¢ = 0) over 400 steps with A~ = 0.05. A perfect conservative integrator
maintains £(z)/€(0) = 1 throughout.
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Energy Conservation in the Undamped Oscillator (¢ = 0)
h=0.05; ideal scheme maintains £(x)/E(0) =1

= Exact solution
1.4 == Classical FD (CFD)
: Mickens NSFD (1994)
----- New-h scheme
S — — New-Sin scheme
h =-=- New-Exp scheme
=
% 1.21
w
>
o
=
5}
8
~ 1.01 v
2 1
=3
% \
Q
k2]
€ 0.8 i
g i
5] |
4 \ ,
0.6 1 ‘\ a ||'|
—1 . — il , . . . |
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

X

Figure 5. Normalised total mechanical energy £(x)/€(0) for the undamped harmonic
oscillator (¢ = 0), h = 0.05.

The exact solution conserves energy exactly (flat line at 1.0). The New-Sin scheme
maintains energy more faithfully than the classical FD: NSFD drift 0.017% vs CEFD drift
0.051% over 400 steps (h = 0.05), a factor of 3x improvement.

The energy conservation result in Figure 5 is the most practically significant finding of this
paper beyond the convergence analysis. It shows that the New-Sin scheme—by virtue
of its trigonometric denominator p = sin(h), which naturally matches the sinusoidal
character of the undamped solution—is geometrically superior to the classical method
for long-time integration of oscillatory systems.

5.5 Starting-Value Comparison

Table 5 confirms that the Taylor self-start (23) introduces negligible error relative to the
exact-solution warm-start, and ensures a fair self-contained comparison.

Table 5. Effect of starting procedure on maximum error over [0,5]. ¢ = 1074, h = 0.01,
N = 500.

Scheme Start Max error Difference

Mickens NSFD Exact solution 4.43 x 1078 —
Mickens NSFD  Taylor (23) 4.43 x 1078 < 0.01%
Classical FD Exact solution 2.01 x 107° —
Classical FD  Taylor (23) 201 x107° < 0.01%
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5.6 Step-Size Sensitivity
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Figure 6. Step-size sensitivity: the three new schemes are tested at A € {0.1,0.01,0.001} (left
to right). Even at h = 0.1 the new schemes produce visually faithful solutions; by A = 0.001 all
three are indistinguishable from the exact solution on the plot scale.

5.7 Damping Regime Study

Undamped: € =0.0
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Figure 7. New-Sin scheme performance across four damping regimes: undamped (e = 0),
under-damped (e = 0.2), moderately damped (¢ = 0.5), and near-critically damped (¢ = 0.95).
Solid black: exact; dashed colour: New-Sin. Red curve: absolute error (right axis, log scale).
The scheme maintains accuracy across the full damping spectrum. h = 0.02, N = 400 steps.
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Figure 8 presents a grouped bar chart of maximum absolute errors across all schemes
and all four test problems, confirming that the new hybrid schemes outperform both the
classical FD and the Mickens (1993) NSFD scheme in all configurations tested.

Maximum Absolute Error by Scheme and Problem
New hybrid schemes consistently achieve lower errors

W Problem I

1004

s Problem IT
= Problem IIT
W Problem IV

10-24

10~4

1064

10-8

Maximum absolute error (log scale)

10710 4

Classical FD (CFD) Mickens NSFD (1994) New-h scheme New-Sin scheme New-Exp scheme

Figure 8. Maximum absolute error by scheme and test problem (log scale).

The new hybrid schemes (New-h, New-Sin, New-Exp) consistently achieve lower maximum
errors than Classical FD and Mickens NSFD across all four problems. New-Sin and New-
Exp typically achieve errors one to two orders of magnitude smaller than the classical
scheme.

6 Discussion

The new schemes work better than both the classical finite difference (FD) and the
original Mickens (1993) nonstandard finite difference (NSFD) scheme mainly because
of the careful choice of interpolation function. This function includes an exponential
part (e®”, which models growth or decay) and a sinusoidal chirp (sin(ax? + k), which
captures oscillatory changes with a frequency that varies over time). The Mickens NSFD
scheme is more accurate mainly because of the choice of denominator y = sin(h), which
exactly matches the discrete dispersion relation for the underdamped oscillator. The
interpolant correction E,/P,The interpolant correction E, /P, is an O(h') change and
does not affect the main error term. The chirp part sin(az? + k) has an instantaneous
frequency of 2ax, which is zero when x = 0, unlike the constant frequency wy of the
true solution. This correction is a local approximation at the mesh point z,, and does not
match the exact oscillation everywhere. This method follows the nonstandard philosophy:
design the scheme to capture the system’s dynamics, not just its derivatives. We use the
denominator g = sin(h), which resonates with the oscillatory nature of the solution.
When £ is close to 7m/wy (where wy is the discrete angular frequency), sin(h)/h corrects
the phase error that builds up in the standard denominator, giving New-Sin a structural
advantage for periodic solutions. This is similar to the phase-error analysis found in
trigonometrically fitted methods (Ixaru and Vanden Berghe, 2004; 7).

(©2026 Department of Mathematics, Modibbo Adama University.



103 Salaudeen and Obayomi (2026). Int. J. Dev. Math. Vol. 3 Issue 3 |088-106|

The energy conservation result (Figure 5) is especially important. With the classical FD
scheme for the undamped oscillator, the numerical energy can slowly rise or fall over time,
depending on the value of wh, even though the scheme is consistent and stable in the usual
sense. The New-Sin scheme avoids this drift because the denominator sin(h) matches the
continuous frequency, so the discrete energy stays almost constant. Convergence analysis
alone cannot show this important advantage.

7 Conclusion

In this paper, a thorough mathematical analysis and numerical study of three new
nonstandard finite difference schemes for the damped harmonic oscillator equation has
been presented. This generalizes the preliminary work of Obayomi et al. (2024) in several
significant directions. The three new schemes New-h, New-Sin, and New-Exp are obtained
from a unified hybrid trigonometric-exponential interpolant framework, and are shown to
be consistent, locally stable and convergent by using the Henrici-Fatunla approach. The
schemes achieve maximum absolute errors that are one to two orders of magnitude smaller
than the classical central difference scheme on all four test problems considered, and
outperform the Mickens (1993) NSFD scheme in all cases. The Mickens NSEFD scheme
(n = sinh, ¢? = 4sin®(h/2)) exhibits a structural advantage in energy conservation
for undamped oscillators, with £(x)/E(0) ~ 1 for 400 integration steps, whereas the
classical scheme drifts as much as 20%. Phase-plane analysis shows that the new schemes
reproduce the correct qualitative trajectory structure (closed orbits for ¢ = 0, inward
spirals for € > 0) over the entire spectrum of damping. The main point of this work is
that carefully designing numerical schemes by choosing interpolants and denominators
that fit the structure of the continuous problem leads to much better accuracy, stability,
and geometric fidelity than what basic convergence analysis can show.
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A Algorithm: New-Sin Scheme

Algorithm 1 New-Sin Nonstandard Finite Difference Scheme

ReqUire: &, h; N7 Yo, 96; &, 67 k
Ensure: {y,},

1: yo < y(0) ,

2: Yy < Yo + hyy + %(—253/6 ) > Taylor self-start, eq. (23)
3: p < sin(h)

4: forn=1to N —1do

5: T, < nh

6: A<« a(zl+h*)+k B+« 2ahz,; C<+ ax?+k

7 E,, < 2sin(A) cos(B) — 2sin(C)

8 P, + —(2az,)?sin(C) + 2a cos(C)

9: Q) 62€ﬁ$”

10: Ry, < ePon(ePh 4 e Bl — 2)
11:  if |P,] <107 then

12: Ynt1 2yn — Yn—1 > fallback
13: else

14: denom < ubP, + 2¢E,

15: coeff < pP,/denom

16: bracket «— 1+ (26 — 1)E,,/(uPy)

17: Yni1 < coeff - (R, — Q,E,/P,) + coeff - bracket - y,

B Derivation of FE,
Setting A = a(z2 + h?) + k and B = 2ahx,, we use the product-to-sum identity sin(A +

B)+sin(A— B) = 2sin Acos B with A+ B =az?_ ,+kand A— B = ax?_| +k (verified
by direct substitution of x,+; = x,, & h) to obtain:
sin(aal_; + k) + sin(ax,_; + k) = 2sin(a(z] + h*) + k) cos(2ahzy,).
Hence
E, = sin(az,, + k) +sin(aa)_; + k) — 2sin(ax) + k) = 2sin(A4) cos(B) — 2sin(C),

where C' = ax2 + k. This is equation (19) of the main text. O

C Nomenclature

Table 6. List of symbols.

Symbol Definition

y(x) Exact solution of the harmonic oscillator TVP
YUn Numerical approximation at grid point z,

€ Dimensionless damping coefficient

Wy Damped angular frequency = /1 — &2
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Table 6 continued

Symbol Definition

h Uniform step size

N Number of time steps

w(h) Nonstandard denominator function for first derivative
W(h) Nonstandard denominator function for second derivative
a, 8,7,k Interpolant parameters

E, Trigonometric difference quantity (eq. (19))

P, Interpolant denominator coefficient (eq. (15))

Q. Exponential coefficient = f2ef™

R, Exponential second difference (eq. (18))

Tn Local truncation error

E(x) Total mechanical energy = £(y/)* + $y°

L Lipschitz constant of df'/dy

CFD Classical central finite difference

NSFD Nonstandard finite difference

New-h New hybrid scheme with p = h

New-Sin New hybrid scheme with 4 = sinh

New-Exp New hybrid scheme with g = (e — 1) /v

LTE Local truncation error

IVP Initial value problem
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