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Abstract

This paper formulates and analyses a twenty-two compartment
deterministic model with constant control that divides the avian
hosts into corvid and non-corvid classes, resolves the immature
vector stages, carries an environmentally persistent viral compart-
ment, and admits predatory and non-predatory bird-to-bird trans-
mission, transfusion and transplant transmission in humans, and
vertical transmission in mosquitoes. Positivity and boundedness
of solutions are established and a biologically feasible invariant re-
gion is identified. Two disease-free equilibria are obtained, and the
non-trivial one is shown to exist only when a demographic vector
reproduction ratio exceeds unity. The basic reproduction number
is derived by the next generation matrix method and is shown to
decompose into four sub-reproduction numbers associated with the
mosquito-bird cycle, the bird-to-bird and environmental pathway,
vertical transmission, and human spillover, the human component
being structurally decoupled from the enzootic cycle. The disease-
free equilibrium is proved to be locally asymptotically stable by
the Routh—Hurwitz criterion and globally asymptotically stable
by the Castillo-Chavez framework, while a logarithmic Lyapunov
function together with LaSalle’s invariance principle establishes
global asymptotic stability of the endemic equilibrium. Sensitivity
analysis identifies vector survival, biting and transmission inten-
sity and environmental viral persistence as the dominant drivers
of transmission, and numerical simulations confirm the analytical

findings.
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1 Introduction

West Nile virus (WNv), a vector-borne arbovirus of the flavivirus genus, is the causative agent of the resurgent
zoonotic disease known as West Nile disease. The virus was first isolated in a woman in the West Nile district
of Uganda in 1937, from which it takes its name (Smithburn et al., 1940). It is transmitted principally by
mosquitoes of the Culer genus, which act as the primary vector, and it is the most widely distributed neu-
roinvasive arboviral illness observed worldwide (Ciota & Kramer, 2013). Severe cases may be life-threatening,
particularly in immuno-compromised, younger and elderly individuals (Kramer et al., 2007), as infection can
result in inflammation of the brain and spinal cord in birds, humans and other mammals. The disease has
spread from Africa to Europe, the Americas, the Middle East and West Asia (WHO, 2017), and is becoming
endemic in several regions of the world (Sule et al., 2018; Habarugira et al., 2020). Between 1999 and 2023,
86,758 confirmed human cases were reported, a figure widely believed to understate the true burden because of
under-reporting (CDC, 2024c). There are increasing calls to designate West Nile disease formally as a neglected
tropical disease, since it affects vulnerable populations in areas where mosquito-borne diseases are common while
receiving comparatively little attention from researchers, clinicians and policy makers (Ronka et al., 2021).

The principal transmission cycle of WNv is the bird-mosquito-bird cycle. Birds are the primary reservoir of
the virus, with more than three hundred species found to carry it (CDC, 2024e), and their migration together
with the commercial transportation of infected birds and mosquitoes is a key factor in the rapid global spread of
the disease (Chatterjee et al., 2008; Powell & Tabachnick, 2013). The avian population has been categorised into
two groups, one of which is more susceptible to the disease, and therefore suffers greater morbidity and mortality
and is more competent in transmission than the other (WOAH, 2024; CWHL, 2024). Modelling attention has
not, however, been given to lateral transmission within the avian population. Predatory interaction between
birds of prey or scavengers, which may be susceptible, and other infected or dead infected birds does occur and
causes viral transmission (Komar et al., 2003; Nemeth & Kunkel, 2024; NPS, 2025). Experimental evidence
further shows that birds can be infected through virus shed orally and cloacally when they are kept in close
quarters, which indicates that mosquitoes, though the primary vectors, are not the sole cause of transmission
within the avian population.

Female mosquitoes such as Culex pipiens, Culexr univittatus and Culex antennatus transmit the disease to
susceptible humans and birds after ingesting the virus during a blood meal taken on infected birds (Hayes et
al., 2005a). Not all of the vector population, however, requires contact with infected birds in order to become
infected, since vertical transmission of the virus within the mosquito population has been recorded repeatedly
(Miller et al., 2000; Dohm et al., 2002; Anderson et al., 2014; Nelms et al., 2013). Given a short life cycle that
is significantly affected by seasonality, mosquitoes are able to sustain the virus by laying infected eggs which
survive the winter and hatch infected progeny once ambient temperatures become favourable. Temperature
and season are therefore essential determinants of the spread of mosquito-borne disease (Garcia-Carrasco et
al., 2022; ECDPC, 2025), since they govern mosquito development from egg-hatching to maturation as well as
transmission viability (Ciota et al., 2014).

Humans and other mammals are infected incidentally through the bite of an infected mosquito but do not
form part of the transmission cycle, because they maintain a viral load in the blood stream that is insufficient
to infect a blood-feeding mosquito (Clark & Schaefer, 2023). This does not, however, preclude humans from
perpetuating the disease within the human population, since the virus is transmitted horizontally through organ
transplantation (CDC, 2024d; Kusne & Smilack, 2005), blood transfusion (Jimenez et al., 2021) and, rarely,
through breast feeding by infected mothers (Hinckley et al., 2007). Roughly one in five infected persons develops
West Nile fever, and about one in every hundred and fifty develops a severe and occasionally fatal neuroinvasive
illness (Kramer et al., 2007; Barret, 2018b; CDC, 2024a).

Mathematical modelling has become an essential tool for analysing the behaviour of the disease and predicting
future trends. Numerous studies have employed compartmental models for this purpose. Wonham et al. (2004)
carried out an invasion analysis of a single-season mosquito-bird model, and Cruz-Pacheco et al. (2005) analysed

the dynamics of the mosquito-bird cycle and quantified the threshold governing invasion. Bowman et al. (2005)
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assessed control strategies against the virus, while Liu et al. (2005) examined spatial spread in a patchy
environment and showed that the long-range dispersal of birds is responsible for the observed discontinuous
spatial spread. Abdelrazec et al. (2014) modelled the mosquito-bird cycle for a single season with the avian
population separated into corvid and non-corvid groups, established the reproduction number, and detected a
backward bifurcation in which a stable endemic equilibrium coexists with the stable disease-free equilibrium,
so that the ability of the virus to spread may depend on the initial sizes of the subpopulations. Bergsman et al.
(2016) built a model with resident and migratory birds and found by forward sensitivity analysis that the average
number of bites by an infectious mosquito is the most crucial component of the reproduction number, and that
a small reduction in the average lifespan of a mosquito has a substantial effect on that number. Blayneh et al.
(2010) and Abdelrazec et al. (2015) examined backward bifurcation and optimal control in the transmission
dynamics of the virus with seasonality, while Moschini et al. (2017) modelled the interaction of the virus with
seasonal effects in Culex pipiens mosquitoes, and Fesce et al. (2023) quantified the parameters most critical for
predicting infection dynamics. Agusto et al. (2022) constructed a model that included the mosquito life stages
together with larviciding and adulticiding, and Zhou et al. (2019) proposed a two-threshold policy to interrupt
transmission to birds. Bhowmick et al. (2020, 2023) developed weather-driven models of the spread of the virus
in Germany and reported strong correlations between secondary infections in humans and in birds.
Notwithstanding this substantial body of work, some aspects of the transmission dynamics remain unexplored.
In the model of Bhowmick et al. (2023), which the present work modifies, the interacting bird, mosquito and
human populations exhibit only a single transmission pathway, namely cross-transmission. Important as that
pathway is, the model does not take account of the fact that WNv can also be transmitted through lateral
routes, that is, within the bird population when a susceptible bird interacts carnivorously with an infected
bird, and within the human population through blood transfusion or organ transplantation, even though these
routes do not operate at the same magnitude as cross-transmission. The same deficiency characterises other
existing models such as Abdelrazec et al. (2014), and this constitutes the gap which the present work addresses.
Accordingly, this paper proposes and analyses a WNv model which incorporates lateral transmission in both the
bird and human populations, vertical transmission in the vector population, an environmentally persistent viral
compartment, and constant control. The objectives are to establish the positivity and boundedness of solutions,
to obtain the disease-free and endemic states, to derive the basic reproduction number and its transmission
pathways, to carry out the local and global stability analyses of both equilibria, to identify by sensitivity
analysis the parameters that drive transmission, and to illustrate the analytical results by numerical simulation.
The remainder of the paper is organised as follows. Section 2 formulates the model and states its variables
and parameters. Section 3 presents the analysis, comprising positivity, boundedness, the equilibrium states, the
basic reproduction number and the local and global stability results. Section 4 reports the sensitivity analysis,

Section 5 presents the numerical simulations, Section 6 discusses the findings and Section 7 concludes.

2 Model formulation

2.1 Description of the model

A deterministic compartmental model consisting of a system of non-linear ordinary differential equations is
proposed. The system comprises the vector and host populations together with the viral population in the
environment, and the compartments record the disease status of all populations at time . The mosquito

population, that of Culex pipiens, is given by
Ny (t) = Sg(t) + Ip(t) + Sp(t) + IL(t) + Si(t) + Ef(t) + I5(t), (1)
the reservoir host (bird) population by

Np(t) = SG(t) + Sy (t) + ES(t) + B (t) + I5(t) + I (t) + RG(t) + RF (1), (2)

(© Department of Mathematics, Modibbo Adama University.



238 Manju et al. (2026). Int. J. Dev. Math. Vol. 3 Issue 3 |235-266|

and the incidental host (human) population by
Nu(t) = Su(t) + Eg(t) + I (t) + IN(t) + I (t) + Ru(t), (3)

while D(t) denotes the population of pathogens in the environment. All populations except those of dead birds
and of pathogens are replenished by births and depleted either by natural or by induced deaths, whereas the
environmental viral load increases through shedding by live infectious birds and through the carrion of infected
birds, and decreases by viral decay.

The mosquito population is compartmentalised so as to display the developmental stages through which the
virus is transmitted vertically. The susceptible egg class Sg is replenished by w®[SE, + EL + (1 — 7)I1}] and
depleted by decay pgp and by hatching v Sg; the infected egg class Ir follows the same course, being replenished
by w®7IL; and depleted by pplg. Eggs hatch into susceptible and infected larvae, Sy, and I, at the hatching
rate v, and larvae mature into the corresponding adult classes at the maturation rate mp, subject to the
density-dependent limitation N

L
(I):maX{O,l—K—L}, (4)
in which Np, is the current larval density and K the larval carrying capacity. Susceptible adult female

mosquitoes progress to the exposed class at the force of infection 5\515}\3, where

(BimI§ + Banr IN) BOM

A=
¢wrNp + Ny

: ()

the denominator representing the total blood meal available to adult female mosquitoes on the assumption that
mosquitoes take blood only from birds and humans. Here 8137 > Banr, on account of the higher viraemia of
corvid relative to non-corvid birds (CWHL, 2024). Exposed mosquitoes become infectious after the incubation
period 75z, and, because infected larvae mature into infected adults at the rate abmp Iy, the transovarial route
feeds the infectious vector class directly.

The avian population is recruited at the rates pAp and (1 — p)Ap into the susceptible corvid and non-corvid
classes respectively, with Ag = ugNp. In each category, susceptible birds move to the exposed class either at

the vector-borne force of infection

i _ Bai BOrorli

A , i=C,N, 6
B ¢rNp + Ny ©)

or at the consumption-dependent force of infection A% = A + A?, in which

_ BpimiyD p Iy Iy

A d8SY9, + — B
185 1+1+I§’/Ksat

P - R do BN 7
i NB ) i 1+I§/K5at 2BB 2y ( )

X¢ being the non-predatory consumption force of infection, scaled by the reservoir population Np, and A¥ the
predatory consumption force of infection. Exposed birds progress to the infectious class at the incubation rate
7% and remain infectious for an average duration 1/v%. A fraction g; of recovered birds returns to the susceptible
class at the immunity loss rate piy, the infected classes are depleted by disease-induced and natural mortality,
and live infectious birds shed virus into the environment at the rates ¢;.

Humans are recruited into the susceptible class at the rate Ay = pugNpgy. Susceptible humans move to the
exposed class either at the vector-borne force of infection Ay Sy or at the transfusion and transplant dependent
force of infection Ay Sy, where

F A
A = %7 An = (pram +p2aH2)%- (8)
A proportion k of exposed individuals moves to the asymptomatic class I I‘f‘l after the incubation period 7y, and

the complementary fraction (1 — k) moves to the non-neuroinvasive class I at the same rate. Asymptomatic
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individuals either recover at the rate vy or progress to the non-neuroinvasive class at the rate €, according to
differences in immune response. Non-neuroinvasive individuals either progress to the neuroinvasive class at the
rate oy or recover under the saturated supportive treatment function

I 1!
L S A .

T

9)

N

S)= )
) =
in which & and & are the cure rates and v; and vo measure the delay in receiving supportive treatment arising
from lack of awareness, reluctance to seek medical attention or improper diagnosis. Here & > &5, because the
disease is more difficult to manage at an advanced stage. A proportion h of recovered individuals returns to
the susceptible class through waning immunity at the rate ¢. Finally, the vector, reservoir and incidental host

abundances are linked by the vector-host ratios

Niy _ N

— M - M 10
Ngv ag N]o{v ( )

ap

so that N, = apN$, with ay a derived quantity; these ratios fix the abundances and hence the blood-meal
index o NY + N,

Figure 1 presents the schematic flow of the model with corvid and non-corvid birds, vertical transmission

in the mosquito population and lateral transmission within the bird and human populations, under constant

control. The state variables together with the initial values used in the numerical simulation are listed in Table 1,

and the parameters, with their baseline values, ranges and sources, are listed in Table 2.

o (1) ST+ EJ+(-7)I] s o (1)® i}
TR S~
Pl (1)
mi m: m§ m:(T) bm:(T) o
ux(T)
N
AN
AN
N

S Hn
Aa(T)+ Ax
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> fa

Sut ln

ry,(5)

S
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Figure 1. Schematic of the WNv model with corvid and non-corvid birds, lateral transmission in hosts and vertical
transmission in the vector population, with constant control.

Table 1. Model variables, their descriptions and the initial values used for the numerical simulation.

Var.  Description Value Source Var.  Description Value Source
SE(t) Susceptible mosquito 8.20 x 107 Assumed S (t) Susceptible non- 35000 Estimated
€gg corvid bird
I (t) Infected mosquito egg 300 Assumed EX(t) Exposed non-corvid 90000 Assumed
bird
S (t) Susceptible mosquito 2 x 107 Estimated IN(t) Infected non-corvid 50000 Assumed
larva bird

Continued on next page
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Table 1 continued from previous page

Var.  Description Value Source Var.  Description Value Source

I (t) Infected mosquito 200 Assumed RY (t) Recovered non-corvid 250000 Assumed
larva bird

ST (t) Susceptible female 7.80 x 108 Calculated S (t) Susceptible human 3.00 x 107 Nat. Bureau
mosquito of  Statistics

(2026)

EF.(t) Exposed female 25000 Assumed Ep(t) Exposed human 30 Assumed
mosquito

I (t) Infected female 120000 Assumed IA(t) Asymptomatic in- 10 Assumed
mosquito fected human

5SS (t) Susceptible corvid 7.70 x 107 Calculated IN(t) Non-neuroinvasive hu- 5 Assumed
bird man

E$(t) Exposed corvid bird 50 Assumed It (t) Neuroinvasive human 2 Assumed

IS (t) Infected corvid bird 80 Assumed Ry (t) Recovered human 100 Assumed

R$(t) Recovered corvid bird 200 Assumed D(t) WNv  contaminated 2 x 107 Assumed

environment

Table 2. Model parameters, descriptions, baseline values, ranges and sources.

Parameter Description Baseline Range Source

Ay Recruitment rate for human 1072 - Calculated

Ap Bird recruitment rate 0.000365N B - Assumed

w Oviposition rate 33.8 Varies Marini et al. (2020)

H Human natural death rate 3.91 x 1075 - Sweilam et al. (2019)

UE Egg natural decay rate 0.125 0.0625-0.1875 Assumed

0r Larva natural mortality rate 0.1041 0.071-0.25 Okuneye & Gumel (2016)

I3Y: Adult mosquito natural mortality rate 0.0595 Varies Okuneye & Gumel (2016)

B Bird natural mortality rate 0.000365 - Calculated from Mbaoma

et al. (2024)

1735} WNv decay rate 0.55 0.1-1.0 Assumed

Bim Transmission probability from corvid bird 0.70 0-1 Bhowmick et al. (2020)
to mosquito

Banmr Transmission probability from non-corvid 0.50 0-1 Bhowmick et al. (2020)
bird to mosquito

By Transmission probability from mosquito to 0.01 - Abdelrazec et al. (2014)
human

BBC Transmission probability from mosquito to 0.5601 - Laine (2014)

corvid bird
BBN Transmission probability from mosquito to 0.4 0.088-0.9 Abdelrazec et al. (2015)

non-corvid bird

Onr Non-diapausing mosquitoes f(Dwmr) - Bhowmick et al. (2023)
Vertical transmission rate 0.5 0-1.0 Nelms et al. (2013)
Fraction of larvae maturing into adult fe- 0.9 0.8-1.0 Assumed

male mosquitoes

b Proportion of infected larvae maturing into 0.1 0.05-0.15 Bagar et al. (1993)
infected adults

p1 Probability of transmission via blood trans- 0.05 0-0.1 Assumed
fusion

P2 Probability of transmission via organ trans- 0.1 0-0.25 Assumed
plant

nH Disease incubation rate in human 0.10 - Abdelrazec et al. (2014)

M Disease incubation rate in mosquito 0.0469 Varies Laine (2014)

7% Disease incubation rate in corvid bird 0.33 - Laine (2014)

ny Disease incubation rate in non-corvid bird 0.25 - Laine (2014)

K Fraction of asymptomatic infected individ- 0.75 — West &  Chellamuthu
uals (2020); CDC (2019)

Continued on next page
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Table 2 continued from previous page

Parameter Description Baseline Range Source
5 Rate of becoming symptomatic from 0.1 0.05-0.15 Assumed
asymptomatic state
o Disease-induced mortality for human 0.015 Abdelrazec et al. (2015)
5§ Disease-induced mortality for corvids 0.50 0-0.5 Moschini et al. (2017)
5y Disease-induced mortality for non-corvids 0.3 0-0.5 Moschini et al.  (2017);
Abdelrazec et al. (2015)
€1 Corvid bird viral shedding coefficient 1 — Calculated from CDC
(2003)
) Non-corvid bird viral shedding coefficient  0.63 - Calculated from CDC
(2003)
&1 Recovery rate coefficient, non- 0.225 - Assumed
neuroinvasive case
&2 Recovery rate coefficient, neuroinvasive 0.0675 - Assumed
case
v1 Saturation (treatment delay) parameter, 0.25 - Assumed
non-neuroinvasive
v2 Saturation (treatment delay) parameter, 0.081 - Assumed
neuroinvasive
YH Natural recovery rate for asymptomatic hu- 0.00002 - Assumed
man
w}\\,’ i Natural recovery rate, non-neuroinvasive 0.0714 — West &  Chellamuthu
case (2020)
'yg (<) Recovery rate due to supportive treatment, 0.5 Variable Calculated
non-neuroinvasive
Y (S) Recovery rate due to supportive treatment, 0.1 Variable Calculated
neuroinvasive
75 Corvid bird recovery rate 0.05 0-0.01 Abdelrazec et al. (2014)
'yg Non-corvid bird recovery rate 0.1 0-0.2 Abdelrazec et al. (2014)
oH Rate of developing neuroinvasive disease 0.004 - Assumed
T Fraction of neuroinvasive cases recovering 0.80 - Assumed
due to treatment
v Mosquito egg hatching rate 2.2 x 10737177 Varies Marini et al. (2020)
mp, Larval maturation rate 0.343 Varies Okuneye & Gumel (2016)
B8 Mosquito biting rate 0.122 Varies Mordecai et al. (2019)
YF Mosquito feeding index 5 - Bhowmick et al. (2023)
h Waning immunity rate in human 0.1 - Assumed
¢ Recovery to susceptible 0.002 — Assumed
P Fraction of corvids recruited into suscepti- 0.20 - Assumed
ble class
qi Fraction of recovered birds losing immunity Varies - West &  Chellamuthu
(2020)
B Immunity loss rate for corvids 0.07 - West &  Chellamuthu
(2020)
pg Immunity loss rate for non-corvids 0.03 - West &  Chellamuthu
(2020)
aml Proportion of humans undergoing blood 0.00004 - Estimated from WHO
transfusion (2026)
ams Proportion of humans undergoing organ 0.00216 0.00185-0.00247 Estimated from WHO
transplant (2024)
dy Proportion of predator corvid birds 0.85 - Assumed
da Proportion of predator non-corvid birds 0.35 — Assumed
[ Bird predation rate 1x10~4 0-0.5 Assumed
ap Ratio of mosquito to bird 20 10-30 Bhowmick et al. (2020)
o Ratio of mosquito to human 0.3 - Ruktanonchai et al.
(2016)
Ty Bird food and water consumption rate 0.52 0.04-1 Calculated from Cornell-

Lab (n.d.)

(© Department of Mathematics, Modibbo Adama University.
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Table 2 continued from previous page

Parameter Description Baseline Range Source
Ky, Environmental carrying capacity for larvae 1.2175 x 108 Varies Calibrated from <51}CIO> =
0
Ny
Ksat Half-saturation constant for predation- 0.0SN% (0.0170.50)N% Assumed, saturating form
mediated transmission
Npg Total human population 3.0636 x 107 - Estimated from National

Bureau of Statistics
(2026)

2.2 Model equations

The autonomous model system is given by the following first order ODE:

ds§ 5
CTtB =pAp + qp3RE — (\g + A5 + 1) SE
dES -
—7 = (W5 +A5)SE — (i + ps) B
dr¢
— =sEE — (05 + 05 + up)lp
dR¢
—= =815 — (app + np) Ry
dsy I
dfi =(1—pA + @pSRY — OF + AN + up)sy
dEg __ (IN N\ oN N N
T (A +Ap)SE — (ng +uB)Ep
dIy
— =" E5 — (5 + 05 + pe)l5
dRY
— 5 =515 — (205 + 1) Ry
ds
dTE = wd[SY, + EL + (1 — 7)) — (v + pue)Se
dl
ch = wdrIl, — (v + pe)le
ds
oL _ vSE —mpSp — pLSL
dt
dl
ditL =vig— (1 —=bmrly —bmply — prly
dSF _
Téw =amp Sy + (1 —b)ampI, — (Ny; + par)Shy
dEF -
i = S = e+ i) By
dIt,
WM = abmpIp +nuEy — pulyy
ds <
dTH =Ap +h(Ry — (Mg + g + 1) S
dFE -
dtH = (Mg +Au)Su — (knu + (1 = K)ng + pe) En
dr4
cTtH =y By — (e + i + pa) i
dIy
Tf = —r)uEy +elfy — (o + i +E () + #H)Ig
dIt
d—f =ouly — (rvf(s) +0m + pm) I
Bt (W + AN @)Y + vk (Tl — (h R
. CH i+ (onve +m©)) g + v () Iy — (¢ + p)Ru
dD
== + 65 4+ up)IS + (g2 + 6N + pup)IY — upD
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where S\g = )\%(T), S‘g = )‘g(T)? S‘H = /\H(T)v w(T) = w, mL(T) = mg, V(T) =V, N = UM(T)7
unr = par(T) and v;(t) = 0, subject to the initial conditions
S5(0) > 0, ES(0) > 0, 1§(0) > 0, RE(0) >0, S¥(0) >0, EF(0) >
Sp(0) >0, I(0) >0, SL(0) >0, I5(0) >0, SE(0) >0, EF,(0) >0,
Su(0) >0, Ex(0) >0, I3(0) >0, Ij(0) >0, I(0) > 0, Ry(0) >0, D(0) >

3 Model analysis

This section presents the basic properties of the model and their analysis: positivity and boundedness of
solutions; the disease-free and endemic states; the basic reproduction number; and the local and global stability
of the two equilibria.

3.1 Positivity of solutions

Since the model describes real populations, all compartments must remain non-negative.

Theorem 1. Let the initial solution sets
{8 >0, E§ >0, I§ >0, RG>0, S§ >0, E§ >0, I§ >0, Ry >0} e R},
{Sg >0, Ig >0, S, >0, I, >0, Sy; >0, Ef; >0, I}; >0} € RT, (13)
{Sg >0, Eg >0, Ij >0, I}y >0, I}; >0, Ry >0, D >0} € R",.

Then the solution set {SS(t), ES(t),...,Ru(t), D(t)} of the model (11) is positive for all t > 0.

Proof. From the first equation of (11),

ds§ < <
— & =pAp+aipERE — (A5 + A5 + ps)SE > —(A5 + A5 + 18) S5 (14)

Separating the variables and integrating gives

d
/ 55 Z/ )\B+/\B+HB)d (15)
In S5 (1) > / ~(\G 4 AG + pup) dt, (16)
SE(t) > o OERAGup)t O (17)

Setting C; = e yields S§(t) > Crel ~ ()‘B+)‘B+“B)t, and at t = 0 we obtain S§(0) > C1, so that
SS(t) > S5 (0) el ~AERAGHHBI 5 (18)
Applying the same argument to each of the compartments proves that
ES(1), 15(1), RS(0), SE (1), EX (), I¥(6), RE(1), Sp(t), Te(t), Su(t), Iu(t), (19)

Sir(t), Ex(t), Ing(t), Su(t), Eu(t), Ii(t), If(t), If(t), Ru(t) and D(t) > 0 (20)

remains non-negative for all time ¢ > 0.

3.2 Invariant region

The boundedness of the model (11) is necessary if the dynamics of WNv are to be studied in a biologically

feasible region.
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Theorem 2. The region

(S§.ES. IS, RS, Sy, BN, I} ,RY . Sk, Ip, S1, 11, Sy, Exr. Iny,

A
A TN 7I 22, B
Q= Qp x Qu x Qg x Qp = S B I Iy, Ty, Ry, D) € R 2 Np(t) < 5 (21)
max Fmax AH M
Ny (t) < Ng* + Kp, + Njy ; Np(t) < —; D(t) < —
HH K“D

is invariant and attracting with respect to the system (11).

Proof. Let Np(t) = N§ + N§, so that

dt dt at T at T a dt a ar Tar ) (22)

dNp _ <ng dEg | dIf ng> N (dsfg N dEN 41N dRY )
Summing the corresponding equations of (11) and simplifying gives

dN
TtB =Ap —upNp — (6§I§ + 5g[g) (23)

Since 8§ + 6% > 0, the comparison theorem yields

dN
dtB <Ap — uBNB, (24)

Using separation of variables on (24) and integrating, we get

A A _
Np(t) < =2 + (NB(O) - —B) e HBt, (25)
uwB UB
Therefore, as t — oo, Np(t) < Ap/us.
A similar approach taken for the rest of the sub-populations yields

amp Ky, wamp Kr,

limsup Na(t) < Kp, + , 26
t—»oop M( ) s Ki 1574 unv(v+ pe) (26)
where % K
lim sup N3 (t) < M, limsup Ng(t) < _AMLAL (27)
t—o0 1753 t—o0 um (v + pe)
A A _ A
Nu(t) < —H+<NH(0)——H>e mEY s Ny (t) < =2 as t — oo (28)
HH HH HH
M _ M M
D(t) < =— + D(0)e #P* — e #P' 50 < D(t) < — as t — oo. (29)
KD KD HD

Hence (Q is positively invariant and globally attracting, and the model (11) is mathematically well posed and biologically

meaningful in 2.

3.3 Disease-free equilibrium

The model (11) has two disease-free equilibria, namely a trivial disease-free equilibrium and a non-trivial one.

Both equilibria are determined by the mosquito demographic reproduction ratio %,;, where

vooamy,

% =
M amp + pn) (v + )i

(30)

so that:

i) If Za; < 1, then equation (11) has a trivial disease-free equilibrium (E%) given by
7) 8

0 Co0 Cco 7C0 C0 ¢NO NO 7NO NO g0 70 0 70 FO FO 7FO0 O 0 A0 7NO 7I0 0 0
EAT: (SB 7EB 7IB ’RB 7SB aEB 7IB 7RB ’SE’IE7SL7IL’SM7EJVI’IMaSH7EH’IH 7IH 7IH5RH7D)

A 1—p)A
:<p B’0,070’( p)Ap

Ag
707070307070707070’07 707070707070 b)
“B HB HH

(31)
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(ii) If Zn > 1, the equation (11) has a non-trivial or mosquito-presence disease-free equilibrium (E<;) given
by

C C 1C pC oN pN N pN F F R
Eno = (58,0,E50,15,0 R5,0,55 .0, EB 0, I8 0, BB 0, SE.0: 1E,0, S1,0, I1.,0- S21,0- Enr,00 Lar 0,

A N I
St,0s Ero, 1170 111 05 1.0, R0, Do)

(32)
A 1—pA A
= <pB7070707 wa070707SE,0307SL,070781}\7/[,0a0507 Ha0707070a050> )
1B 120:] HH
where o 0 0
S%:waSM ’ 0 = vSg ’ S]I;[O:amLSL' (33)
v+ uE mrp + pr Har

3.4 Endemic equilibrium point

For the West Nile virus presence equilibrium, we let (ES, EY, IS, Igle, RN Ip,Ir, E]\I;[LI]ICI, Ep, 14, 1,15, Ry, D) #
0, and system (11) is solved at the equilibrium state. Writing A} = A§* +X§* and A5 = AN* + A¥* for the total
forces of infection acting on the corvid and non-corvid susceptible classes, solving system (11) at equilibrium
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gives:
G0 YENEA] PAB (PAB + 419B)
BT O+ us) [0 + uB) (@10 + 1) (VG + 65 + up) (A + up) — 150G [a1pS]
N _ YENE AL (1 —p)Ap[(1 —p)Ap + q2p¥ ]
B s+ up) [0 + us)(a2ph +up)(vN + 08 +up) (N3 + up) — YA 0N Nsqzpl |
O _ PABNEYS (PAB + 0105)(A])?
B S + up)N + us) [(0G + 18) (@106 + 1B) (VS + 65 + u)Af + 1) — 1S a1pGAT]
BN _ (1 —p)ApnyE [(1 —p)A + q2pR ] (A3)?
o N + 1)+ pe) (0 + 1) (a2pS + 1)V + 0N + uB)(Ns + 1) — YN a20¥ \5]
1o _ 75 (15)°pbe N5 (b NE + a1p5) (A])
B (S + )N +u)(V§ + 65 + 1) (G + 1B)(@1pG + 1B)(VE + 65 + )N + 1) — a1pGYE AT
N YN (E)2(1 = p)bp N [(1 — p)Ap + q2pN ] (A3)?
B N + )5 + 1)V + 08 +up) (0N + 1) (a2 + n) (VN + 08 + up)(Ns + 1p) — a2pN YN A3
RCx _ VENEAL PAB q19F
B 0 + 1) (@pG + p)(V§ + 05 + up) (A + up) — a1pGYENGA]
RN YANNAS (1 — p)AB q2phy
B + up)(a2pl + up) (v + 0 +up) (A5 + up) — e2pFvEnE N
5o _ =ISEH BG4 0=
v+ ug
P s
P vt e
. vS*%
S — 34
L 1229
= vig —bmp
B =bymp + L
P [aS7 + (1 = b)I7]
Aﬂ* + unm
BE — AT Sa
v + unm
* 1 * *
I = — (bmp I} + nu ELp™)
1373
g _ A+ heRy
BNy + 3y e
B - (Mg + 258
T kg + (1= K)ng + p
Ifl* _ ’W]HE;{
e+YH + 1H
Ne_ (A —rnaBy + ely”
" oH+ Ny TN +pH
II* _ O'ng*
H 7 L (§) + 6m + pur
re = I+ ON g + v (I + v (T
" h¢ + pp
1
D = (o1 + 05 +um)IE” + (c2+ 08 + ) 5]

3.5 Basic reproduction number

The next generation matrix method of Van den Driessche and Watmough (2002) is applied to determine Ry =
p(FV—1), by setting X (t) = F(X) — V(X), where F(X) denotes the vector of new infection terms and V(X))
the vector of transfer terms, and by evaluating F = [0F;(X°)/0X;] and V = [9V;(X°)/0X;] at the disease-free

equilibrium (32). Taking the infected state vector as

X = (ES, IS, EN 1Y I, 10, EL 15, By, T, 1N, T, D) (35)
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we have, linearising and evaluating at the disease-free equilibrium,

(36)

0a155%0a285°000a355°0 0 00 asS§5°
0 0 0 0 000 O O O 00 O
0a1S8%0a298°000a585°0 0 00agSK®
0 0 0 0 000 O O O 00 O
0 0 0 0 000 a7 O 0 00 O
P oF; | o 0 0 000 0 0 0 00 O
T OxX. 0asSE%0a9sE®000 0 0 0 00 O
J 0 0 0 0 000 O O O 00 O
0 0 0 0 000aeSy 0a1Sy00 0
0 0 0 0 000 O O 0 00 O
0 0 0 0 000 0 0 0 00 O
0 0 0 0 000 0 0 0 00 O
0 0 0 0 000 0 0 0 00 O
where 5,50 5
1PVMPF 1715
ap = d1/101, ag=dafeVs, 3= —5—7p, W= —7p,
orNp + Np Ny
BafOrror Bama; . X B BOMpr
a5 = —— 00 TN a6 = o, 07 = wd*r, (D*=1/%Zn), as= SN0 £ NU
PFrINg H B PriVp H
de — Bori BOrpr _ BuBoy 0115% = prag + paa
9 — 0 0 10 — 0 0’ 11°og — P10H1 20H2,
prNp + Ny ¢rNpg + Ny
and
b4 0 0 0 0 0 0 0 O 0 0 0 O
biabs 0O O 0 O 0 0 0 O O O O
0 0 bs 0 0 0 0OO O O 0 O
0 0bisbs O 0 00O 0 O 0 O
0 0 0 0b 0 00O D0 0O 0 O
oV 0 0 0 0bgbgs 00 0 0 0 0 O
V = = 00 000 0 b 00 0 0 0 0
0X; 0 0 0 0 0 bizbisbs 0 0 0 0 0
0 00 00O 0 0 O0b, 0 0O 0 O
0 00 0 0 0 0 0bigbo 0O 0 0
0 0 0 0 0 0 0 0bsgbaibiy 0 O
0 00 0 0 0 0 0 O 0 byabiz O
0 bas 0 boa O 0 0 0 O 0 0 0 big
with
c c | sC N N | §N
b1 =ng +up, ba=75+0p+us, bs=ng+ps, bi=7g +dp +tup, bs=v+pg,
bs =mrp+pr, br=nym+punm, bs=pn, by=ng+p, bo=c¢+vg+pun,
N e} N
bin =0 + YNy +1H, bi2=0g+pH, biz=pup, bua=-ng, bis=-n, big=—v,
bir = —abmp, big=—-nm, big=—rng, bo=—-(1—-r)nNg, b =—c, bo=—0op,
c N
baz = —(e1 + 05 + pp), b= —(e2+dp +pB).
Inverting V' term by term gives the auxiliary quantities
B b4 bis bis bieb17 b1z big
14=—77 15=—77 16=—77— 17 = 8= —75— 19=—7
biby’ bsbs’ bsbs’ bsbebs’ bebs’ brbg’
B — b1g _ biob2o — bigbay by _ b1obagbaz — b19ba1ba2
20= T 2= T 2= "y 23 = bbb b
9b10 9b10011 10b11 9b10b11012
Bor ba1b22 b _ biabos _ bog _ bisboy _
24 — 9 25 — — ) 26 — 9 27 — — ) 28 — ) 29 — — .
b1ob11b12 b11b12 b1babi3 babi3 b3bsbi3 bybi3

(40)

Forming the product and writing A, = angO, Ay = GQSgO, Az = (lgSgO, Ay = a4Sg0, As = a5Sg0
N F F N N
A = agSF°, Az = a7, As = agSE°, Ag = a9SE,°, Ao = a105Y, A11 = a115Y, A12 = a1 SN and A13 = a2 SF O,

the next generation matrix becomes

¢'1 ¢26 ¢>2 ¢>3 ¢32 ¢'19 ¢4 ¢5 0 0 00¢s

0 0 00O

¢'27 ¢28 ¢>29 ¢30 ¢7 ¢'20 ¢'21 ¢8 0 0 00 ¢y

0 0 00O

0 0 0 0 ¢10 ¢'22 ¢'23 ¢11 0 0 000
FV_l _ 0 0 00O
- ¢'12 ¢31 ¢>13 ¢14 0 0 0 0 0 0 000
0O 0 0 o0 0 0 00O

0 0 0 0 P15 P24 P25 P16 P17 $18 00 0

0O 0 O 0O 0 O 0 o0 0 0 00O

0 0 O 0 0 0 0 0 00O

0 0 O 0O 0 O 0 o0 0 0 00O

0O 0 O o 0 O 0 o 0O 0 00O

(© Department of Mathematics, Modibbo Adama University.

(41)



248 Manju et al. (2026). Int. J. Dev. Math. Vol. 3 Issue 3 |235-266|

where

¢1 = A1B1a+ AsBas, @2 = A2Bis + AyBas, ¢3= A2By+ AyBag, ¢4 = A3B1g, ¢5 = A3Bs,
¢6 = AsBi3, ¢7=AsB17, ¢s=A5Bs, ¢9 = AsBiz, ¢10=ArBir, ¢11 = ArBs,  ¢12 = AsBua,
$13 = AgB1s, ¢14 = BsAg, ¢15 = AwoBi7,  ¢16 = BsAio, ¢17 = A11Bao, ¢1s = A11Bio,  d19 = A3Bus,
$o0 = AsB1s, ¢21 = AsBrg, ¢22 = A7Bis, ¢23 = ArBig, 21 = A10Bis, ¢25 = A10B19,
¢26 = A1Ba + AyBar,  ¢a7 = A12Bia + AeBas, P28 = A12B2 + AeBar,  ¢29 = A13B15 + AgBas,

$30 = A13B4 + AgBag, ¢31 = AgBa, ¢32 = A3Byy.
(42)
Because rows 2, 4, 6, 8, 10, 11, 12 and 13 of (41) vanish identically, the corresponding columns cancel in the

evaluation of the cofactors, and

det (FV™' = XI) = (—\)%det(Z5 — AI5), (43)
where
o1 —A b2 P32 b4 0
G2 P29 — A b7 $21 0
| Zsxs — Ms| =] 0 0 b0 — A a3 0 (=0 (44)
®12 13 0 0—A 0
0 0 $15 G25 P17 — A
The fifth column has a single non-zero entry, so that expanding along it gives
det(Zs — M5) = (d17 — A) det(My — Ay), (45)
whence
A= ¢17 = A11Bay = Ro.u, (46)

which shows that the human component is structurally decoupled from the vector-avian cycle. With (41) now

reduced to Z4x4,
d1— A 2 32 ¢4
- A
\Z4 — M| = 27 P29 o7 ba1| _ 0, (47)
0 0 $10 — A @23

P12 ®13 0 -\

from which the characteristic polynomial
det(Zy — M) = M — w1 A3 + wod? — w3\ + wy =0 (48)

is obtained, wy being the sum of the k x k principal minors.

N —(Tg + Ry)N* + (D + RyTs — Rc)\ — (RyDp — E) = 0, (49)

where
Ry = ¢10, T = ¢1+ ¢29, Dp = 1029 — P27, (50)
Rc = ¢ar2 + d21013,  E = da(Ppr12020 — P13027) + d21(P1013 — d2012). (51)

Expanding (49), collecting the terms free of Ry, Dp and E, and factorising,
A(XN* = TpA — R¢) = Ry (\* = TgA + D) — DpA — E. (52)

Setting the right-hand side to zero, since these are small quantities, discards Ry, Dg and E; Dg and E vanish
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for the structural reason given above and, at the baseline parameterisation, Ry = 0.0405, leaving the part

driven by the vector cycle. Thus
AN =TpA—Rc) =0 = X —TpA— Rc =0, (53)

so that dropping Dp and FE costs nothing, as we put to numerical verification.

(Tg + Rv) ++/(Ts + Rv)? +4(Rc — RyTg)

Ry = 5 . (54)
The transmission pathways are accordingly
RéMHB) = v/ R¢ (mosquito-bird cycle), R(()BHB) = T (bird-to-bird transmission), (55)
(vert.) . .. . .
Ry = Ry (vertical transmission), Ry, i = ¢17 (human transmission), (56)

At the baseline parameterisation of Table 2, evaluated at T' = 25°C, the basic reproduction number is Ry =
1.844546.

3.6 Local stability of the disease-free equilibrium

Theorem 3. The disease-free equilibrium of the WNv model (11) is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1.

Proof. The Jacobian matrix of system (11) at the West Nile virus free equilibrium is a 22 x 22 matrix which, after row
and column reordering to isolate the corvid, non-corvid, mosquito and human blocks, decouples into four sub-blocks

whose characteristic polynomials multiply to give the full characteristic polynomial. Writing

fi=pp, fe=n+us, fs=75+05 +us, fr=aqph+us, fs=mus, fo=np +us,
f7:q2pg+,u37 fs=v+ue, fo=amp+pr, fio=mr+upr, fi1=pm, fiz=nm+ pum,
fis=pu, fuu=nag+ps, fis=c+va+pa, fie=1+pa, fir=0uw+pu, fis=h({+ uun,
fi9 = b, f20:d1ﬁ11915§0, fo1 = d1 819155 °, f22:q1p§, f23:d2521925§07

_ NO _ _PBOmepr _ _PaBOmpr  ono 57
f24 —dQ/BQﬁQSB ; f25 — SDFNB +NH f27 - QDFNB +NHSB ) ( )

/BlhfﬁeM@F FO0 621\/1/801\48017 F 0
=(1-— [} =wd = P re — PeMPYMPE
Jas = (1 = 71)w®, fag =P, fao <pFNB+NHSM’ f31 @FNB+NHSM’
Bup
0uNp + Nu

fsr =hl, fss=kna, fzo=(1—rK)nNu, fio=1, f41:61+6§+u3, f42262+5g+,u3,

5507 fo6 = qug,

fao=amp, fszs=1—-bmr, faa=bmr, fa5= S%,  fas = Aw = pram + paame,

the characteristic polynomial of the Jacobian factorises as

(912° + 02A% + gaX* + ga2® + 95X + goA + go ) (AN + had® + had® + had® + hs A + hoX + ho )

X ()\5 —+ m1>\4 =+ mQAB + mg)\Q + ma + m5) ()\5 + TL1A4 =+ TLQAB —+ n3/\2 + na + TL5) = 0,

(© Department of Mathematics, Modibbo Adama University.
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with coefficients

and

ho = (fiofolFs(Fs(fo + fr) + fofr) + fafafs] + fofof3) + fofefi fo
ho = fof1J3 fofro,

ms = (fuafifiz + fis[fin(fur + fi2) + fuafia] ) + o frz s
mo = f121f12f13f147

g1 =1,

=2fi+fo+ fa+ fa+f5),

g3 = fa(fi+ fo) + fs2fr + fa+ fa+ fa) + fifo+ fa(f1 + fo+ f3) — ngfzo + fi(fr + fo+ fa+ fa),
94 = fa [f3(f1 + fo) + fife — ngfm)] + f1 [fa(f1 + fo)+ fife + fa(fr + fo+ f3) — ngfm)]

+ f5 [fs(f1 + o)+ fife+ fa(fr 4+ fo+ f3) — T)ngO +filhi+fot+ fs+ f4)}
— 5 fao(f1 + f2) + 15 fafo0 + frfafs,

= fa[ns f2f20 = 05 f20(fr + f2) + f1f2fs]

+ S { fa s + f2) + fufe =05 foo] + Fa[fa(fs + f2) + fifo + faCfs + F2 + fa) = 05 fao]
0§ fao(fu + f2) 4 fafoo + frfofs |
+ fifalfs(fi+ f2) + fifa — ﬁgfm] — 0% foo(f1 + fo) + 08 fofoo + fif2f3,

g6 = fsfa[n5 fafao — 05 fao(fr + f2) + frfafs] + frfa[fs(fr + f2) + frfa — 15 fao]

— 0% f20(f1 + f2) + 05 fafoo + frfofs + fifa[nB f2foo — 05 fao(f1 + f2) + frfefs],

go = fifafs [ﬁgﬁfzo — G fa0(f1 + f2) + fif2f3],

h1 =1
ha = (fo + fr +2fs + fo + fio0)
hs = (fo(fo + fr 4+ 2fs) + fs(fo + f7) + fro(fo + fr + 2fs + fo) + fof7 + fs(fo + f7 + [s))
ha = (fio[fo(fo + fr +2fs) + fs(fo + f7) + fo fr + fs(fo + fr + f3)] + fe[fs(fo + f7) + fo f7]
+ folfs(fo + f7) + fofr + fs(fo + fr + fs)] + fofr[s)
hs = (fo[fs(fs(fo + fr) + fef7) + fofrfs] + fro[fs(fs(fs + f7) + fef7)
+ fo(fs(fo + fr) + fofr + fs(fo + fr + fs)) + fofrfs + fofrf3])

=1
= (2f11 + fiz2 + f13 + f1a)
(f (2f11 + fi2 + fi3) + fu1(fi1 + fi2) + firfiz + fris(2f11 + f12))
( 1fi2 + fi3 f11 f11+f12)+f11f12] +f14[f11(f11 +f12)+f11f12+f13(2f11+f12)])

nmi=1,  n2=(fis+ fie + fir + fis + f0),

n3 = fir(fis + fie) + fisfi6 + f1s(f15 + fi6 + f17) + fro(f15 + fi6 + fir + fis),

na = fis[fir(fis + fi6) + fisfie] + fro[fr7(fis + fi6) + f15f16 + fis(fis + fi6 + fi7)] + fisfie fi7,
ns = f19{f18 [f17(f15 + f16) + f15 f16] +f15f16f17} + fis fie f17 f1s, no = fis fi6 f17 f1s f19,

(60)

(62)

The Routh—Hurwitz criterion states that all roots of polynomial (58) have negative real parts if and only if the coefficients

D;, with g;, h;,mi,n; € D;, are positive and the principal minors H; > 0 for ¢ = 1,2, ..

whenever Rg < 1, the disease-free equilibrium of the model (11) is locally asymptotically stable.

3.7 Global stability of the WNv-free equilibrium
The method of Castillo-Chavez, Feng and Huang (2008) is used to determine the global stability of the disease-

free equilibrium, on the basis of the two conditions that guarantee it. The system is rewritten as

ax _ 4z

= =G(X.2),  G(X.0=0,
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where X = (Sg,Rg,Sg,Rg,SE,SL,Sf/[,SH,RH) € RY denotes the uninfected compartments and Z =
(Eg,[g,Eg,Ig,IE,IL,Eﬂ,]ﬂ,EH,IfI,Ig,I{{,D) € R the infected compartments, and the disease-free
state is E0 = (X°,0).

Lemma 4. The point Ko = (X°,0) is a globally asymptotically stable equilibrium point provided that Ry < 1
and that the following two conditions hold:

dX
(H1) for e F(X,0), X is globally asymptotically stable;

(H2) G(X,Z)=CZ — G(X, Z) with G(X,Z) > 0 for (X, Z) € Q, where C = DzG(X°,0) is an M-matriz and
Q is the biologically feasible region.

Theorem 5. Let Ry < 1. Then the disease-free equilibrium of the model (11) is globally asymptotically stable
in €.

Proof. With X° = (Sgo, 0,550 0,5%,5% sF0, S?{,O) as in (32), the uninfected subsystem evaluated at Z = 0 is

pAs — nSE°
(1-p)Ap — upS3°
w®SY — (v+ up)Sk
F(X,0)= | vSg — (amr +pur)St | » (64)
amp St — pnm Sk
Ag — puSu
0

which is a linear cascade with strictly negative diagonal, so that S§ — S§°, S§ — S50, Sy — 59, 5, — 8%, 85, — s5°
and Sg — S% as t — oo; hence X is globally asymptotically stable and condition (H1) is satisfied. For the infected

subsystem, the linearisation at the disease-free equilibrium gives C' = DzG(X 0, 0) with entries

slavarya
Ci =n§ Co= difath, Cs=dofatls, Cyp= DBOOMPE_ o g W,
1 =15+ KB, 2 18191, 3 2212, 4 orND - NO 5 = Bimij/ f
C6:’Yg+5g+,uB7 C7:T)g+MB, Csz’Vng(ngruB, Cy=v+pug, Cio=wdr
BimBOrpr Bam BOM R BuBOMpr
Ci = +upun, Cpp=-—">r—"-—"—— Cpz=—"——-"  Cuu=bny, Cis=-—"—"T"
HEE T R N N T ppNp + Ny T P T N + Ny (65)

Cie = knu + (1 — k)nu + pr,  Ci7 = praps +peanz, Cis =knu, Cio =e+yu + pu,
Coo=(1—rK)nu, Cn =0+ nu+0(S)+pum, Ca=rvi(S)+0u + pu,
Cos =14 05 + pup, Caa=eo+ 08 + un,

so that all the off-diagonal entries of C' are non-negative and C' is an M-matrix. Writing G(X,Z2) = CZ — G‘(X, Z) and

carrying out the subtraction gives

(A% +A5)(S5° - S5)
0

(R + A%)(S3° - 83)

0
0
0
G(X,2Z)= A (S3° = Sir) . (66)
0
(Am + X)) (S — Su)

o O O O

Since S§ < 8§°, SN < §¥0 §F < SF0 and Sy < SY within Q, we have CAJZ-(X7 Z) >0 fori=1,2,...,13, so that
condition (H2) is satisfied. Both hypotheses of Lemma 4 therefore hold, and the disease-free equilibrium is globally
asymptotically stable whenever Ry < 1.
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3.8 Global stability of the endemic equilibrium
Following Cangiotti et al. (2023) and Korobeinikov and Maini (2004), the global stability of the endemic

equilibrium is analysed by means of a logarithmic Lyapunov function. For any compartment X with equilibrium

value X*, define
X
Then g(X*,X*) =0, 9g/0X =1 — X*/X vanishes at X = X*, and 9%g/0X? = X*/X? > 0 for all X > 0, so

that g is strictly convex. Expanding about X™* by Taylor’s theorem and using g(X*) = ¢/(X*) =0,
1
9X,X) = 5"(€) (X~ X >0 for X # X*, (69)

with £ between X and X*; hence g is positive definite.

Theorem 6. If Ry > 1, the endemic equilibrium E* of the system (11) is globally asymptotically stable in the

interior of the feasible region Q.

Proof. Consider the Lyapunov function
V=Vu+Vs+Vyg+Vp, (69)

in which
Viar = g(Bar, Exg®) + crg(ag, Ing™) + e29(I, I) + csg(I, I1),

Ve = a19(ES, ES") + a2g(I5,15") + asg(E, EB ) + asg(In, I5 *),
Vi = B1g(En, Eqr) + Bag(Iig, Iit") + Bsg(In  Ii ") + Bag(Ihr, IE),
Vp = CDg(D,D*).

(70)

The positive weights are chosen so that the cross terms generated by the flows between compartments cancel. Matching

the flow EL; 2% IF, requires c1puaIi* = ny EL*, and using the equilibrium relation nas EY* = pa It — bmp I} gives

ci=1-— meiL ,  for which we take ¢; = %. (71)
penr Iyp* Y4

Differentiating (69) along the solutions of (11), using % g(X, X*) = (1 —X*/X)X together with the equilibrium relations,

and rearranging each term into standard form, the components are

Vi ooy Eh_BG ST
M _ EN* |2- - _
it =B 2 gt = e

IE+ 15 " bmyI; T EL
Ig Iy I

— JL |0 — =2 - &
c2(v+ pE) E{ i In + 7

(72)

o I,  IL* bmpglp EL
—capmly” |2 -

" I, I} Ig
_ Flo_ L _ L ZE
] es(mr + pr)lf { L + IE] ,

dv c C Ef BT | S§ A5 +)Ag ¢ scC \ I§  I§"  Ef
— = — E 2 — — | = 1) I 2 — —

dt 041(773 +/~’LB) B Eg* Eg Sg* )\g* + )\g* a2 (’YB + B +,U“B) B Ig* [g + Eg* )
(73)

dvy' N N EY EZ* SE AR+ AR N | sN N Iy Iy EY

—_— == E 2 — — e = 1) I 2— —
dt 0‘3(77B +I'LB) B Eg* Eg Sg* Ag* +Ag* O‘4(’YB + B +MB) B Ig* Ig] + Eg* )
(74)
dVy X Eny E} Su Ag+Am A I4 Ii* Exn
— = — Ei |2 — — | — + 1 2 — —
dt Pina Br { E;  Eu ' Sy A +A;{] Pa(e +u + i) I i 1h T Ey
. NIy E Ih
— Bs(ou +nm +vm (<) + pr ) Iy [2 o e G K)Ef +e f} (75)
Iy Iy H I
I Ix Iﬁ ]II{* Iﬁ
*54(T’YH(<)+5H+NH)IH 2 - II* - II UHIN* )
H H H
dvp . D D IS Iy

—_— == D" |2— — 76
au P [ D~ D 15 T Iy (76)

Each bracketed expression has the form [2 — X/X* — X* /X + (coupling terms)], and by the arithmetic-geometric mean
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inequality a 4+ 1/a > 2 for a > 0, with equality if and only if a = 1, which follows from (a — 1)? > 0, we have

X  x X X
R S S
xtxz?2= 2% -x =0 (")

with equality if and only if X = X™. Consequently

&V AV dVs  dVa  dVio
oy _%¥m  %v¥B BYH | BVD -
at = dat T at Tar @ =0 (78)

with dV/dt = 0 if and only if the system is at the endemic equilibrium E*. Hence V is a Lyapunov function, dV/dt < 0
in the feasible region, and the largest invariant set on which dV//dt = 0 is the singleton {E*}. By LaSalle’s invariance

principle the endemic equilibrium E* is therefore globally asymptotically stable in the interior of the feasible region.

4 Sensitivity analysis

The input parameters of a transmission model must be considered carefully, because the rate of progression
and the dynamics of the disease are governed by their uncertainty. Resolving this requires a sensitivity anal-
ysis, which assesses the robustness and sufficiency of the model and identifies those parameters that exert a
significant influence on its output. Sensitivity analysis is therefore carried out here in order to determine the
key transmission parameters that influence the basic reproduction number of WNv and each of its transmission
pathways R(()MHB), RSBHB), Ro. g and R((]Uert'). The elasticity, or normalised forward sensitivity index, of Ry

with respect to a parameter £ is defined by

IRy €&
TEo — = 79
and (79) is applied by the direct differential method to the closed forms derived in Section 3.5, using the
baseline parameter values at T' = 25°C given in Table 2, with Ry and each reproduction pathway taken in turn
as the response function. The resulting indices are collected in Table 3, in which the parameters are ordered
by the magnitude of their influence on Ry, so that those with the greatest impact occupy the upper rows. The

uncertainty range over which each parameter is allowed to vary is recorded alongside its indices.

Table 3. Normalised forward sensitivity indices of Ry and of the four transmission pathways, evaluated at the baseline
values of Table 2 with T' = 25°C. A dash indicates that the parameter does not enter the corresponding response function.

Parameter Range T Fo TREJMHB) 'I‘Rt(JBHB) YRo.H 'I’Rt(lwm)
737 0.025-0.251 —0.77512 —1.25319 — — —
Jél 0.061-0.1831 +0.61852 +1.00000 — — —
Onr 0.5-1.0% +0.61852 +1.00000 — — —
BN 0.088-0.9 +0.45607 4+0.33886 +0.64609 — —
o 0.1-1.0 —0.38146 — —0.99995 — —
a 0.8-1.0 +0.30943 +0.50028 — —  40.74782
my, 0.333-1.0 +0.30943 +0.50028 — — —0.01935
Kr, 6.09 x 107-1.83 x 1088 +0.30926 +0.50000 — — —
Ny 1.53 X 107-4.60 x 107 1 —0.30926 —0.50000 — — —
5N 0-0.5 —0.26226 —0.25392 —0.27580 — —
T 0.04-1.0 +0.24646 — +0.64607 — —
Brc 0.28-0.84F +0.23468 +0.16114 +0.35391 — —
Banmr 0-1.0 +0.20959 +0.33886 — — —
ap 10-30 +0.20617 +0.33333 — — —
ay 10-301 —0.20617 —0.33333 — — —
5§ 0-0.5 —0.16821 —0.14639 —0.20359 — —
€2 0.315-0.9451 +0.16689 — +0.43749 — —
Y 0.0235-0.0704F +0.15591 +0.25206 — — —
1 0.04-1.0 +0.13500 — +0.35389 — —
vy 0-0.2 —0.11391 —0.08464 —0.16138 — —
or 2.5-7.51 +0.10309 +0.16667 — — —
Bim 0-1.0 +0.09967 +0.16114 — — —

Continued on mext page
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Table 3 continued from previous page

Parameter Range THo TRSMHB) TRéBHB) YHRo.H TR(()WN')
€1 0.5-1.51 +0.08998 — +0.23587 — —
P 0.125-0.3751 +0.08265 4+0.04818 +0.13854 — —
7§ 0-0.01 —0.02132 —0.01464 —0.03215 — —
B 1.8 x 107%-5.5 x 10~** —0.00137 —0.00109 —0.00182 — —
w 1-500 +6.9614 x 10~4 +0.00113 — —
ny 0.125-0.375% +6.6488 x 1074 +4.9402 x 1074 49.4192 x 104 — —
75 0.165-0.4951 +2.5928 x 10~% +1.7803 x 10~% +3.9101 x 104 — —
wr 0.071-0.25 —1.7555 x 10~* —2.8383 x 10~* — 40.01935
"E 0.0625-0.18751 —1.1145 x 10~* —1.8018 x 10—* — —
v 0.328-0.9841 +1.1145 x 10~* +1.8018 x 104 — —
da 0.175-0.5251 +9.8068 x 10~6 — 42,5707 x 10~° — —
Vg 0-0.5 +9.8068 x 10~ — 425707 x 1077 — —
dp 0.425-1.0F +8.0895 x 10—6 — 421205 x 1075 — —
91 0-0.5 +8.0895 x 10—6 — 42.1205 x 1075 — —
K 0.375-1.0f — — +1.00000 —
€ 0.05-0.15 — — —0.99941 —
ams 0.00185-0.00247 — — +0.99083 —
P2 0-0.2 — — +0.99083 —
am1 2x 10756 x 10751 — — +0.00917 —
p1 0-0.1 — — +0.00917 —
7z 1.96 x 107°-5.87 x 10751 — — —7.8162 x 10~4 —
NH 0.05-0.15F — — +3.9085 x 10~* —
~H 1x107%-3x 105" — — —1.9988 x 10~4 —

0.05-0.15% — — —  41.00000
T 0-1.0 — — —  +1.00000

The ranges without a marker are those reported in Table 2. T No range is reported in Table 2; the range is taken as the baseline
+50%, truncated at unity for proportions. ¥ The range has been widened to correspond to adult mosquito lifespans of 4-40 days,
the tabled range spanning only a factor of 1.5. § K, is fixed by the calibration <Sﬂ0> = NRI rather than taken from the table; the
range is £50% of the calibrated value.

The third column of Table 3 gives the indices with Ry as the response function. The parameters with positive
indices, such as 8 (mosquito biting rate), ), (non-diapausing mosquitoes), Spn (transmission probability
from mosquito to non-corvid bird), my (larval maturation rate) and ap (mosquito-to-bird ratio), affect the
reproduction number positively, so that a reduction in the value of any one of them, the rest being held
constant, reduces Ry and consequently the incidence of WNv. Conversely, the parameters carrying negative
indices, such as ups (adult mosquito mortality), up (environmental viral decay), Ny (total human population)
and 6% (disease-induced death rate of non-corvid birds), act inversely on Ry, so that an increase in any one of
them decreases the basic reproduction number and hence the spread of the disease. The ranking is dominated
by the vector: up; carries —0.77512 while 5 and 6,; each carry +0.61852, so that a ten per cent change in any
one of these three quantities moves Ry by six to eight per cent.

The fourth column gives the indices with R(()MHB)

as the response variable. Here 8 and 6, each carry a
unit elasticity and pps carries —1.25319, the largest index recorded anywhere in the table, with my, a and
K, following at one half and Ny and apy entering negatively. The mosquito-bird cycle is therefore governed
almost entirely by vector demography and vector contact, so that measures raising pps, such as adulticide
application, or lowering my and K, such as larviciding and breeding-site clearance, act on this pathway more
than proportionately.

The fifth column presents the indices with respect to R(()BHB)
wp carrying —0.99995, while gy and 7y carry +0.64609 and +0.64607 and €5 carries +0.43749. The lateral

avian pathway is thus controlled jointly by the persistence of virus in the environment and by the rate at which

. The environmental viral decay rate is decisive,

birds consume contaminated food and water, and is comparatively insensitive to the predation parameters d;
and 9;, whose indices are of order 107°. Measures accelerating the inactivation of virus in food and water

sources would therefore weaken this pathway substantially.
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The sixth column shows the indices associated with Ry ry. The fraction of asymptomatic infections » carries a
unit elasticity, the transplant parameters ago and po carry +0.99083 each, and the rate at which asymptomatic
infections become recognised cases, €, carries —0.99941; the transfusion parameters a1 and p; are smaller by two
orders of magnitude. To reduce the human sub-threshold, therefore, control should be directed at transmission
through organ transplantation and at the early recognition of asymptomatic infection, since raising € lowers Ry g
almost one for one. The last column shows that the transovarial pathway is driven by the vertical transmission
rate 7 and the infected-larva maturation fraction b, each with unit elasticity, followed by a at +0.74782, every

parameter carrying a positive index except my,.

5 Numerical simulations

This section presents the results of the numerical simulation of the model (11), carried out in MATLAB R2015a
over a horizon of ninety days with the initial data of Table 1 and the baseline parameter values of Table 2
evaluated at T' = 25°C, for which Ry = 1.844546 > 1. The results are illustrated in Figures 2-8, which describe
the time-dependent behaviour of the compartments of each interacting population and the response of the

human classes to variation in the principal transmission parameters.

5.1 Behaviour of Sy, I, Eg, I5, I}, and Ry against time (days)

The six human compartments are displayed in Figure 2(a—f). The susceptible class begins at its calibrated
demographic level of 3.0000 x 107, falls to a minimum of about 2.9998 x 107 near the twenty-fifth day, and
then recovers to approximately 3.0008 x 107 by the ninetieth, the recovery being driven by the recruitment Ay
together with the return of recovered individuals at the waning rate h(. The depletion amounts to roughly
one part in fifteen thousand of the susceptible pool, which reflects the status of humans as incidental, dead-end
hosts: the human force of infection is small beside the avian forces, and Ry g was shown in Section 3.5 to
be structurally decoupled from the enzootic cycle. The exposed class peaks at about 590 individuals near the
twentieth day and eases to some 510; the asymptomatic class peaks at about 445 near the twenty-fifth day
and eases to some 390; and the non-neuroinvasive class peaks at about 97 near the twenty-second day and
settles near 85. The near coincidence of these three maxima follows from the structure of the human block, in
which Ey feeds I 1’3 at the rate kng and I g at the rate (1 — k)ng, so that all three track the infectious vector
population with only the delay imposed by the incubation period 1/ny.

The neuroinvasive class behaves differently, rising monotonically to approximately 6.2 x 103 individuals
without attaining a turning point, while the recovered class plateaus at about 8.3 x 10® by the seventieth day.
This accumulation occurs because the neuroinvasive compartment is drained only by the saturated treatment
function 7% (c) and by the small mortalities 67 and py, so that severe cases accumulate for as long as I
supplies them at the rate og. The burden of acute infection therefore peaks and recedes within the first month,

whereas the burden of severe disease, and hence of clinical care, continues to grow long afterwards.
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Figure 2. Dynamics of Sy, I}, Ex, I, I} and Ry populations against time (days).

5.2 Behaviour of S§, ES, IS and R against time (days)

The corvid trajectories in Figure 3(a—d) describe an explosive epizootic. The susceptible class collapses from
7.70 x 107 birds to a negligible level within about eight days, the exposed class peaks at roughly 5.9 x 107 birds
by the fourth day and is exhausted by the twenty-fifth, and the infected class peaks at about 1.95 x 107 birds
near the sixth day before vanishing by the thirtieth. The recovered class peaks at about 4.1 x 107 birds around
the sixteenth day and then decays to some 0.5 x 107, under natural mortality together with the loss of immunity
at the rate g1 p%.

The speed of the epizootic follows from the high transmission probability from mosquito to corvid bird,
Bec = 0.5601, together with the lateral routes carried by )\g, so that the corvid class is exposed through three
concurrent channels and the susceptible pool is consumed before recruitment can replenish it, while the high
disease-induced mortality §§ = 0.50 removes infectious birds within an average of two days. These features
account for the pattern in Table 3, where Bpc drives Ry upward and 5g downward: corvid competence is

self-limiting, since the virulence that makes these birds efficient transmitters also removes them quickly from

the infectious pool, as reported by Abdelrazec et al. (2014).

(© Department of Mathematics, Modibbo Adama University.



257 Manju et al. (2026). Int. J. Dev. Math. Vol. 3 Issue 3 |235-266|

%107 <107

o

IS

Exposed Corvid Birds
&) w

Susceptible Corvid Birds
s
——

0 10 20 30 40 50 60 70 80 %0 0 10 20 30 40 50 60 70 80 90
Time (Days) Time (Days)

(a) Profile of S§(t) (b) Profile of E§ (t)

5 %107 x107

=

o

=
@

o
o

0.4

02

Infected Corvid Birds
Recovered Corvid Birds

0 10 20 30 40 50 60 70 80 %0 0 10 20 30 40 50 60 70 80 90
Time (Days) Time (Days)

(c) Profile of I§ (t) (d) Profile of RE(t)

Figure 3. Dynamics of 5SS, ES, IS and RS populations against time (days).

5.3 Behaviour of S§, EY I5 and R} against time (days)

The non-corvid profiles in Figure 4(a—d) describe a slower and more protracted epizootic. The susceptible
class rises sharply within two days to about 3.15 x 10* birds, falls to a minimum of roughly 4.5 x 103 between
the fifteenth and twentieth day, and recovers to about 1.05 x 10* by the fiftieth. The exposed class peaks at
approximately 8.7 x 10* birds near the tenth day, the infected class at about 4.85 x 10* birds near the fourteenth,
and the recovered class at roughly 2.35 x 10° birds near the fortieth, after which all three decline gradually, the
infected class remaining materially above zero throughout.

The non-corvid peaks occur some six to eight days later than the corvid ones and decay far more slowly, for
two reasons: the lower disease-induced mortality §% = 0.3 keeps infectious birds in circulation longer, and the
recovery of the susceptible class after its minimum, sustained by the larger recruitment share (1 — p)Ap and
by the return of recovered birds at the rate gop%, feeds a slow secondary transmission. The non-corvid group

therefore acts as the persistent reservoir, as the additive structure of T anticipates, in accord with West and
Chellamuthu (2020).
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Figure 4. Dynamics of SY, EY, I¥ and RY populations against time (days).

5.4 Behaviour of S, EY, IT. and S} against time (days)

Figure 5(a—d) presents the adult vector and susceptible larval classes. The susceptible adult female class declines
monotonically from 7.80 x 108 to approximately 3.2 x 10% mosquitoes, under infection at the force 5\54 together
with natural mortality p,. The exposed adult class spikes to about 2.15 x 10* mosquitoes near the seventh day
and vanishes almost completely by the thirtieth, tracking the infectious avian classes with the delay imposed
by the extrinsic incubation period. The infected adult class peaks at roughly 1.03 x 10° mosquitoes near the
twenty-third day and then declines slowly, still standing at about 5.6 x 10* at the ninetieth day, while the
susceptible larval class rises to a plateau of approximately 1.85 x 107 larvae imposed by ® and the carrying
capacity K.

The relationship between the exposed and infected adult classes is the clearest numerical signature of the
transovarial route in the whole simulation. The exposed class is extinguished by the thirtieth day, since 5\]@
collapses once the avian infectious classes are depleted, and yet the infected adult class remains substantial for
a further sixty days. Those infectious adults cannot have been recruited through naEL;; they are supplied
by abmpIy, that is, by infected larvae maturing directly into infectious adults. Vertical transmission thus
carries infection through the interval in which horizontal transmission from birds has ceased, the role assigned
to R(gvert') = Ry in Section 3.5. Although Ry = 0.0405 is far too small to sustain transmission alone, its

contribution is not negligible in time, which supports the experimental evidence of Nelms et al. (2013) and

Baqar et al. (1993).
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Figure 5. Dynamics of Sh;, E1;, IT; and Si populations against time (days).

5.5 Behaviour of Sg, I, I, and D against time (days)

The immature vector classes and the environmental viral load are shown in Figure 6(a—d). The susceptible
egg class declines from 8.20 x 107 to about 2.4 x 107 eggs, in step with the adult class that produces it, while
the infected egg class rises sigmoidally to approximately 350 eggs and the infected larval class to about 7.9
larvae, both saturating near the eightieth day. That these classes saturate at low absolute levels, against an
adult infectious population of order 10°, quantifies the limited but persistent character of the transovarial route:
only the fraction 7 of eggs laid by infectious females is infected, and only the fraction b of the resulting larvae
matures into infectious adults.

The environmental compartment behaves quite differently, rising steeply to approximately 1.9 x 107 virus
units by the twenty-fifth day and thereafter remaining almost constant. It saturates while the avian infected
classes are at their peaks, driven by the shedding terms (g1 + 6§ + pg)I§ and (g2 + 05§ + pup)I, and then
persists because pp is slow relative to the rate at which carrion and excreta accumulate. It therefore outlives
the epizootic that created it and continues to act as a source of infection through A and A long after the acute
wave has passed. This is the mechanism behind the index of —0.99995 carried by up against R((]BHB) in Table 3,

and it identifies environmental viral persistence, alongside vector control, as a target of first importance.
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Figure 6. Dynamics of Sg, Ig, I and D populations against time (days).

5.6 Effect of variation in (;); on the human classes

Figure 7(a—e) shows the effect on the human compartments of varying the transmission probability from corvid
bird to mosquito over the values 0.25, 0.5, 0.75 and 1.0, all other parameters being held at their baseline values.
The minimum of the susceptible class deepens from approximately 2.9998 x 107 to approximately 2.9992x 107 and
the trough moves later, from about the twenty-eighth day to about the fortieth. The peak of the asymptomatic
class rises from roughly 415 to roughly 760 individuals, that of the exposed class from about 560 to about
1010, and that of the non-neuroinvasive class from about 95 to about 165, while the neuroinvasive class at the
ninetieth day rises from approximately 6.0 x 10® to approximately 8.3 x 103.

The ordering of the curves is monotone throughout, and a fourfold increase in the parameter almost doubles
the peak human burden. The mechanism is indirect but decisive: (31 does not appear anywhere in the human
block, entering only 5\5\';[ and thence R¢, so that raising it enlarges the infectious vector population, which
in turn raises Ay and drives the human classes upward. The simulation thus confirms numerically what the
decomposition of Ry asserts analytically, that the human burden is a spillover from the enzootic cycle, and it

shows that control directed at the vector-corvid interface yields proportionate benefit in humans.
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Figure 7. Effect of variation in B1s on the Sy, I, Ex, I and I} populations against time (days).

5.7 Effect of variation in Sy on the human classes

Figure 8(a—e) shows the corresponding response to variation in the transmission probability from mosquito to
human over the same four values. The minimum of the susceptible class falls from about 2.9998 x 107 to about
2.99965 x 107, the peak of the asymptomatic class rises from roughly 350 to roughly 500 individuals, that of the
exposed class from about 470 to about 650, and that of the non-neuroinvasive class from about 350 to about
500, while the neuroinvasive class at the ninetieth day rises from approximately 4.8 x 103 to approximately
6.9 x 103.

The response is monotone, as before, but appreciably weaker: the same fourfold increase raises the peak
asymptomatic burden by about forty-three per cent against the eighty-three per cent produced by S1as. The
distinction is structural. Since humans are dead-end hosts, Sy appears only in Ag, scaling the rate at which
infection is delivered to the human population without altering the enzootic cycle that generates the infectious
vectors; it appears in none of R¢, Ts, Ry or Ry m, and so does not alter the threshold Ry at all. Variation in
By therefore changes the size of the human epidemic but not the condition for its occurrence, whereas variation
in B1p; changes both, so that personal protective measures mitigate the human burden without interrupting
transmission and must be combined with measures acting on the enzootic cycle if elimination rather than
mitigation is the objective. The same reasoning applies with greater force to the non-diapausing fraction 6y,
which multiplies every vector-borne force of infection and enters R¢ quadratically, carrying indices of +0.61852
on Ry and +1.00000 on R((JMHB) in Table 3: suppression of the actively host-seeking fraction of the vector
population is the single most effective lever available within the model. This agrees with Bergsman et al.
(2016) and Fesce et al. (2023), who identified vector-related quantities as the most critical for predicting WNv

dynamics.
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Figure 8. Effect of variation in By on the Sy, I#, Ex, I and I}, populations against time (days).

6 Discussion

The analysis and the simulations together give a coherent account of how West Nile virus is maintained when
the lateral and vertical routes are admitted alongside the classical cross-transmission route. Three findings
deserve emphasis.

The first concerns the structure of the threshold. The next generation matrix does not yield a single indivisible
reproduction number but a quantity Ry = (TB + \/Jm) /2 in which the bird-to-bird pathway T'5 and the
mosquito-bird pathway R enter asymmetrically, the former linearly and the latter under a square root, together
with two further quantities, Ry and Ry g, that are separable from the enzootic cycle. The human component
Ro g = ¢17 emerges as an isolated eigenvalue of the next generation matrix, which is the formal expression of
the fact that humans are dead-end hosts: transfusion and transplantation can generate human infections from
human infections, but they cannot feed back into the vector or avian populations, and the human sub-threshold
therefore neither contributes to nor is contained in the enzootic threshold. Human-directed and cycle-directed
interventions are therefore not substitutes, as the contrast between Figures 7 and 8 shows: variation in Sy
rescales the human epidemic without moving R, whereas variation in ;s moves both.

The second concerns the standing of the two lateral routes that motivated the model. Neither is capable of
sustaining transmission alone. The bird-to-bird pathway contributes T, which at the baseline parameterisation
is of order unity but enters Ry additively rather than multiplicatively, and the transovarial pathway contributes
Ry = 0.0405, which is smaller by an order of magnitude than any other component. The simulations show
why it would nonetheless be mistaken to neglect them. The environmental compartment D(t) saturates within
twenty-five days and then persists almost undiminished, so that the bird-to-bird route continues to deliver
infection long after the acute epizootic has ended; and I} remains substantial for sixty days after EZ, has been
extinguished, which is possible only because infected larvae mature directly into infectious adults. The lateral
and vertical routes matter not for their magnitude at the threshold but for their persistence in time: they bridge
the interval between successive amplification events. This is consistent with the dominant negative elasticity
attaching to pup in Table 3 and with the experimental record of transovarial transmission in Culez reported by
Miller et al. (2000), Dohm et al. (2002) and Nelms et al. (2013).

The third concerns the disaggregation of the avian host. The corvid and non-corvid classes do not merely

differ in magnitude; they operate on different time scales, the corvids sustaining an intense epizootic spent
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within a month and the non-corvids a slower one that persists throughout. The sensitivity analysis records
the same asymmetry in the negative index carried by 6%, which is paradoxical only until one observes that
virulence is self-limiting: the corvid class amplifies efficiently because it is highly competent, and is transient for
precisely the same reason. A model aggregating the avian population into a single class would reproduce neither

behaviour, and would misstate both the height of the amplification peak and the duration of the reservoir.

7 Conclusion

This study has investigated the threshold dynamics, stability and sensitivity of a twenty-two compartment de-
terministic model for the transmission of West Nile virus which divided the avian host into corvid and non-corvid
classes, resolves the immature stages of the vector, carries an environmentally persistent viral compartment,
and admits lateral transmission within the avian and human populations together with vertical transmission
within the vector population, under constant control. The positivity of solutions was established and a biolog-
ically feasible invariant region was identified, so that the model is mathematically well posed and biologically
meaningful in 2. Two disease-free equilibria were obtained, the trivial one corresponding to the absence of
the vector population and the non-trivial one existing if and only if the demographic vector reproduction ratio
%y exceeds unity. The basic reproduction number was derived by the next generation matrix approach and
was shown to decompose into four sub-reproduction numbers associated with the mosquito-bird cycle, the bird-
to-bird and environmental pathway, vertical transmission and human spillover, the human component being
structurally decoupled from the enzootic cycle. Stability analysis based on the Routh—Hurwitz criterion and the
Castillo-Chavez framework demonstrated that the disease-free equilibrium is locally and globally asymptotically
stable whenever Ry < 1, while a logarithmic Lyapunov function together with LaSalle’s invariance principle
established the global asymptotic stability of the endemic equilibrium whenever Ry > 1, so that Ry = 1 acts
as a sharp threshold and no backward bifurcation arises. Sensitivity analysis identified vector survival, biting
and transmission intensity and environmental viral persistence as the dominant drivers of transmission, and the
numerical simulations illustrated the temporal behaviour of every compartment and showed that suppression of
the actively host-seeking fraction of the vector population is the most effective single lever available within the
model, personal protective measures reducing the human burden without altering the threshold. These findings
provide a rigorous analytical basis and a practically actionable framework for West Nile virus surveillance and

control in endemic settings.
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