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Abstract

This study develops a fuzzy-based

mathematical model for the transmission

dynamics of measles incorporating double-

dose vaccination and treatment under

epidemiological parameter uncertainty.

The model extends a deterministic

measles framework by representing selected

parameters, including the transmission,

vaccination, treatment and recovery rates,

as triangular fuzzy numbers. Basic

properties of the model are established,

and the disease-free equilibrium and basic

reproduction number are derived. The

r-cut approach is employed to obtain

interval-valued representations of the

uncertain parameters and the fuzzy basic

reproduction number. The results show

that the uncertainty interval of the

reproduction number decreases as the

r-cut level increases and converges to

the deterministic reproduction number

at r = 1. Intervention analysis

further shows that a combined reduction

in disease transmission with increased

vaccination coverage and treatment can
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reduce both the deterministic reproduction

number and the upper bound of

the fuzzy reproduction number below

unity. The proposed framework therefore

provides a useful approach for assessing

measles transmission and control when

epidemiological parameters are imprecisely

known.

1 Introduction

Measles is one of the most contagious viral diseases a�ecting humans despite the availability

of an e�ective vaccine. The disease is caused by the measles virus (Morbillivirus) and

spreads through respiratory droplets released during coughing, sneezing or close contact

with infected individuals. Although global vaccination programmes have greatly reduced

measles-related deaths, outbreaks continue to occur in many countries due to incomplete

vaccination coverage, vaccine hesitancy, population movement and gaps in routine immunization

(World Health Organization, 2024; Rai et al., 2022). Measles remains an important

public health problem because it can result in serious complications such as pneumonia,

encephalitis, blindness and death, especially among young children and immunocompromised

individuals (Moss, 2017; Patel et al., 2019).

Fuzzy set theory, introduced by Zadeh (1965), provides an e�ective mathematical framework

for representing uncertainty and imprecision without requiring precise probability distributions.

Since its introduction, fuzzy logic has been successfully applied in engineering, economics,

medical sciences and epidemiological modelling to describe systems with uncertain parameters

(Zimmermann, 2010; Mahmudov, 2011). In infectious disease modelling, fuzzy numbers

have been used to represent uncertain epidemiological parameters and have been shown

to produce interval-valued solutions that provide more realistic predictions than classical

deterministic models (Javidi et al., 2017; Khan et al., 2019).

Although fuzzy epidemic models have received considerable attention, very few studies

have incorporated fuzzy uncertainty into measles transmission models with double-dose

vaccination. Most existing measles models remain deterministic and therefore do not

adequately account for uncertainty in important epidemiological parameters. This study

addresses this gap by extending the deterministic measles model of Kuddus et al. (2021)

into a fuzzy environment. Selected parameters are represented by triangular fuzzy numbers

and analysed using the �-cut approach. The proposed model provides a more realistic

framework for investigating measles transmission under uncertainty and assessing the

e�ectiveness of double-dose vaccination strategies.

2 Model Formulation

To study the transmission dynamics of measles under parameter uncertainty, we propose

a deterministic compartmental framework that incorporates double-dose vaccination,

treatment, and waning immunity. The total population at time t is divided into seven

epidemiological compartments: susceptible individuals S(t), individuals who have received

the �rst dose of the vaccine V1(t), individuals who have received the second dose with

permanent immunity V2(t), exposed individuals E(t), infectious individuals I(t), treated
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individuals T (t), and recovered individuals R(t). The total population is therefore given

by

N(t) = S(t) + V1(t) + V2(t) + E(t) + I(t) + T (t) +R(t): (1)

The model is based on the following assumptions:

i The population is recruited at a constant rate �, where a fraction � of the newly

recruited individuals receives the �rst dose of the measles vaccine and enters V1,

while the remaining fraction (1� �) enters the susceptible class S.

ii Vaccination is administered in two doses. Individuals receiving the �rst dose enter

V1, while �rst-dose vaccinated individuals receive the second dose at rate � and

move to V2, where they acquire permanent immunity.

iii Immunity after the �rst vaccine dose is not permanent; hence, individuals in V1
may lose vaccine-induced protection at rate � and return to the susceptible class.

iv Susceptible individuals become exposed through e�ective contact with infectious

individuals, while recovered individuals may lose immunity at rate ! and return to

the susceptible class.

The movement of individuals between the model compartments is presented in Figure 1.

Figure 1. Flow diagram of the measles model with double-dose vaccination and treatment.

The deterministic model is governed by the following system of nonlinear ordinary di�erential

equations:
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dS

dt
= (1� �)� + �V1 + !R� �SI � ("+ �)S; (2)

dV1

dt
= �� + "S � (�+ � + �)V1; (3)

dV2

dt
= �V1 � �V2; (4)

dE

dt
= �SI � (� + �)E; (5)

dI

dt
= �E � (�+ � + �)I; (6)

dT

dt
= �I � (
 + �)T; (7)

dR

dt
= 
T � (! + �)R: (8)

The model is subject to the non-negative initial conditions

S(0) = S0 � 0; V1(0) = V10 � 0; V2(0) = V20 � 0;

E(0) = E0 � 0; I(0) = I0 � 0; T (0) = T0 � 0; R(0) = R�0 � 0:
(9)

Here, R�0 represents the initial number of recovered individuals and should not be confused

with the basic reproduction number R0.

Basic Properties of the Model

Since the model describes a human population, its solutions must remain non-negative

and bounded. The invariant region and positivity of the solutions are therefore established

as follows.

Theorem 1.(Invariant Region) The closed set


 =

�
(S; V1; V2; E; I; T; R) 2 R7

+ : N(t) �
�

�

�
(10)

is positively invariant and attracting with respect to the model system.

Proof. The total population is given by

N(t) = S(t) + V1(t) + V2(t) + E(t) + I(t) + T (t) +R(t): (11)

Di�erentiating N(t) with respect to time and substituting the model equations give
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dN

dt
=

dS

dt
+
dV1

dt
+
dV2

dt
+
dE

dt
+
dI

dt
+
dT

dt
+
dR

dt

= �� �N � �I: (12)

Since �I � 0, it follows that

N(t) � N(0)e��t +
�

�

�
1� e��t

�
: (13)

Therefore,

lim sup
t!1

N(t) �
�

�
: (14)

Hence, if

N(0) �
�

�
;

then

N(t) �
�

�
; t � 0:

Also, if N(0) > �
�
, then dN

dt
< 0 whenever N is above this bound. Thus, every solution

approaches 
 as t!1. Therefore, 
 is positively invariant and attracting.

Theorem 2.(Positivity of the Solution) Let the initial conditions satisfy

S(0) � 0; V1(0) � 0; V2(0) � 0; E(0) � 0; I(0) � 0; T (0) � 0; R(0) � 0:

Then, the solutions

S(t); V1(t); V2(t); E(t); I(t); T (t); R(t)

remain non-negative for all t � 0.

Proof. From the susceptible equation,

dS

dt
= (1� �)� + �V1 + !R� �SI � ("+ �)S

� � (�I + "+ �)S: (15)

Dividing by S(t) and integrating from 0 to t give
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S(t) � S(0) exp

�
�("+ �)t� �

Z t

0

I(s) ds

�
� 0: (16)

Similarly, from the remaining model equations, V1(t) � V1(0)e
�(�+�+�)t � 0;, V2(t) �

V2(0)e
��t � 0;, E(t) � E(0)e�(�+�)t � 0; I(t) � I(0)e�(�+�+�)t � 0;, T (t) � T (0)e�(�+
)t �

0;, and R(t) � R(0)e�(�+!)t � 0:. Thus, all the state variables remain non-negative for

t � 0. Hence, the model is epidemiologically meaningful and its solutions remain in the

feasible region 
.

3 Fuzzy Formulation of the Model

To account for uncertainties in epidemiological parameters, the deterministic measles

model is extended using triangular fuzzy numbers (TFNs). In this study, the transmission

rate �, �rst-dose vaccination rate ", treatment rate �, and recovery rate 
 are assumed

to be uncertain and are therefore represented by fuzzy quantities.

De�nition 1 (Triangular Fuzzy Number). A triangular fuzzy number (TFN) is

denoted by

~A = (a1; a2; a3); a1 < a2 < a3;

where a1, a2, and a3 represent the lower, modal and upper values, respectively. Its

membership function is de�ned by

� ~A(x) =

8>>>>>>>><
>>>>>>>>:

0; x < a1;

x� a1

a2 � a1
; a1 � x � a2;

a3 � x

a3 � a2
; a2 � x � a3;

0; x > a3:

From the model, the uncertain epidemiological parameters are represented as ~� = (�1; �2; �3); ~" =

("1; "2; "3); ~� = (�1; �2; �3); and ~
 = (
1; 
2; 
3):

Theorem 3 (r-cut Representation). Let

~A = (a1; a2; a3)

be a triangular fuzzy number. Then, for every

0 � r � 1;

its r-cut is the closed interval

Ar = [a1 + r(a2 � a1); a3 � r(a3 � a2)] :
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Consequently,

�r =
h
�1 + r(�2 � �1); �3 � r(�3 � �2)

i
; (17)

"r =
h
"1 + r("2 � "1); "3 � r("3 � "2)

i
; (18)

�r =
h
�1 + r(�2 � �1); �3 � r(�3 � �2)

i
; (19)


r =
h

1 + r(
2 � 
1); 
3 � r(
3 � 
2)

i
: (20)

Replacing the deterministic parameters by their fuzzy counterparts,

� ! ~�; "! ~"; �! ~�; 
 ! ~
;

the fuzzy measles transmission model is obtained as

dS

dt
= (1� �)� + �V1 + !R� ~�SI � (~"+ �)S; (21)

dE

dt
= ~�SI � (�+ �)E; (22)

dV1

dt
= �� + ~"S � (�+ �+ �)V1; (23)

dV2

dt
= �V1 � �V2; (24)

dI

dt
= �E � (�+ � + ~�)I; (25)

dT

dt
= ~�I � (�+ ~
)T; (26)

dR

dt
= ~
T � (�+ !)R: (27)

For each r 2 [0; 1], the fuzzy model is transformed into a family of interval-valued

di�erential equations through the corresponding �-cut representations.

Disease-Free State.

The disease-free equilibrium (DFE) is obtained by setting the infected compartments

equal to zero, that is,

E = I = T = R = 0:

At the disease-free state, the equilibrium point is therefore given by

E0 =
�
S0; V 0

1 ; V
0
2 ; 0; 0; 0; 0

�
:
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Setting the right-hand sides of the equations for S, V1, and V2 equal to zero gives

0 = (1� �)� + �V 0
1 � ("+ �)S0; (28)

0 = �� + "S0 � (�+ � + �)V 0
1 ; (29)

0 = �V 0
1 � �V 0

2 : (30)

Hence,

V 0
1 =

�� + "S0

�+ � + �
; (31)

V 0
2 =

�V 0
1

�
; (32)

S0 =
(1� �)� + �V 0

1

"+ �
: (33)

Substituting the expression for V 0
1 into the equation for S0 gives

S0 =

(1� �)� +
�(�� + "S0)

�+ � + �

"+ �
:

Therefore,

S0 =
� [(1� �)(�+ � + �) + ��]

("+ �)(�+ � + �)� �"
:

Simplifying the numerator and denominator,

S0 =
� [�+ (1� �)(�+ �)]

�(�+ �+ �) + "(�+ �)
:

Using this result in the expression for V 0
1 gives

V 0
1 =

�("+ ��)

�(�+ �+ �) + "(�+ �)
;

and consequently,

V 0
2 =

��("+ ��)

� [�(�+ �+ �) + "(�+ �)]
:

Thus, the disease-free equilibrium can be written explicitly as
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E0 =

�
�[�+ (1� �)(�+ �)]

D
;
�("+ ��)

D
;
��("+ ��)

�D
; 0; 0; 0; 0

�
;

where

D = �(�+ �+ �) + "(�+ �):

Theorem 4 (Basic Reproduction Number). Using the next-generation matrix

method of van den Driessche and Watmough (2002), the basic reproduction number

of the deterministic model is

R0 =
��S0

(�+ �)(�+ � + �)
: (34)

Substituting the disease-free equilibrium value of S0 gives

R0 =
��� [�+ (1� �)(�+ �)]

(�+ �)(�+ � + �) [�(�+ �+ �) + "(�+ �)]
: (35)

Proof. The matrices of new infection and transition terms are constructed from the

infected compartments E and I. From the model equations, the new infection and

transition vectors are

F =

�
�SI

0

�
; V =

�
(� + �)E

(�+ � + �)I � �E

�
:

Evaluating the corresponding Jacobian matrices at the disease-free equilibrium gives

F =

�
0 �S0

0 0

�
; V =

�
� + � 0

�� �+ � + �

�
:

The inverse of V is

V �1 =

0
B@

1

� + �
0

�

(� + �)(�+ � + �)

1

�+ � + �

1
CA :

Hence,

FV �1 =

0
@ ��S0

(� + �)(�+ � + �)

�S0

�+ � + �

0 0

1
A :

Therefore, the basic reproduction number is the spectral radius of FV �1, so that
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R0 = �(FV �1) =
��S0

(�+ �)(�+ � + �)
:

Substituting

S0 =
� [�+ (1� �)(�+ �)]

�(�+ �+ �) + "(�+ �)

gives the stated expression for R0.

Theorem 5 (Fuzzy Basic Reproduction Number). Replacing the uncertain parameters

by their triangular fuzzy counterparts,

� ! ~�; "! ~"; �! ~�;

the basic reproduction number becomes

~R0 =
~��� [�+ (1� �)(�+ �)]

(�+ �)(�+ � + ~�) [�(�+ �+ �) + ~"(�+ �)]
: (36)

Applying the r-cut representation,

�r = [�rL; �
r
U ]; "r = ["rL; "

r
U ]; �r = [�rL; �

r
U ];

gives the interval-valued fuzzy reproduction number

Rr
0 = [Rr

0L; R
r
0U ] ; (37)

where

Rr
0L =

�rL�� [�+ (1� �)(�+ �)]

(�+ �)(�+ � + �rU) [�(�+ �+ �) + "rU(�+ �)]
; (38)

and

Rr
0U =

�rU�� [�+ (1� �)(�+ �)]

(�+ �)(�+ � + ��L) [�(�+ �+ �) + "rL(�+ �)]
: (39)

Proof. To justify the interval bounds, it is necessary to establish the monotonicity of R0

with respect to the fuzzy parameters. Let

R0(�; "; �) =
��� [�+ (1� �)(�+ �)]

(�+ �)(�+ � + �) [�(�+ �+ �) + "(�+ �)]
:

For positive epidemiological parameters,
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@R0

@�
=

R0

�
> 0;

while

@R0

@"
= �

R0(�+ �)

�(�+ �+ �) + "(�+ �)
< 0;

and

@R0

@�
= �

R0

�+ � + �
< 0:

Thus, R0 is monotonically increasing in � and monotonically decreasing in " and � over

the positive parameter domain. Therefore, by interval monotonicity, the lower and upper

bounds are obtained as

Rr
0L = R0 (�

r
L; "

r
U ; �

r
U) ; Rr

0U = R0 (�
r
U ; "

r
L; �

r
L) :

Hence,

Rr
0 = [Rr

0L; R
r
0U ] ; 0 � r � 1:

4 Results

The parameter values used in the numerical simulations were obtained from published

measles modelling studies and epidemiological reports. Where direct estimates were

unavailable, biologically reasonable assumptions consistent with the literature were adopted.

The baseline parameter values were used for the deterministic simulations, while triangular

fuzzy numbers were assigned to the uncertain epidemiological parameters for the fuzzy

simulations.

Table 1. Model parameters, baseline values and fuzzy representations.

Parameter Description Baseline Value Fuzzy Value Source

� Recruitment rate 30 day�1 � Assumed

� Natural death rate 0.000039 day�1 � Berhe et al.(2024)

� Transmission rate 0.75 day�1 (0:70; 0:75; 0:80) Kuddus (2021)

� Progression rate 0.10 day�1 � Liu et al. (2025)

" Vaccination rate 0.60 day�1 (0:57; 0:60; 0:63) Berhe et al.(2024)

� Second-dose vaccination rate 0.20 day�1 � Assumed

� Waning immunity rate 0.02 day�1 � Assumed

� Treatment rate 0.40 day�1 (0:37; 0:40; 0:43) Assumed


 Recovery rate 0.14 day�1 (0:12; 0:14; 0:16) Memon (2020)

� Disease-induced death rate 0.01 day�1 � Assumed

! Loss of immunity rate 0.005 day�1 � Assumed

� Vaccination coverage 0.85 � Berhe et al.(2024)
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The baseline parameter values presented in Table 1 were �rst used to evaluate the

deterministic and fuzzy basic reproduction numbers. Using the corrected disease-free

equilibrium, the deterministic model gives

R0 = 22:8513: (40)

Since R0 > 1, the disease-free equilibrium is unstable, indicating that measles can invade

and persist in the population under the baseline conditions.

To account for uncertainties in disease transmission, vaccination and treatment, the

transmission rate (�), vaccination rate (") and treatment rate (�) were represented by

triangular fuzzy numbers. Using the corresponding r-cut representation, the fuzzy basic

reproduction number was obtained as

Rr
0 = [R r

0L; R
r
0U ] ; 0 � r � 1:

The numerical values are presented in Table 2.

Table 2. Fuzzy basic reproduction number for di�erent values of r.

r R r
0L R r

0U

0.00 18.93 27.68
0.25 19.84 26.38
0.50 20.79 25.14
0.75 21.79 23.96
1.00 22.85 22.85

Table 2 shows that the uncertainty interval decreases progressively as the con�dence level

increases and converges to the deterministic value at r = 1. Since both the lower and

upper bounds remain greater than unity for all values of r, the model predicts sustained

measles transmission even when parameter uncertainty is considered.

To investigate the e�ectiveness of possible control strategies, four intervention scenarios

were subsequently examined. These scenarios were generated by progressively reducing

the transmission rate while simultaneously increasing the vaccination rate, treatment

rate and vaccination coverage. The objective was to determine the level of intervention

required to reduce the reproduction number below the epidemic threshold.

Table 3. Modi�ed parameter values for intervention scenarios.

Scenario � " � �

Baseline 0.75 0.60 0.40 0.85
Scenario I 0.60 0.70 0.55 0.90
Scenario II 0.45 0.80 0.70 0.94
Scenario III 0.30 0.90 0.85 0.96
Scenario IV 0.20 0.95 1.00 0.97
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The deterministic reproduction numbers corresponding to these intervention scenarios

are summarized in Table 4.

Table 4. Deterministic basic reproduction number under the intervention scenarios.

Scenario R0

Baseline 22.8513
Scenario I 9.1780
Scenario II 3.8005
Scenario III 1.6269
Scenario IV 0.8124

The corresponding fuzzy reproduction numbers are presented in Table 5.

Table 5. Fuzzy basic reproduction number under the intervention scenarios.

Scenario r R r
0L R r

0U

Baseline 0.00 18.9276 27.6829
1.00 22.8513 22.8513

Scenario I 0.00 7.6573 10.9760
1.00 9.1780 9.1780

Scenario II 0.00 3.1241 4.5808
1.00 3.8005 3.8005

Scenario III 0.00 1.2678 2.0345
1.00 1.6269 1.6269

Scenario IV 0.00 0.5736 1.0807
1.00 0.8124 0.8124

Tables 4 and 5 demonstrate that increasing vaccination coverage and treatment while

reducing disease transmission produces a progressive decline in both the deterministic

and fuzzy basic reproduction numbers. Scenarios I, II and III substantially reduce

disease transmission but still satisfy R0 > 1, indicating that measles transmission can

persist under these intervention levels. Scenario IV gives R0 < 1, indicating that the

deterministic model is brought below the epidemic threshold. However, at r = 0, the

upper bound of the fuzzy reproduction number for Scenario IV remains slightly above

unity,

R0 = 0:8124 and R 0
0U = 1:0807:

This indicates that although Scenario IV controls transmission at the deterministic parameter

values, disease elimination is not guaranteed over the full range of parameter uncertainty.

Thus, stronger intervention may be required to ensure that the upper bound of the fuzzy

reproduction number also remains below unity.

Discussion

The results show that parameter uncertainty and intervention measures have important

e�ects on measles transmission. From Table 2, the fuzzy reproduction number has its
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widest interval at r = 0 and gradually narrows as r increases, until the lower and upper

bounds coincide with the deterministic value at r = 1. This shows that the fuzzy approach

captures the possible variation in measles transmission caused by uncertainty in the

epidemiological parameters.

The intervention results in Tables 4 and 5 show a progressive decrease in the reproduction

number as transmission is reduced and vaccination and treatment are increased. Scenarios

I, II and III have deterministic reproduction numbers above unity, indicating that measles

transmission may still persist under these intervention levels. In contrast, Scenario IV

gives a deterministic reproduction number below unity, with R0 = 0:8124, indicating

that the intervention can bring transmission below the epidemic threshold at the baseline

parameter values. However, under parameter uncertainty, the upper bound of the fuzzy

reproduction number at r = 0 is R 0
0U = 1:0807, which is slightly above unity. This

indicates that disease elimination is not guaranteed over the full range of parameter

uncertainty. Thus, the results highlight the importance of sustained double-dose vaccination,

e�ective treatment and reduced transmission, as well as the need to account for epidemiological

uncertainty when evaluating measles control strategies.

5 Conclusion

This study developed and analysed a fuzzy measles transmission model incorporating

double-dose vaccination, treatment, recovery and waning immunity under parameter

uncertainty. The deterministic and fuzzy reproduction numbers showed that measles

can persist under the baseline conditions. Increasing vaccination coverage and treatment

while reducing transmission progressively lowered the reproduction number. Scenario

IV reduced the deterministic reproduction number below unity, while the upper bound

of the fuzzy reproduction number remained slightly above unity at the highest level

of uncertainty. This shows that an intervention that appears su�cient under �xed

parameter values may not guarantee disease elimination when epidemiological uncertainty

is considered. The �ndings demonstrate that fuzzy modelling provides a useful framework

for assessing measles control under parameter uncertainty and that sustained double-

dose vaccination, e�ective treatment and reduced transmission are important for measles

control and elimination.
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