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ABSTRACT
ARTICLE INFO To understand how organisms interact with themselves and their surroundings, it is
necessary to use mathematical models to explore the science of multispecies
Avrticle history: cohabitation. This paper studied the interaction between three species of animals
Received 28 December 2023 (Lion, Leopard, and Hare) in an environment using a formulated predator-prey

Received in revised form 17 March 2024

Accepted 27 April 2024 model of system of three nonlinear differential equations of first order with five

equilibrium points. The equilibrium points were found using the Routh Hurwitz
g_eyworqs: . iy Stability Criterion to be locally asymptotically stable. It was also established that
ifferential equations, Positively — p X o .
Invariant, Predator-Prey, Stability. the solution of the model exist and are all positive for any t=0. Some numerical
simulations were carried out to show the analytical solution of the model and the
results presented. The results show that the predator-prey presented in this work
MSC 2020 Subject classification: can be used perfectly to study any species interaction with the same nature with the
34A34, 92805, 92-10 ones considered in this paper. For further studies, this model can be extended to
include four or more species interactions.

1. Introduction

Over time, mathematical models have been utilised to comprehend complex situations in natural sciences and
engineering (Kwaghkor, 2020). These mathematical models can either be deterministic (Kwaghkor and Luga, 2016;
Kwaghkor et al., 2024) or stochastic (Kwaghkor et al., 2018; Kwaghkor et al., 2019); Kwaghkor et al., 2021) and are
based on ordinary differential equations (Adamu, 2023, Alkali et al., 2023; Kwaghkor et al., 2022), partial differential
equations (Orapine et al., 2023) and Stochastic differential equations (Kwaghkor et al., 2021; Kwaghkor, 2022). In
studying the interrelationships of organisms and their environment, there is need to investigate science of coexistence
of two or more species. To this end, it is natural to seek a mathematical formulation of this prey-predator problem and
to use it to forecast the behavior of populations of various species at different times (Vahidin, et al., 2017; Ma et al.,
2017).

Nonlinear differential equations are utilized in the study of Lotka-Volterra prey-predator relationships (Canale,
1970). Mathematical models of the interaction between predator and prey populations are generally expressed as
systems of nonlinear ordinary differential equations (Bai and Zhang, 2022; Canale, 1970; Xu and Wu, 2013). In animal
ecosystems, interspecies interaction is inevitable (Ashine and Gebru, 2017). Interactions between various species occur
on a regular basis when they live in comparable habitats. By offering havens, the natural world can offer a certain level
of defense to prey populations (Ashine and Gebru, 2017). Such refugia can help in prolonging prey- predator
interactions by reducing the chance of extinction due to predation (Ashine and Gebru, 2017).

Italian mathematician Vito Volterra developed a differential equation model in the 1920s to explain the
population dynamics of a predator and its prey (Vahidin et al., 2017; Xia and Cao, 2006). Predators can sustain a higher
population if there is a huge number of prey. But when the number of predators becomes too much, the prey starts to
disappear, which likewise causes the number of predators to decline (Vahidin et al., 2017).

Vahidin et al. (2017) studied the system of differential equations modeling the population dynamics of a predator Y ,
ascavenger Z , and a prey X to demonstrate the possible population trends when a predator, a prey and a scavenger
population interact. Their study shows that, the predator and the prey can coexist in the absence of the scavenger, and
the scavenger and the prey can coexist in the absence of the predator. However, the scavenger and the predator
cannot coexist without the prey. Biologically, this is reasonable, because without the prey, the predator will have no
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food and will die of hunger. The scavenger will then lose all sources of food and will die of hunger too. It has been
shown also that all the three populations can coexist in two ways: they will oscillate between stable populations over
time, or the populations will oscillate until they saturate and remain constant over time (Hadziabdi¢ et al., 2017).

In order to study the population dynamics of a three-species prey-predator, Hadziabdi¢ et al. (2017)
considered a simplified model from the Lotka-Volterra model which involves one prey and two predators which was
described by a system of three nonlinear equations of first order. Their study shows that the system has three

equilibrium points. The study of the coexistence shows that, if prey X = 0, then predators y and Z are dying and if
for predators y and Z holdy =2z =0, then the prey X tends to infinity. As mentioned earlier, the model by
HadZiabdi¢ et al. (2017) considered a situation where two predators are depending on one prey.

This study intends to modify the Hadziabdi¢ et al. (2017) by considering a situation in nature where one
species of animal feeds on another species of animal, which in turn feeds on other species of animals. The first specie
is called the first predator, the second is called the second predator/first prey and the third is called the second prey
which is the consideration in this paper. This paper therefore studied the interaction between three species of animals
(Lion, Leopard and Hare) in an environment. Lions are carnivores, and some of the type of prey they catch includes
but not limited to Leopard and Hares. Leopards are carnivores, and some of the type of prey they catch include but not
limited to Hares. Hares are herbivores, which means they feed mainly on plants. In this study, Lions are considered as
the population of the first predator, Leopards are considered as the population of the second predator/first prey and
Hares are considered as the population of the second prey.

2. Methodology

In order to create a mathematical model which describes the relationship between predators and the preys, few
assumptions are made as presented below.

2.1 Assumptions of the Model

i.  The first specie is predator, the second specie is prey to the first specie and predator to the third specie,

while the third specie is prey to both the first and second predators.

ii. The first predator only dies from natural causes.

iili. The second predator/first prey only die by being eaten by the first predator, and of natural causes.

iv. The second prey only die by being eaten by the first predator, second predator and of natural causes.

v. The interactions between predators and the preys are described by functions.

vi. The Model equations developed in this research describe the dynamics of biological systems of non-linear
differential equations which focuses only on the predator-prey interactions and ignores competition,
disease, and mutualism.

2.2 The Lion-Leopard-Hare interaction model

The nonlinear system is given by

x
E=ax+5xy+pxz—ax &Y
dy
2 = Pyt vz —exy —ky (2)
dz
E=yz—,uxz—eyz—fz 3)

where x(0) = x,, y(0) = y, and z(0) = z,
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x(t) represents the population of the Lions at time ¢, y(t) represents the population of the Leopards at time t, z(t)
represents the population of the Hares at time t, x, is the initial size of the Lions population, y,is the initial size of the
Leopards population and z, is the initial size of the Hares population.

2.2 Description of the model

Considering Equation (1), x'(t) which is the rate of change of the Lion population with respect to time t, is
described by four different terms. It is negatively influenced by natural death rate, —0X of Lion population. It is

positively influenced by the natural birth rate of the Lion population, Lion-Leopard interaction and Leopard-Hares
interaction by the terms aX, oXy and pXz respectively. a, S, p and ¢ are constants non-negative real number as

described in Table 1.

Considering Equation (2), y'(t) which is the rate of change of the Leopard population with respect to time t,
is described by four different terms. It is negatively influenced by the natural death rate of Leopard population and
Lion-Leopard interaction by the terms — xy and — ¢@Xy respectively. It is positively influenced by the natural birth

rate of the Leopard and Leopard-Hares interaction as shown by the terms £y and tyz respectively. #,7 ¢ and K
are constants non-negative real number as described in Table 1.

Considering Equation (3), z' (t) which is the rate of change of the Hare population with respect to time ¢, is
described by four different terms. It is positively influenced by natural birth of the Hares population, as shown by the
term yz. It is negatively influenced by the natural death rate of the Leopard, Lion-Hares interaction and the Leopard-
Hares interaction as shown by the terms - ¢z, — Xz and — &yz respectively. y, 1, & and & are non-negative real

numbers as described in Table 1.

Table 1: Variables and Parameters of the Model

Variables/Parameters Definitions

x(t) Population of the Lions at time ¢

y(t) Population of the Leopards at time ¢

z(t) Population of the Hares at time t
a The growth rate of X
o The natural death rate of X
) The rate of change of X due to the presence of Yy
p The rate of change of the X due to the presence of Z
B The growth rate of Yy
K The natural death rate of y
T The rate of change of y due to the presence of Z
) The rate of change of y due to the presence of X
y The growth rate of Z
& The natural death rate of Z
u The rate of change of Z due to the presence of X
£ The rate of change of Z due to the presence of Yy

2.3 Model Analysis

2.3.1  Positivity of solution
For the model equation (1) - (3) to have biological meaning, the solutions X(t), y(t) and Z('[) must all be positive,
hence the need for the positivity analysis.
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Theorem 1: The region € = {(X, Y, Z) € Ri : x>0,y>0,z> 0} is positively-invariant for the model (1) - (3)
with the solutions x(t), y(t) and z(t) all positive for t > 0.

Proof: To prove the theorem, we show by the method of contradiction in Bhunu et al., (2009) that, the following three
cases are contradicted.

Case 1: If there exist t, > 0 such that X(tl)z 0, X'(t1)< 0, y(t)> 0, Z(t)> 0for O<t<t, or

Case 2: If there exist t, >0 such that y(tz): 0, y’(t2)< 0, X(t)> 0, Z('[) >0 for O<t<t, or

Case 3: If there exist t, > 0 such that z(t,)=0,2'(t,)<0,x(t)>0,y(t)>0 for 0 <t <t,.

dx o : - :
For case 1: E = aX + XY + pxz — ox = Owhich is not negative. Hence, the contradiction meaning that the

solution X(t) remains positive.

dy

For case 2: a = Y + 1yZ — ¢Xy — ky = Owhich is not negative. Hence, the contradiction meaning that the
solution y(t) remains positive.

dy . ) - . .
For case 3: a = 9Z — UXZ — &yz — & = 0 which is not negative. Hence, the contradiction meaning that the solution

Z(t) remains positive.
So in all the cases, the solution X(t), y(t) and Z(t) in equation (1) - (3) remain positive. Hence, the proof.
2.3.2  Equilibrium points of the Model
The model has five (5) positive equilibrium points as follows. At equilibrium X'(t)z y’(t)= Z'(t)z 0.

First Equilibrium Point (EP;): (x4, ¥1,2,) = (0,0,0),

Second Equilibrium Point (EP,): (xy, y,,2,) = (O,B,K_ﬁ),

&€ T

The third Equilibrium Point (EPs): (xs, ys, zs) = (Vﬂi o%)

The fourth Equilibrium Point (EP,): (x4, Vs, Z4) = (%%o)
The fifth Equilibrium Point (EPs): (xs,¥s,25) = (x*,y",2%)

1

TMMJ) (ot—at—kp+Bp),y" = (

dep(p) (k6 — B6 — ap + ap).

1
&(T6+pe)

where x* = ( ) (atp — oty + tyd — 16¢ + kKup — Pup + ype — Epp)

and z* = (
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2.3.3  Local Stability of the Equilibrium Points
Theorem 2: (Routh — Hurwitz Stability Criterion): Given the polynomial of positive real constant coefficients
PA ="+ A"+ a2+ +a, 1A+ a, 4)

with the Hurwitz Matrices

a, 1 0 0 0
(a3 az al 1 il O \
H=|as a, az a, - 0|, j=12,..,n 5)
0 0 0 0 O an/
All the roots of the polynomial (4) are negative or have negative real part (which is indicating locally asymptotic
stability) if and only if the determinant of all the Hurwitz Matices are positive (That is detH; > 0,j = 1,2, ...,n).
Corollary 1: When n = 3, the polynomial (4) becomes
P(l) - 13 + a1/12 + a2/1 + a3 (6)
with the Hurwitz Matrix
A a 1 0
H, = (ay), H, = (01 @ ), H; = (as a, 1) @)
5 0 0 aj
All the roots of the polynomial (4) are negative or have negative real part (which is indicating locally asymptotic
stability) if and only if the determinant of all the Hurwitz Matices are positive. That is detH; = a; > 0, detH, =

a,a, > 0and detH; = a;a, > as.

Proof: The proof of corollary 1 implies the proof of Theorem 2. So the proof of corollary 1 is done by taking the
Jacobian of the system (1) - (3) as presented below

o ofi ofs
d d 0
4 y " a—o+0d8y+pz ox px

_|9fz2 9f2 9fy| _
Jayas = |55 S Oz | N —py B—k—g@y+rz ¢ Ty (8)
—uz —&z y—&—ux—¢gy

Ofs 9fs 9%
ox Jdy o0z

The Jacobian at EP,, EP,, EP;, EP, and E Ps are presented as

a—o 0 0
]EP1:< 0 B—x 0 ) €©))
0 0 y—¢&
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Kep — Bep + tea — 160 + TYS — 166

0 0
TE
- Ty —T
Jep, = S — oy 0 Yy — % (10)
€ €
Bu — ku Be — ke 0
T T
0 y6 —¢6 Yp—¢ép
1 W
OTU — AT — KUp + = +
Jip, = 0 2 1 — kup + pup —ypp +$pe 0 a1
up
ap —ap ae — o€ p
p p
0 ofB — ok pB — pk
@ %
pa — Qo 0T — at
]EP4 7 By 0 5 (12)
. » Kud — Bus + asp — oep + y8¢p — 6€<p/
5¢
a—o+08y" +pz* 6x* px*
Jeps = —py” B—k—oy +12" y” (13)
—uz* —&z* y—&—ux* —¢ey*

The characteristic polynomials for equations (9) - (13) using |Jzp — AI| = 0 are respectively presented below.

From equation (9)
B4+a2+a,A+a;=0 (14)
where
a=k—a+o—-B—-y+E&>0,
a,=ko—ak+aff —of +ay—«ky —oy+ By —aé+ké+ o —LE>0
a; = aky — koy — afy + ofy — axé + kaé + aff§ — o £ > 0.
From equation (10),
A2+ b 2%+ byA+by =0 (15)
where
b, = 0g% — a&? —y6£+6£§—p(§)£2+p(§)£2 > 0,

b, =xy —By — k¢ +p<>0
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b; = koye? — akye® + afye® — ofye? + axe*é — koe*é — afe?é — ky?Se + ofe*é + Py?oe
K2 2 K
— K 8682 + BSeE? + 2Kkybeé — 2BySeé — p (7> ye? — p (é) vel+p (7) g2&
B B £
P 20K (=) ye? — 2 (—) 28>0,
+p<T €2 + px(T)ye pr(Z)erd>
From equation (11),
232+ C1AZ + Czﬂ- +tc3 = 0 (16)
where
2
¢ = p*k — p*B + paz — pot + p? (%)go B (%)(pf >0,
;= oy—ay+af—oé >0,

c3 = p*aky — p*koy + pa’ty + pa’ty — p*afy + p*ofy — p*axé + p*ko§ — pa®té — po*té
2 2
+ p?aBé — p?afE — 2paoty + 2pacté + p*a y_ ©— p’o }/_ ®

+p2(%><pfz—p ( )<pfz—2p a( )¢f+2p 0( )<pé’>0

From equation (12),
13 + dllz + dzl + d3 = 0 (17)

where

= Q% —yQ® — kug + fue — ()<p €+()<p £>0,

tr= ot (5)~x(5) + ex () -as(§) >

&y = xo* (£) 92 + 202 (£) _gzﬁ(l)¢2+azﬁz(g)¢ ( >¢f+a<§)<p2§
- (52) o + o (£) e —ano (2) o - ()¢+mﬁ()2
— aop? (&) 202 (&) o + o (2) Zg_aa( o6+ 20 (35 ) o7

—azx(ai)(p e—2ac? <5ﬁz)<p e+a a<£2>g028+2alcaﬁ(%)ga>0.

=

From equation (13),
13 + 6112 + 62/1 + 63 = 0 (18)
where

eg=k—a+o—L—-y+E&—pz-+ux* —tz" = 6y" + py* +ey* >0,
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e,=ko—ak+af —of +ay —ky —oy + By —af + k& + o& — B¢ + pr(z")? — Sp(y*)?
— 8s(¥y)? + pe(y*)? — prz* — aux* + kux* + oux* + pfz* — Pux* + pyz*
+ atz" — apy* — k6y* — o1z + opy" — péz" — agy* + key* + ogey* + Béy”*
= Bey" +1yz" + y8y" —yoy' — 182" — 8§y + oSy — poy” 2" —tux’z”
— wox*y* + upx* y* —pey*z* + Sox*y* +16y* z* > 0,

e; = aky — kay — afy + ofy — aké + kaé + afé — off & — axux® + koux™ + a fux* — ofux”
+ pkyz* — pfyz* — pKéz* — ake y* + koey* + pféz* + afey” —aryz”
+ aypy* + kydy* —afey* + aryz* —oyey* — Bydy* + artéz* — apéy”
~ KO8y" — oT8z" + ogdy” + fESy” — pTV(Z*)22+ pfs‘(Z*)zz— ape(y*)?
— Kk 8e(y*)? + ope(y")? + BSe(y)? + vSop(y)? — S (v*)? — Spe(y*)?
+ atux*z* — aupx*y* — kudx*y* — otux*z* + oupx*y* — pkey*z* + pudx*y*
+pBeyz" + pyoy zt —ySoxyT — p@psy*zt —1yby*z" + 69SxTy” + 16y z”
— pSpx™(y)? + udp(x)?y* — ppe(y*)?z* + Spex* (y)? — ppex’y*z*
+ 2tudx*y*z* > 0
The Hurwitz Matrices for equation (14) are given as
p 1 aq 1 0
H1 = (al), HZ = (01 a >, H3 = <a3 az 1> (19)
2
0 0 ay

With
detH; = a; > 0, H, = a;a, >0, detH; = a,a, > a3 fora, ora, > a; (20)

Equation (20) is possible because a; > 0,a, > 0 and a; > 0.
The Hurwitz Matrices for equation (15) are given as
by 1 0
by, 1
Ho=0),  H=(g ), H=[b b 1 21)
: 0 0 b

with
detH1 . b]_ > 0, HZ = ble > 0, detH3 =3 b1b2 > b3 for b1 or b2 > b3 (22)

Equation (22) is possible because b; > 0,b, > 0 and b; > 0.
The Hurwitz Matrices for equation (16) are given as
cg 1 0
G vl
Hl = (Cl)’ HZ = <0 c ): H3 = <C3 CZ 1) (23)
2 0 0

with
detH, = ¢; >0, H, = cyc, >0, detH; = c;c, > ¢ forciorc, >c3 (24)

Equation (24) is possible because ¢; > 0,c, > 0 and c; > 0.

The Hurwitz Matrices for equation (17) are given as
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P d 1 0
m=@) h=(7 o) H=|d & 1 (25)
0 0 dy

with
detHl = dl > 0, HZ = dldz > 0, detH3 = dldz > d3 fOI‘ dl or dz > d3 (26)

Equation (26) is possible because d; > 0,d, > 0 and d; > 0.
The Hurwitz Matrices for equation (18) are given as
el ec 1 0
H; = (e1), H, = <01 b ), H; = (es €2 1> (27)
2 0 0 ey

with
detH;, = e; >0, H, = ee, >0, detH; = eje, > e; fore;ore, >e; (28)

Equation (28) is possible because e; > 0,e, > 0 and e; > 0.

Hence the proof. These shows that all the five (5) equilibrium points are locally and asymptotically stable. This result
is showing that the model equation (1) — (3) has biological meaning.

3 Results (Numerical Simulation)
The simulated results of the model equations (1) — (3) are presented in Figures 1, 2, 3, 4 and 5 using the parameter
values and initial conditions in the Table 2.

Table 2: Parameter values and initial condition
Parameter/ Figure 1 Figure 2 Figure 3 Figure4 Figure5
Initial Condition

a 0.002 0.002 0.002 0.002 0.002
é 0.110 0.110 0.030 0.030 0.030
p 0.110 0.030 0.030 0.030 0.090
o 0.210 0.210 0.210 0.210 0.210

B 3.000 3.000 3.000 3.000 3.000
T 0.110 0.340 0.340 0.030 0.340
14 0.400 0.400 0.400 0.010 0.100
K 0.210 0.210 0.210 0.210 0.210
14 5.000 5.000 5.000 5.000 5.000
u 0.330 0.330 0.330 0.330 0.330
£ 0.210 0.210 0.210 0.210 0.210
& 0.210 0.210 0.210 0.210 0.210
X 10.00 10.00 10.00 10.00 10.00

Yo 15.00 15.00 15.00 15.00 15.00

Zy 20.00 20.00 20.00 20.00 20.00
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Figure 2: Population dynamic of x,y and zwhenp = § <t
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Figure 5: Population dynamic of x,yand zwhen§ < p <7 > ¢

4  Discussion
Figure 1 is describing a situation where the population of Lions is equally depended on both the Leopard and

Hare populations. The population of lions increases as long as the Leopard or/and Hare population is not zero, but
decreases as soon as the population of one or two of the preys is zero and as soon as the Hare population begin to rise,
the Lion population will also begin to rise. It can be noticed that the Leopard populations decreases to zero and never
rise again which may be attributed to the presence of the lion population and the fact that § = .

Figure 2 also is describing a situation where the population of Lions is equally depended on both the Leopard
and Hare populations but with the Leopard population feed more on Hare population. In this case, the Leopard
population stays in the habitat a little longer before going to extinction. But it can still be observed that as Hare
population grows/decline, the Lion and Leopard population also grows/decline.

Figure 3 is a situation where the rate at which the Lion population depends on Hare population is less than its
rate of depending on the Leopard population and the rate at which the Lion population depends on the Leopard
population is less that the rate of Leopard population is depended on the Hare population. It can be notice from the
figure that once both Leopard and Hare population increases/decreases, the population of Lion also increases/decreases.
Also, because § < t, the population of Leopard is increasing more than that of Hare over time.

Figure 4 shows that the population of Lions is equally depended on both the Leopard and Hare populations.
But the rate of Lion feeding on Leopard has no effect on the Leopard population thereby causing the Leopard
population to persist (though not many) in the population for a long time to the detriment of the Hares.

Figure 5 is a situation where the rate at which the Lion population depending on Hare population is more than
its rate of depending on the Leopard population and the rate at which the Lion population depends on the Leopard
population is less that the rate of Leopard population is depending on the Hare population but the rate of Lion
population depending on Leopard has not little or no effect on the Leopard population. This will cause the Leopard
population to persist for a long time in the population while the population of Hare goes to extinct immediately.

All the results above represent a real scenario.
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5 Conclusion

Over time, mathematical models have been utilised to comprehend complex situations in natural sciences and
engineering. These mathematical models can either be deterministic or stochastic and are based on ordinary differential
equations, partial differential equations and stochastic differential equations. In studying the interrelationships of
organisms and their environment, there is need to investigate science of coexistence of two or more species. To this
end, it is natural to seek a mathematical formulation of this prey-predator problem and to use it to forecast the behavior
of populations of various species at different times.

In order to understand how organisms interact with their surroundings, it is necessary to use mathematical models
to explore the science of multispecies cohabitation. There are many instances in nature where one species of animal
feeds on another species of animal, which in turn feeds on other species of animals. The first specie is called the first
predator, the second is called the second predator/first prey and the third is called the second prey which is the
consideration in this paper. This paper studied the interaction between three species of animals (Lion, Leopard and
Hare) in an environment using a formulated predator-prey model of system of three nonlinear differential equations of
first order with five equilibrium points. The equilibrium points were found using Routh Hurwitz Stability Criterion
and found to be locally asymptotically stable. It was also established that, the solution of the model exist and are all
positive for any t > 0. Some numerical simulations were carried out to show the analytical solution of the model and
results presented. The results show that the predator-prey presented in this work can be used perfectly to study any
species interaction with the same nature with the ones considered in this paper. For further studies, this model can be
extended to include four or more species interactions.
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