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Abstract

West Nile virus persists in tropical settings where temperature
drives vector development, birds transmit laterally through preda-
tion, scavenging and a contaminated environment, and mosquitoes
transmit vertically to their progeny. We analyse a twenty-two com-
partment, seasonally forced model of such transmission in which
corvid and non-corvid reservoirs, the full mosquito life cycle, three
human infection outcomes and an environmental viral reservoir
are coupled through temperature-dependent vital and transmission
rates of period one year. Existence of a positive periodic solution
is established by Mawhin’s continuation theorem after uniform a
priori bounds are derived for every compartment; the non-negative
orthant is positively invariant, the periodic solution strictly pos-
itive, and all trajectories ultimately bounded within a compact
absorbing set on which the periodic solution is unique. Setting the
avian introduction terms to zero yields a unique disease-free peri-
odic solution, and the periodic reproduction ratio is obtained as
the spectral radius of the next-infection operator. Reduction of the
thirteen-dimensional next-generation kernel to a five-dimensional
block-triangular matrix separates an autonomous human block
from a temperature-driven vector-reservoir block. Numerical eval-
uation gives a threshold of 1.494471, which seasonal forcing de-
presses well below the constant-temperature value, while a positive
bird seeding index sustains transmission below threshold. The en-

demic periodic orbit is globally asymptotically stable.
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1 Introduction

West Nile virus (WNv) is a vector-borne arbovirus of the flavivirus genus, first isolated by Smithburn et al.
(1940) in the West Nile district of Uganda and spread mainly by mosquitoes of the Culez genus. It is the most
pervasive neuroinvasive arboviral illness worldwide (Ciota and Kramer, 2013), severe cases being life threatening
in immuno-compromised, younger and elderly individuals (Kramer et al., 2007). The disease has spread from
Africa to Europe, the Americas, the Middle East and West Asia (WHO, 2017) and is becoming endemic in
several regions (Sule et al., 2018; Habarugira et al., 2020), with 86,758 verified cases between 1999 and 2023, a
figure understated by under-reporting (CDC, 2024c; Ronka et al., 2021).

The major transmission cycle is bird—mosquito-bird. Birds are the primary reservoir (CDC, 2024e), their
migration and commercial transportation driving global spread (Chatterjee et al., 2008; Powell and Tabachnick,
2013), and the avian population is commonly divided into a more competent and a less competent category
(WOAH, 2024; CWHL, 2024). Lateral avian transmission through predation and scavenging (Komar et al.,
2003; Nemeth and Kunkel, 2024; NPS, 2025) and vertical transmission within the vector (Miller et al., 2000;
Dohm et al., 2002; Anderson et al., 2014; Nelms et al., 2013) are both documented, and temperature governs
mosquito biology and transmission viability (Garcia-Carrasco et al., 2022; ECDPC, 2025; Ciota et al., 2014;
Mordecai et al., 2019; Heidecke et al., 2025). Humans are dead-end hosts (Clark and Schaefer, 2023) but
transmit among themselves through organ transplant (CDC, 2024d; Kusne and Smilack, 2005; Kumar et al.,
2004), blood transfusion (Jimenez et al., 2021) and, rarely, breast feeding (Hinckley et al., 2007; Stobierski et
al., 2002).

Existing models treat these mechanisms separately: mosquito—bird invasion analysis (Wonham et al., 2004;
Cruz-Pacheco et al., 2005), control strategies (Bowman et al., 2005), backward bifurcation and optimal control
(Blayneh et al., 2010; Abdelrazec et al., 2015), spatial spread and migration (Liu et al., 2005; Bergsman et
al., 2016), seasonality (Laperriere et al., 2011; Moschini et al., 2017), temperature dependence (Bhowmick et
al., 2020, 2023; Marini et al., 2020; Okuneye and Gumel, 2016), two-category avian structure (Abdelrazec et
al., 2014; West and Chellamuthu, 2020) and multi-host structure (Ferraguti et al., 2023). No single framework
analyses the two avian categories, lateral avian transmission through an explicit environmental reservoir, vertical
transmission through the complete mosquito life cycle and the human transfusion and transplantation routes
simultaneously under seasonal forcing. That is the gap addressed here. We establish existence, positivity,
boundedness and uniqueness of a periodic solution; uniform persistence and the disease-free periodic solution;
the periodic reproduction ratio %% as the spectral radius of the next-infection operator of Wang and Zhao

(2008); a bird seeding index; and global asymptotic stability of the endemic periodic solution.

2 Methods

2.1 Model formulation

The model is a deterministic compartmental system of non-linear ordinary differential equations comprising the
vector and host populations together with the viral population in the environment. The mosquito, reservoir

host (bird) and incidental host (human) populations are
Ny = Sg+Ig+Sp+ I + Syp + Ex + I, (1)

Npg=85+SN +ES+EY + 1S+ I + RS +RY, Ny=Su+Eg+Is+IY+I5+Ry. (2)

The state variables are defined in Table 1, the parameters in Table 2 and the schematic flow in Figure 1.

(©2025 Department of Mathematics, Modibbo Adama University.
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Table 1. Modified model variables and their definitions.

Variable  Description Variable Description

Se(t) Susceptible mosquito egg R% (1) Recovered corvid bird

Ig(t) Infected mosquito egg RE(t) Recovered non-corvid bird

SL(t) Susceptible mosquito larvae Sy (¥) Susceptible human

Ir(t) Infected mosquito larvae Exu(t) Exposed human

Sar(t) Susceptible female mosquito  I7(t) Asymptomatic infected human
EN@®) Exposed female mosquito I¥ (t) Non-neuroinvasive infected human
I () Infected female mosquito I (t) Neuroinvasive infected human
S5 (t) Susceptible corvid bird Ru(t) Recovered human

Sy (1) Susceptible non-corvid bird  D(t) WNv contaminated environment
E§(t) Exposed corvid bird Ng(t) Total human population

EX(t) Exposed non-corvid bird Np(t) Total bird population

IS (1) Infected corvid bird N (t) Total mosquito population

I5 (1) Infected non-corvid bird

ﬁs(T)(DLS;-%—EC+(1—r)I o (T)D r1]
f SE -----------------
A (1 =b)ym(T) y2h
T, ® © m (1) bm:(T) o
Had) | b (T ;qm, (€] 1T
kﬂg (1) e

|

|
|
|
|
|
|
|
!

Figure 1. Schematic of the WNv model, showing the mosquito life cycle with vertical transmission (top), the corvid
and non-corvid reservoirs with the environmental compartment D (bottom left), and the human population with its
three infection outcomes (bottom right).

Susceptible eggs are replenished by @ (T)®[SE, + EL, + (1 — 7)If;] and infected eggs by w(T)®7IL;, both
depleted by decay pg and hatching v(T). Larvae mature into adults at a rate modulated by

N
(I):maX{O,l—K—z}, (3)
with Ny, the larval density and K, the carrying capacity. The traits «(T), v(T),na (T), B(T) follow the Briere

function and pps(T) the Gaussian formula,

CT(T - Tmzn) Tmaw - T7 Tmin < T < Tmaz T — TO 2
£(r) = V i (T) = psesp (L=F20)
0, otherwise, Om

and the seasonal temperature is T'(t) = T + Acos(% (t — ¢)). The abundances are linked by ap = Nj; /NG

and ay = NJ,;/NY, fixing the blood-meal index prN% + NY .

(©2025 Department of Mathematics, Modibbo Adama University.



286

Manju et al. (2025). Int. J. Dev. Math. Vol. 2 Issue 4 |283-301|

Table 2. Modified model parameters and their descriptions.

Parameter Description

Parameter Description

Demographic

Ay Recruitment rate for human

Ap Bird recruitment rate

WH Human natural death rate

UE Egg natural decay rate

Transmission

Bim Transmission probability from corvid bird to
mosquito

Banr Transmission probability from non-corvid
bird to mosquito

B Transmission probability from mosquito to
human

ﬁg Transmission probability from mosquito to
corvid bird

6g Transmission probability from mosquito to
non-corvid bird

Onr Non-diapausing mosquitoes

Disease progression

ny

na (T)

%

B

Disease incubation rate in human

Disease incubation rate in mosquito

Disease incubation rate in corvid bird
Disease incubation rate in non-corvid bird

Recovery rate due to supportive treatment,

non-neuroinvasive

Recovery rate due to supportive treatment,

neuroinvasive
Corvid bird recovery rate

Non-corvid bird recovery rate

Saturation and recovery

&1

&2

v2

Recovery rate coefficient, non-neuroinvasive

case

Recovery coefficient, neuroinvasive case

Saturation parameter, neuroinvasive case

Saturation parameter, non-neuroinvasive

case

Contact and migration

v(T)

Mosquito egg hatching rate

229
pa (1)
“B

KUD

P

p2

o

0%

L

€1

€2

YH

N
TNH

OH

Larva natural mortality rate
Adult mosquito natural mortality rate
Bird natural mortality rate

WNv decay rate

Temperature-dependent oviposition rate

Vertical transmission rate

Fraction of larvae maturing into female

adult mosquito

Proportion of infected larvae maturing into
infected adults

Probability of transmission via blood trans-

fusion

Probability of transmission via organ trans-
plant

Fraction of asymptomatic infected individu-

als

Rate of becoming symptomatic from asymp-

tomatic state
Disease induced mortality for human
Disease induced mortality for corvids

Disease induced mortality for non-corvids

Corvid bird viral shedding coefficient

Non-corvid bird viral shedding coefficient

Natural recovery rate for asymptomatic hu-

man

Natural recovery rate, non-neuroinvasive

case
Rate of developing neuroinvasive disease

Fraction of neuroinvasive cases recovering

due to treatment

Peak introduction for corvid birds

Continued on next page
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Table 2 continued from previous page

Parameter Description

Parameter Description

mr (T)

B(T)

or

Other

a1

af2

dy

do

Temperature-dependent larval maturation

rate

Temperature-dependent mosquito biting

rate

Mosquito feeding index

‘Waning immunity rate in human
Recovery to susceptible

Fraction of corvids recruited into susceptible

class
Recruitment rate for birth
Fraction of recovered birds losing immunity

Immunity loss rate for corvids

Immunity loss rate for non-corvids

Proportion of humans undergoing blood

transfusion

Proportion of humans undergoing organ

transplant
Proportion of predator corvid birds

Proportion of predator non-corvid birds

Yw

Tmax

Tmin

Peak introduction for non-corvid birds

Day of peak introduction

Width of pulse

Bird predation rate
Ratio of mosquito to bird

Ratio of mosquito to human

Bird food and water consumption rate
Environmental carrying capacity for larvae

Half-saturation constant for predation-

mediated transmission
Mean annual temperature

Mean annual maximum temperature

Mean annual minimum temperature

Amplitude

Phase shift

2.2 Model equations

The mosquito subsystem is

dSEg
dt
dlg
dt
dsy,
dt
dly,
dt
dst,
dt
dET,
Cdt
drr,
dt

w(T)q)TIJIC[ — W(T) + pur)le

=v(T)Sg —mp(T)SL, — pLSe

=w(T)®(Sh; + Ex; + (1 — 1)) — (v(T) + pg)Se

I/(T)IE — (1 — b)mL(T)IL — me(T)IL — /LLIL
= amp(T)Sp + (1 = b)amp(T)I, — (A3 (T) + e (T))Shy
M (T)S5r — (m(T) + par (T)) Ey

= abmp (T) 11, + nar(T)Exyp — paa(T) 1
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where )\]}\‘;I(T) — ('BlMIg + ﬂzMIg),B(T)QM

. The human subsystem is

wrNp + Nu
ds -
— = A+ (R~ (D) + M+ ) S
dEy -
el Au(T) +Ag)Su — (knu + (1 — k)nu + pu)En
dr4
(Tf = kg By — (e +vu + nm)1j
dIy A N N N ©)
o (I =r)naly +ely — (og +ynu +7u(s) + pm)ly
dIII{ N I I
o ogly — (ry(S) +0u + pu)ly
dRu A N N N I T
T valir + (WNe + i ()i + v () — (W + pr) Ry
T 9 IF ~ A N I
whete A() = PS5y — (puasn + paoma) () = e and o (0) = 5. The
environmental compartment satisfies
dD c c N N
T (e1+ 05 +up)lp + (e2+9p + pup)lp — ppD, (7)
and the bird subsystem, with continuous introduction of infected birds, is
ng C pC c jC c
dEg c 30\ oC c c
T (AB(T) +AB)SE — (g + uB)ER
dfg C C c c c c
T neEp — (v + 05 + pp)lp + YE(t)
dRS
TL‘B =515 — (019G + uB)RE
dSy N pN N IN N ®)
T (1=p)Ap + @pp R — (A\p(T) + A5 + up)Sp
dEY N INYy aN N N
T (Ag(T)+Ag)Sp — (np +p1B)ER
ary N =N N N N N
e npEp — (vg +6p +ps)lp + Y5 (1)
dRN
TtB =3 IN — (q2p} + pup)RY
where, for i = 1,2 with 1 = C and 2= N,
BiB(T)0merly, D Ig c Iy N
MN(T) = ——" N\, =8imj— + ——2——d18591 + ———=——d285 Vo, 9
(T) o Ny + Ny ﬂWgNB 1510 /Ko 185701 T4 18 Ko 285 V2 9)
and the introduction function is
1/} ( ) e(ymft)/yw (10)
i(t) = .
vo (1 + e(znn—t)/yw)2

Throughout B1ar > Banr, 1 > B2 and €1 > e, reflecting the higher viraemia and shedding of corvids (CWHL,
2024). We write x = (1, ...,222)7 for the state vector of (5)—(8) and I' = R22,

2.3 Periodic setting

The functions @w(T'(t)), uar(T(X)), v(T(t)), nar (T(t)), BT (1)), %G (t), ¥ (t) are continuous, positive and w-periodic
with w = 365 days. Write @; = F;(t,z) — V;(t, ) with the m = 13 infected compartments ordered first, and let
D 4(t,s) denote the evolution operator of ¢ = A(t)y. Assumptions (A1)—(A7) of Wang and Zhao (2008) hold:

(©2025 Department of Mathematics, Modibbo Adama University.
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non-negativity, w-periodicity and C*! dependence of Fj, Vii; 2, =0=V," =0; F;=0fori>m; F; = Vi'|r =0
on the disease-free subspace for i < m; and p(®p(w)) < 1, p(P_y(w)) < 1.

Lemma 1. V(t) is lower triangular with diagonal vy (t), ..., vi3(t), so that p(®_y (w,0)) = max; exp (— [ v;),
and (A7) holds if and only if fow v; > 0 for each i, guaranteed by pg, ur, 1B, pm, o >0 and py (T) > 0.
Proposition 2. For A > 0 let Wy solve dWy/dt = \71F(t) — V(t)]Wx, W(0) = I13. Then X = p(Wy(w)) is
continuous and strictly decreasing on (0,00), and ZE is the unique root of p(Wy(w)) = 1. When F and V are

constant this reduces to A = p(FV 1), the classical next-generation matriz of van den Driessche and Watmough
(2002).

3 Results

3.1 Existence, positivity and boundedness

Theorem 3 (Mawhin’s continuation theorem). Let L be a Fredholm operator of index zero and N : X — Z be
L-compact on Q, Q open and bounded. If every solution of Lr = ANz, X € (0,1), satisfies x ¢ 0Q; QNx # 0
for x € 00 Nker L; and deg(JQN,QNker L,0) # 0, then Lz = Nx has a solution in Dom L N ).

Lemma 4 (Uniform a priori bounds). Let x(t) satisfy Lv = ANz for some A € (0,1) and put ¥mer =
maxo | {V§ + V5 } and Cy =1 + &2+ 05 + 6§ + 2up. Then, independently of A,

AH AB +¢maz

[ Ngll < PP |Ng| < — ID| < M7

“BHD

(11)

and the seven mosquito compartments are bounded through the cascade N]\I;[ < (mr/fip)Np, Np < (v/pr)Ng
closed by the density-dependent regulation ® at carrying capacity K. Each individual compartment is bounded

by the corresponding total.
With Lemma 4 the set Q = {x : ||z;|| < M; + 1} is open and bounded and no solution of Lz = ANz meets

0%); the remaining hypotheses of Theorem 3 follow from the sign structure of the averaged vector field on ker L,

so the system possesses at least one w-periodic solution.

Theorem 5 (Positive invariance). I' = R3? is positively invariant: on each coordinate hyperplane {z; = 0}
the vector field satisfies dx;/dt > 0, so the Nagumo theorem (Walter, 2012) applies, the recruitment terms Ap,

pAp, (1 —p)Ap and the non-negative introduction terms preventing extinction.

Theorem 6 (Ultimate boundedness and invariant region). All solutions starting in T enter and remain in the

compact absorbing set

A‘ A' max
F*:{ngf;NHgiH, NBS%

, N SN*,DSD*}, 12
1234 UB M M ( )

where Ny; = Wimae KL/ s min and D* = C1N}/up, and T* is positively invariant.

3.2 Persistence and the disease-free periodic solution

Theorem 7 (Uniform persistence). Assume %% > 1. Then there ezists € > 0 with liminf;_, o min;ez x;(t; 29) >
e for all xg € X°, where T = {2,4,6,7,9,10,11,12,16,17,20,21}.

Remark 8. Because wg,wg > 0, a true disease-free state does not exist; the disease-free periodic solution is

therefore defined for the unforced system, v; = 0.

Theorem 9 (Disease-free periodic solution). When 9§ = ¢& = 0 the system admits the unique disease-free

periodic solution
2°(t) = (55.,0,0,0, RG 0, 55.0,0,0, RE o, SE,0(t),0,S1,0(),0, S5 6(t), 0,0, S5,0,0,0,0,0,0,0), (13)

with Sg,o =pAp/us, Sg,o =(1-p)Ap/pB, Suo=Au/pm, and (S%,SY, Sﬂyo) the unique positive w-periodic

(©2025 Department of Mathematics, Modibbo Adama University.
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solution of

dSg r sy, sy F
o = @05y — (D) +pe)Se, — = =v(D)Sp—(amp(T) +puL)Sr,  —= = amp(T)Se — paa(T)Shy-

(14)

Theorem 10 (Persistence with migration forcing). When ¥§(t) > 0 or ¥¥ (t) > 0 the system is uniformly
persistent regardless of %L, since Uiminfy oo I;(t) > /(7 + 6; + up) > 0 and the resulting infected birds

maintain mosquito and hence human infection.

3.3 Periodic reproduction ratio

Definition 11. With ®y (¢, s) the evolution operator of 2 = —V (¢)z, the next-infection operator on the space

of w-periodic continuous ¢ : R — R13 is
ot = [ Bv(tt-a) F(t - o) olt - a)da (15)
0

and the periodic reproduction ratio is Z¢ = p(L).
Theorem 12 (Threshold). Under (A1)-(A7), ZE — 1 has the same sign as p(®p_y (w,0)) — 1; hence 2°(t) is
locally asymptotically stable if ZF < 1 and unstable if Z#E > 1.

Ordering the infected compartments as (ES, I, EN , IN Ip, I, EL, 1L, Ey, 14, 1IN, I}, D)7 and linearising
at 20(t),

0l 0l2000 13 0 0 0014
0000000 OOOOOO
000000015 0 0 001l
0000000 OOOUOO0O
00000001l OO OOO
0000000 OOOUOOO
Fit)=]|0135 01,000 0 0 0 000 |, (16)
0000000 OOOOOO
0000000lioOIl;; 000
0000000 OOOOOO
0000000 OOOOOO
0000000 O OOOO0O
0000000 OOOOOO
with
ll == dlﬁlﬁngo, l2 == d2/821925§0, Zl == dlﬁl’ﬂlsgo, ZQ == dzﬁgﬁgsgo, l7 - W(T)(I)T,
I :MSCO I :M I :MSNO 1 :M
° T prNg £ NGB M N T opNg 4 NG B0 NO (17)
BimB(T)0rer ro Barmi B(T)0roF oo BuB(T)0r Lo
8 orNp + Nu M Lo orNp + Nu M l1o QDFN%+N10{ H> 11 =Pp1ag1 + p2apg2,
and V(¢) block lower triangular,
Vs 0 0 0
0 Vu@®) 0 0 pc =e1+ 05 + ug,
V(t) = ( ) s EB = (O,pc,o,pN)7 N (18)
0 0 Ve 0 PN =2+ 0p + uB,

with diagonal vi = 1§ + pp, v2 = 7§ + 6§ + pup, vs = ¥ + pp, va = VY + 0N + ps, vs = v(T) + g,
ve = mp(T) + pr, v = qu(T) + pm(T), v8 = pm(T), vo = N + P, vio = € + vg + pa, vi1r = 1+ pm,
v12 = 0 + pm, vi3 = pp. Only Vias(t) depends on t. The block —FEp is what renders V(¢) lower triangular
rather than block diagonal, and is the reason the environmental route is visible to the threshold.

Writing Kyj(t,a) = [F(t)®y (t,t — a)];; for the next-generation kernel and Po = 15 /(viv2), Px = 08 /(vsv4)

(©2025 Department of Mathematics, Modibbo Adama University.
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for the survival-weighted residence factors, the entries governing avian transmission are

/ Kllda—Pc[zlﬂ“’C}, /OoKl,gda:PN[z2+l4”N],

KD KD (19)
l l

/ Kglda—Pc{l1+ 6/)6‘]7 / Kggda—PN[ZQ+ GIDN]
“D UD

the first term in each bracket being the predatory and scavenging route and the second the environmental route

weighted by the mean residence time ul_)l, and for the human block
l
/ Kg 9 da = L Ho,H- (20)
UgU10

Proposition 13 (Dimensional reduction). F(t) has non-zero entries only in the rows N' = {1,3,5,7,9}, so any
eigenvector of K with non-zero eigenvalue is supported on N and p(K) = p(K,eq), the principal 5 X 5 submatriz

on N. The same argument applies to L.

Theorem 14 (Block triangularity). The reduced kernel is block triangular,

K1 Kiz Kis Kiz 0
Ks1 K33 Kss Ks7 0 A 0
K5><5 = 0 0 K5,5 K577 0 = <* K ) ) (21)
Kiy Kz O 0 0 9
0 0 Kys Koz Kypo
since no route leads from a human compartment to a vector or reservoir compartment. Hence
Ry = max {p(A), Zo,u}, Ho,n = Fi (1o + Paciz) (22)

(e + pe)(e +vm + pm)’

Remark 15. No parameter of the human block depends on temperature, so there F' and V are constant, @y
reduces to a matrix exponential and %y g remains exact under seasonal forcing. Only p(A) requires numerical

treatment.

Proposition 2 was implemented by integrating W) over one period with F(¢) and V(t) rebuilt from T'(¢) at
every step and locating the root of p(Wy(w)) = 1 by bisection. Table 3 records the threshold with the frozen

and time-averaged quantities.

Table 3. Periodic reproduction ratio and the corresponding frozen and time-averaged quantities.

Quantity Definition Value
BE Periodic ratio, root of p(Wy(w)) =1 1.494471
%éo) Frozen form at period-averaged parameters 1.518752
Z0(25.00°C) Frozen form at the reference temperature 1.858996
Ho(34.62°C) Frozen form at the seasonal maximum 1.057777
H0(20.20°C) Frozen form at the seasonal minimum 1.081869
Averaging error %" — %)) %E +1.62%
Freezing error at the reference temperature +24.39%

Since ZF = 1.494471 > 1 the system is uniformly persistent and the disease-free periodic solution is unstable.
Freezing the temperature at 25 °C overstates the threshold by 24.39%, seasonal forcing depressing it by 19.61%:
the frozen value at either seasonal extreme falls far below its value at the reference temperature, so the thermal
response is unimodal over the annual range and the seasonal excursion carries the system away from the optimum
in both directions. Figure 2 shows the instantaneous reproduction number, doubly peaked with a trough at the
annual temperature maximum. Exceeding unity throughout the year, it is not a threshold quantity; persistence

is governed by %7

(©2025 Department of Mathematics, Modibbo Adama University.
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Figure 2. Instantaneous reproduction number %o (7'(t)) (solid) and the annual temperature profile T'(t) (dashed) over
one period. The dash-dotted line marks the frozen value at the reference temperature and the dotted line the unit
threshold.

3.4 Bird seeding index

The introduction 1);(¢) does not enter the linearisation and so does not affect Z¢, but it maintains a non-zero

infected bird pool. The resulting transmission is quantified by

¥ © Bim B(TYOnprLi(t) _ o
y:/ Mt w,t)dt = e i n (T(©) dé gy 23
; Mm(t) gss(w,t) | orNp + Nu (23)

where I; is the unique w-periodic solution of dfi/dt = (t) — kI, with ke = fyg +6g +up, kn =N +65 +up

and [ (e )
- Y ahi(s)e Fi(w=2) ds
I;(0) = =4 . 24
(0)= 0 (24)
With the values of Tables 3 and 5,
S =335%x10"% >0, (25)

so the system remains endemic even when %Zf < 1.

3.5 The endemic periodic solution

Theorem 16 (Existence and uniqueness). Assume %F > 1. Then there exists a unique positive w-periodic
solution z*(t) € int(R3?).

Proof. The Poincaré map P(xo) = x(w;xo) maps the compact convex absorbing set of Theorem 6 into itself and is
continuous, so Schauder’s theorem gives a fixed point z*, which is an w-periodic solution. By Theorem 7 it cannot
lie in the disease-free set, and positivity of the susceptible compartments follows from the integral representation, the
recruitment and introduction terms keeping the integral strictly positive. Uniqueness follows from the implicit function

theorem applied to G(z) = P(z) — x on the absorbing set. O

Theorem 17 (Global asymptotic stability). The endemic periodic solution x*(t) is globally asymptotically
stable on R32: its basin of attraction B(x*) = {xo : limy_,os ||z(t;20) — 2*(t)|| = 0} is the whole biologically

feasible region.

Proof. By Theorems 5 and 6 the system is dissipative on a positively invariant orthant; by Theorems 7 and 10 it is
uniformly persistent and the continuous introduction precludes a disease-free equilibrium, so all w-limit sets lie in the
interior; and by Theorem 16 the endemic orbit is the unique periodic solution there. A dissipative, uniformly persistent
periodic system with a unique interior periodic orbit and no boundary attractor admits no other w-limit set, so every

bounded trajectory converges to x*(t). O

The hypotheses were verified numerically by Monte Carlo basin estimation following Schultz et al. (2017):

150 initial conditions drawn from the feasible region, proportional perturbations ¢ € {1.5,2, 3,5}, tripling of each
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of the six biological subsystems in turn, a search for alternative attractors from 100 diverse initial conditions,
and five outbreak scenarios up to twenty-fold, all integrated with ode15s over 3650 days at relative tolerance
105, All 150 trajectories converged, with mean convergence time 39.8 days, mean final relative distance 2.56%
and mean periodicity error 0.33%; every proportional and compartment-specific perturbation converged; the
attractor search detected exactly one periodic orbit of period 365 days, confirming uniqueness; and all outbreak

scenarios recovered within six months (Figure 3).

12 Convergence Quality (100 Random ICs) 12 Time to Reach Endemic Orbit

Frequency
Frequency

0
0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.08 0.09 0.1 0.11 0.12 0.13 0.14 0.15

Final Distance to Endemic Orbit Convergence Time (years)
(a) Convergence quality to periodic orbit (b) Time for convergence
Robustness to Extreme Perturbations Success Rate: 100.0%

=No)
o
@

14 =4
IS Y

Converged (1=Yes, 0

o
>

o Converged
1 100.0%

Perturbation Magnitude (A—)

(c) Robustness to convergence (d) Convergence success rate

Figure 3. Monte Carlo verification of the basin of attraction from 150 random initial conditions spanning the biologically
feasible region.

The four panels of Figure 3 record the outcome. The final distances in panel (a) form a single cluster between
0.012 and 0.047 with a mode near 0.030, every sample lying an order of magnitude below the 15% convergence
criterion, so no trajectory is marginal and the basin contains no region of slow escape. The convergence times
in panel (b) are approximately symmetric about 0.107 years, spanning 0.08 to 0.143 years, that is 29 to 52 days,
with only two samples in the upper tail; the absence of a long tail indicates that no part of the sampled region lies
near a repelling set, and the whole distribution sits well inside a single annual cycle, so convergence is complete
before seasonal forcing has repeated. Panel (c¢) records the binary outcome for the extreme perturbations of
Tests 2 and 5: every bar stands at unity, so recovery does not degrade as the displacement from the orbit
grows, and even the twenty-fold environmental and multi-species perturbations return to the orbit. Panel (d)
summarises the whole sample as a single sector at 100%. Taken together the panels show a basin that covers

the feasible region, is topologically simple, and has no directional escape route.

4 Numerical simulation

The full system was integrated with the data of Tables 4 and 5 until the transients had decayed. The final annual
cycle of each population group is displayed in Figure 4 and the aggregate burden and Poincaré convergence in

Figure 5.
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Table 4. Modified model variables, values, and source.

Variable  Value Variable Value
S (0) 8.28 x 107 (Assumed) EX(0) 0 (Pawelek et al., 2014)
Ig(0) 0 (Pawelek et al., 2014)  I5 (0) 0 (Pawelek et al., 2014)
Sr(0) 1.21 x 10® (Assumed) RY(0) 0 (Pawelek et al., 2014)
I1,(0) 0 (Pawelek et al., 2014)  SH(0) 3.06 x 107 (National Bureau of Statistics, 2026)
S37(0) 7.86 x 10® (Assumed) Er(0) 0 (Pawelek et al., 2014)
Ef(0) 0 (Pawelek et al., 2014)  I7;(0) 0 (Pawelek et al., 2014)
I5:(0) 0 (Pawelek et al., 2014)  I7(0) 0 (Pawelek et al., 2014)
55(0) 7.66 x 10° (Assumed) I5(0) 0 (Pawelek et al., 2014)
E$(0) 0 (Assumed) Ry (0) 0 (Pawelek et al., 2014)
I5(0) 0 (Pawelek et al., 2014)  D(0) 0 (Assumed)
R%(0) 0 (Pawelek et al., 2014) S5 (0) — (Assumed)
Table 5. Model parameter values used for the numerical simulation.
Parameter  Baseline Range Source
Demographic
Ag 1072 day—?! - Calculated
Ap 0.000365Np day ! - Assumed
w(T) 33.8 day~! Varies Marini et al. (2020)
H 3.91 x 1075 day ! (1.96 x 107?) Sweilam et al. (2019)
UE 0.125 day~! (0.0625-0.1875) Assumed
0w 0.1041 day—1 0.071-0.25 Okuneye and Gumel (2016)
uar(T) 0.0595 day—! Varies Okuneye and Gumel (2016)
152, 0.000365 day—1! - Calculated from Mbaoma et al. (2024)
1135) 0.55 day 1 (0.1-1.0) Assumed
Transmission
Bim 0.70 (0-1) Bhowmick et al. (2020)
Bam 0.50 (0-1) Bhowmick et al. (2020)
B 0.01 - Abdelrazec et al. (2014)
< 0.5601 - Laine (2014)
BN 0.4 (0.088-0.9) Abdelrazec et al. (2015)
Onr F(Dup) - Bhowmick et al. (2023)
T 0.5 (0-1.0) Nelms et al. (2013)
a 0.9 (0.8-1.0) Assumed
b 0.1 (0.05-0.15) Bagar et al. (1993)
p1 0.05 (0-0.1) Assumed
D2 0.1 (0-0.25) Assumed
Disease progression
NH 0.10 day 1! - Abdelrazec et al. (2014)
na(T) 0.0469 day—! Varies Laine (2014)
n% 0.33 day—?! - Laine (2014)
ny 0.25 day ! - Laine (2014)
K 0.75 - West and Chellamuthu (2020); CDC
(2019)
€ 0.1 day—! (0.05-0.15) Assumed
OH 0.015 day~—! - Abdelrazec et al. (2015)
59 0.50 day—?! -0.5 Moschini et al. (2017)
N 0.3 day~! (0-0.5 Moschini et al. (2017); Abdelrazec et al.

(2015)

Continued on next page
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Table 5 continued from previous page

Parameter  Baseline Range Source
€1 1 - Calculated from CDC (2003)
€2 0.63 - Calculated from CDC (2003)

Saturation and recovery

&1 0.225 - Assumed

& 0.0675 - Assumed

U1 0.25 - Assumed

v2 0.081 - Assumed

YH 0.00002 day—1! - Assumed

yﬁH 0.0714 day—1 - West and Chellamuthu (2020)
() 0.5 day—! Variable Calculated

75 () 0.1 day—*! Variable Calculated

7§ 0.05 day 1! (0-0.01) Abdelrazec et al. (2014)
vy 0.1 day~! 0-0.2 Abdelrazec et al. (2014)
oH 0.004 - Assumed

T 0.80 - Assumed

Contact and migration

v(T) 2.2 x 10737177 Varies Marini et al. (2020)

mp(T) 0.343 Varies Okuneye and Gumel (2016)

B(T) 0.122 Varies Mordecai et al. (2019)

Yr 5 - Bhowmick et al. (2023)

v§ 5 day ! (0-10) Bhowmick et al. (2023)

vl 10 day—?! (0-20) Bhowmick et al. (2023)

Ym 182.5 day - Assumed

Yw 30 - Assumed

Other

h 0.1 - Assumed

¢ 0.002 day—* - Assumed

P 0.20 - Assumed

qi Varies - West and Chellamuthu (2020)

0% 0.07 day~1! - West and Chellamuthu (2020)

oy 0.03 day~—! - West and Chellamuthu (2020)

ag1 0.00004 day~1! - Estimated from WHO (2026)

amgs 0.00216 day~?! (0.00185-0.00247) Estimated from WHO (2024)

dy 0.85 - Assumed

da 0.35 - Assumed

95 1 x 10~* bird~'day ! (0-0.5) Assumed

as 20 (10-30) Bhowmick et al. (2020)

ag 0.3 - Ruktanonchai et al. (2016)

T 0.52 day~?! (0.04-1) Calculated from CornellLab (n.d.)

Ky, 1.2175 x 108 Varies Calibrated from SII\“;[O = NJ(\)/I

Ksat 0A05N]% (0.0170.50)N% Assumed; form after Capasso and Serio
(1978)
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Figure 4. Converged annual periodic orbits of the four population groups over one period w = 365 days.

All compartments return to their initial values after one period, remain strictly positive and stay within the
invariant region, as Theorems 3, 5 and 6 require. In Figure 4(a) the susceptible adult female class carries the
largest excursion, rising from about 5.7 x 10® to a maximum near 8.9 x 10% around day 50, falling to 2.9 x 108
near day 120 and recovering to a second maximum near day 215; the profile is doubly peaked with a deep
trough at the hottest part of the year, the signature of the unimodal thermal response, while the larval class
remains near 1.2 x 108, pinned by ® at K. The reservoir classes in Figure 4(b) are essentially flat, at about
3.68 x 10* for 1Y and 5.5 x 10 for I§: the bird block is autonomous, avian mortality is small relative to
the annual frequency, and the introduction function maintains a non-zero infected pool. That I exceeds I§
despite the higher competence of corvids follows from the mortality differential §§ = 0.50 against 65 = 0.3
day~!. In Figure 4(c) the susceptible human class declines gently from 2.43 x 107 to 2.40 x 107 while the infected
classes are indistinguishable from zero, the numerical counterpart of Theorem 14. The environmental pathogen
in Figure 4(d) oscillates by less than 0.1% about 7.75 x 10%, driven by nearly constant shedding and removed
at the fast rate up = 0.55 day 1.
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Figure 5. Aggregate infection burden over the converged annual cycle and the relative displacement |P(z) — x| of the
Poincaré map across ten successive annual cycles.

The aggregate burden in Figure 5(a) rises from about 4.65 x 10* to a maximum of 8.35 x 10* near day
72, falls to 4.65 x 10* near day 150, rises to a second maximum of 7.8 x 10* near day 230 and declines to an
annual minimum near day 345. It closes exactly on its initial value, so it is the endemic periodic solution of
Theorem 16; it never approaches zero, the minimum being some 55% of the maximum, consistent with uniform
persistence and the seeding mechanism; and the two peaks straddle the annual temperature maximum rather
than coinciding with it, the lag being the accumulated latent and maturation delays. Figure 5(b) shows the
relative displacement of the Poincaré map falling from about 4 x 10~' after the first cycle to 1.6 x 1073 after
the second and 6 x 10~* by the tenth, decaying monotonically with no plateau, which confirms that the fixed

point of P is attracting and that no competing attractor is present.

5 Discussion

The analysis separates into a structural part, which is exact, and an evaluative part, which is numerical, the
boundary being drawn by temperature dependence. The bird, human and environmental blocks of V' (t) carry
no temperature-dependent rate, so there the evolution operator reduces to a matrix exponential and the kernel
entries, Pc, Py and %o, 1, are elementary. On the vector block Vi (t) and Vi (t') do not commute for ¢ # ¢/,
the survivorship kernels admit no elementary antiderivative under a Briere or Gaussian response with sinusoidal
forcing, and the threshold must be located by root-finding.

Three findings carry epidemiological weight. First, evaluating the closed-form reproduction number at a
fixed 25 °C overstates the periodic threshold by 24.39%, whereas period-averaged parameters err by only 1.62%;
both are biased upward because the thermal response is concave near its optimum, so by Jensen’s inequality the
average of the function lies below the function of the average. Constant-temperature assessments of invasion risk
in tropical settings therefore overstate the threshold systematically. Second, the sub-diagonal block —FEp is what
makes the environmental route visible to the threshold, the bracketed structure [l; + l4pc/up] separating the
predatory and scavenging route from the environmental route weighted by ,uBl; both bypass the vector entirely
and are absent from the classical mosquito-bird formulations of Wonham et al. (2004), Cruz-Pacheco et al.
(2005) and Bowman et al. (2005). Third, the introduction function does not affect ¢, yet the positive seeding
index . = 3.35 x 10~® shows that transmission is maintained even when %} < 1: control effort directed
at reducing %#{ below unity will not by itself eliminate transmission where reintroduction by migratory or
transported birds is continual.

Several limitations should be noted. Uniqueness rests on a sufficient condition verified through a parameter
inequality rather than derived from first principles; global stability rests on Monte Carlo basin estimation rather
than a constructed global Lyapunov functional; and a number of parameters in Table 5 are assumed rather than

estimated from field data.
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6 Conclusion

A twenty-two compartment, seasonally forced model of West Nile virus transmission incorporating two avian
categories, lateral transmission by predation, scavenging and an environmental reservoir, vertical transmission
through the complete mosquito life cycle, and the transfusion and transplantation routes in humans has been
analysed. Existence of a positive w-periodic solution was established by Mawhin’s continuation theorem after
uniform a priori bounds were derived for every compartment; the non-negative orthant is positively invariant,
the periodic solution strictly positive, and all solutions ultimately bounded within a compact absorbing set on
which the periodic solution is unique. The system is uniformly persistent, and a unique disease-free periodic
solution exists once the avian introduction terms are set to zero. The periodic reproduction ratio was obtained
as the spectral radius of the next-infection operator, the thirteen-dimensional kernel being reduced to a five-
dimensional block-triangular matrix separating an autonomous human block from a temperature-driven vector-
reservoir block, and evaluated at % = 1.494471, some 19.61% below the constant-temperature value. A
positive bird seeding index . = 3.35 x 1078 shows that transmission persists even below threshold, and the
endemic periodic solution is unique and globally asymptotically stable on the biologically feasible region. The
contribution to development is a framework in which the temperature-driven and temperature-independent
components of the threshold are separated exactly, and in which reintroduction is shown to sustain endemicity
independently of the threshold itself.
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