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differential equations. The model’s flow diagram was presented with qualitative and
quantitative analysis carried out on the model. The local and global stability analysis of
the equilibrium points were investigated using the Ruth-Hurwitz criterion and Castillo-
key""ord?: S ; Chaves method respectively, the results from both analysis showed the model to be
nthrax disease, Bifurcation, Mathematical . . . .
modeling, Sensitivity index, Stability locally asymptotically stable when the basic reproduction number is less than one and
unstable when the basic reproduction number is greater than one. Test for backward
bifurcation was done with the result showing no backward bifurcation in the system.
MSC 2020 Subject classification: The sensitivity analysis of the model's parameters was performed to determine the
93A30, 49115 contribution of each parameter to the basic reproduction number and a plot of partial
ranking correlation (PRCC) obtained. The analysis revealed that, by decreasing human
and animal contact rate, it would cause a decrease in the basic reproduction number.
Also, numerical simulation further showed that increase in vaccination for both human
and animal population reduces the spread of anthrax disease in the population.

1. Introduction

An anthrax disease is a deadly infectious illness that is causes by Bacillus anthracis which is a gram-positive, rod-
shaped bacterium (Baloba et al., 2020). The anthrax disease can be described as a zoonosis disease (transmissible
from animals to humans) which typically affects ruminants (WHO 2016). The bacteria produce extremely potent
toxins which are responsible for the symptoms, causing a high lethality rate and humans can catch the disease from
infected animals or through contaminated animal products (WHO, 2016). There are different types of anthrax
disease depending on the type of illness a person develops after contracting anthrax disease or on how the anthrax
enters the body (CDC, 2020). Cutaneous anthrax is consider the most common form of anthrax infection which
occurs when spores get into the skin, usually through a cut or scrape, a person can develop cutaneous anthrax, is
most common on the head, neck, forearms, and hands. It affects the skin and tissue around the site of infection.
Another form of anthrax is the Inhalation anthrax which is considered to be the most deadly form. It infection
usually develops within a week after exposure, when a person breathes in anthrax spores. People who work in places
such as wool mills, slaughterhouses, and tanneries may breathe in the spores when working with infected animals or
contaminated animal products from infected animals. Inhalation anthrax starts primarily in the lymph nodes in the
chest before spreading throughout the rest of the body, ultimately causing severe breathing problems and shock.
Gastrointestinal anthrax occurs when a person eats raw or undercooked meat from an animal infected with anthrax,
they can develop gastrointestinal anthrax. Once ingested, anthrax spores can affect the upper gastrointestinal tract
(throat and esophagus), stomach, and intestines, causing a wide variety of symptoms. Recently, anthrax infection
was identified in heroin-injecting drug users in northern Europe which is now called Injection anthrax with symptom
similar to those of cutaneous anthrax (CDC, 2020)

The concept of mathematical models in describing the phenomenon and dynamics of infectious diseases in
epidemiology has indeed help in the controls and eradication of so many diseases. Many authors have proposed
several mathematical models on the transmission dynamics of anthrax disease using different concept. One of such
is Osman et al., (2018) who developed and investigated a mathematical model for the transmission dynamics of
anthrax disease using ordinary differential equations. The disease-free equilibrium of the anthrax model was
analyzed for locally asymptotic stability and the associated epidemic basic reproduction number. The model’s
disease free equilibrium was showed to be locally asymptotically stable when the basic reproductive number is less
than unity. The model also was found to exhibit the existence of multiple endemic equilibria. They carried out
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Sensitivity analysis on the model’s parameters to investigate the most sensitive parameters in the dynamics of the
diseases.

In Baloba et al., (2022), a mathematical model of anthrax epidemic with behavioral change in both animal and
human populations taking into accounts, saturation effects within the animal population and behavioral change of
the general public towards the outbreak of the disease was proposed. Result from the analysis showed that the model
has two unique equilibrium points, namely; the anthrax-free and endemic equilibrium points. The anthrax-free
equilibrium point is globally asymptotically stable whenever the reproduction number is less than unity R, <1 and

the endemic equilibrium point is locally asymptotically stable whenever R, >1. Sensitivity analysis was done

including numerical simulations which demonstrated the saturation effect and behavioral change of the general
public towards the outbreak of the disease. Findings of their research shows that anthrax epidemic can be controlled
by reducing the rate of anthrax infection and pathogen shedding rate while increasing the rate of pathogen decay
through proper environmental hygiene as well as increasing treatment to ensure higher recovery rate in infected
animals.

Saad-Roy et al. (2017) proposed a mathematical model of anthrax (caused by Bacillus anthracis) transmission.
The model formulated considers only the animal population that include live animals, infected carcasses and spores
in the environment. The basic reproduction humber was calculated and existence of a unique endemic equilibrium
was established. Using data from the literature, elasticity indices for the reproduction numbers were computed to
quantify anthrax control measures. For these animals, oscillatory solutions arising from Hopf bifurcations are
numerically shown to exist for certain parameter values and to have periodicity as observed from anthrax data.
Numerical result showed that oscillations in spore growth may drive oscillations in animal populations. However,
the total number of infected animals remains about the same as with constant spore growth.

Rezapour et al. (2020) studied a fractional-order model for the anthrax disease between animals based on the
Caputo—Fabrizio derivative. They derive an existence criterion of solutions for the proposed fractional CF-system of
the anthrax disease model by utilizing the Picard-Lindelof technique. The basic reproduction number, R, of the

fractional CF-system were computed and two disease-free and endemic equilibrium points were established. Also,
the check of asymptotic stability property was done and by applying an iterative approach based on the Sumudu
transform the stability of the fractional CF-system was investigated. Finally, after the convergence analysis of the
numerical method HATM, they presented a numerical simulation of the CF-fractional anthrax disease model and
reviewed the dynamical behavior of the solutions of this CF-system during a time interval.

Though there are research works on mathematical model of anthrax disease, however, to the best our knowledge
very few studies have been done considering vaccination and nonlinear force of infection. In this paper, we focus on
a mathematical model of anthrax disease transmission using saturated incidence rate and introducing vaccination
simultaneously for both human and animal population with regards to possible eradication of the disease.

2. Formulation of Anthrax Model and Description
The model divides human and animal population at any time, (t) into compartments with respect to their disease

status. The total animal population N, (t)is subdivided into susceptible animals S,, infectious animals I,
vaccinated animals Va and recovered animals Ra . Hence, the total animal population is given as:

N, (1) =V, (®)+ S, () + 1, () +R, (1)

Similarly, the total human population denoted by Nh (t) is also sub-divided into susceptible humans Sh , vaccinated
humans Vh, infectious humans |h and Recovered humans Rh . Hence, the total human population represented as:
N, (£) =V, (©) + S, (1) + 1, () + R, (1)

Susceptible humans are recruited at a rate A, humans leave the susceptible class to the vaccinated class at the rate
Q, , and humans return to the susceptible class from the vaccinated class at the rate &, . Humans acquire anthrax
through direct contact, inhalation, and ingestion of contaminated animal products at a rate ﬁh. Infected humans

recover from anthrax disease at a rate y . Humans infected with anthrax die at a rate J, . Recovered humans may lose

immunity and return to the susceptible class at a rate @, . The entire human population has a natural death rate of £, .
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Susceptible animals are recruited at a rate Aa , the progression rate of animals from the susceptible class to the
vaccinated class is &,, and animals return to the susceptible class from the vaccinated class at rate &, . The disease
can be obtained through contact with infectious animals at the rate /3, . Death rate as a result of anthrax infection is
52, animals recover at the rate @,, then recovered animals may lose immunity and join susceptible class at rate A .

Natural death in animals is at the rate £, . The schematic diagram and model equations for the transmission
dynamics of the disease are presented in figure 1 and equation (1) respectively.

S,|
ﬂaah S %V/

y/ : &
) 4 AR,
ks \ﬂs
¢ w,l, R | ——> uhR,

1,

Figure 1: Schematic diagram of the Anthrax model

We therefore present the equations for the Anthrax model
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dVv
—h = a,S, — (o, + ) )V,
dt
dsS £.S, 1,
d_th:Ah_l_ih_T:la—i_alvh+a)1Rh_(a2+:uh)Sh
dl, A.S1
= & —(0,+y+u)l
dt Tl (6 +7+ ),
dR, _

— =yl _(w1+:uh)Rh
dt
@

d(;ia =&,5, — (& + )V,
T%::Aa—f%%§f+aNa+ﬂRa—@@+uQSa
dd|ta I fi?/zll: —(@, + 6, + )|,

d(ia =w,l, —(A+ 1,)R,

with initial conditions
V,(0)>0,S,(0)>0,1, (0)>0,
R,(0)>0,V,(0) >0,S,(0) >0, (2)
1,(00>0,R,(0)>0

Table 1: The Model Parameters and Description

Parameters Description Value Ref.
A, Recruitment rate of human 0.92 Sinkie et al., (2016)
ﬁh Infection rate of susceptible human 0.0001 Baloba et al., (2020)
Aa Recruitment rate of animal 0.99 Sinkie et al., (2016)
ﬁa Infection rate of susceptible animal 0.02 Baloba et al., (2020)
w, The recovery rate of infected animals 0.0025 Baloba et al., (2022)
v The recovery rate of infected humans 0.04 Baloba et al., (2022)
, Natural death rate in humans 0.0001 Baloba et al., (2022)
4, Natural death rate in animals 0.0001 Baloba et al., (2022)
51 Disease induced death of the animal 0.6 Baloba et al., (2022)
population

S Disease induced death of the human 0.5 Assumed

2 population
v, Rate of behavioural change Baloba et al., (2022)
o Rate at which recovered humans become 0.55 Assumed

! Susceptible
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A Rate at which recovered animal become 0.45 Assumed
Susceptible

a, Human vaccination Waning rate 0.004 Assumed

a, Human vaccination rate 0.3 Assumed

& Animal vaccination rate 0.2 Assumed

&, Animal vaccination Waning rate 0.004 Osman et al., (2018)

3. Basic Analysis of the Anthrax Model
3.1 Positivity and boundedness of solutions

In epidemiological models, conditions under which the system should have non negative solutions is paramount.
The model would be biologically meaningful if all the solutions with positive initial conditions remain positive at
every point in time.

Theorem 1: Let 1=V, (t),S,(t),1,(t),R,(t),V, (t),S,(t),1,(t),R, (t) e R®:
v, (0),5,(0),1,(0),R,(0).V,(0),S,(0),1,(0), R, (0) > 0. Then the solutions of

V, (1),S, (1), 1, (1), R, (t).V, (1), S, (t). 1. (t), R, (t) are non-negative for all t> 0.

Proof:
Human total population at any given time:

Nh(t):Vh (t)+sh (t)+|h(t)+Rh(t) ©)

and by taking the derivatives we have

dN, _dv, s, dl, dR,

dt dt dt dt dt

dN,

ot Ay = Ny = 1Sy = (S + ) 1y — 4R,

In the absence of mortality due to anthrax infections, the above equations become;

dN

d_th <A =N, (4)
A

Solving (4) as t »co, N, — —
Hy

0<N, <M and Nh(t)sﬂ.
Hy Hy,
A

A
also, if N, (0)<—", then N, (t)<—2
(022 b 32

Hh={(Vhish’Ih'Rh)GRi:VhJFSththFRhSﬁ} (5)
Hy

Considering the total animal population at any given time also, we have.

N, (t) =V, (t)+S,(t)+1,(t)+R,(t) o
dN, dv, ds, dI, dR,

2= +—2+—24
dt dt dt dt dt

dN
dta = AaSa _:uava _:uasa _(52 +/ua) Ia _:uaRa

In the absence of mortality due to Anthrax infections, the above equation becomes;
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dN
dta = Aa _/uaNa
Solving the differential equation and as t—oo, the population size, Na - —
Hy
A A
0<N,<—2and N,(t)<—=
Hy Hy
Also, if N (O) <—2 then N (t) <2
A A
4 A
IT, = (Va,Sa,Ia,Ra)eR+:Va+Sa+Ia+Ra£—a (7)
My
Hence, feasible region for the dynamical system in (1) is given by:
=11, xIT, c R? xR? (8)

WhereIT is positively invariant.
3.2 Anthrax disease-free equilibrium
The anthrax free equilibrium point is steady-state solution where there is no anthrax infection in the population. It

implies that

l,=0,R,=0,1,=0,R, =0 )
Solving equation (1) with respect to the condition of (9), we therefore have the anthrax-free equilibrium presented as
E®=(Vy, Sy 10, RV, 82,10, RY ) =

aZAh Ah (al + luh) O nga Aa (81 + :ua) 0 0)
(o +ay + ) (o +a, + 1) (ty +& +8) 1, (1, +&+6)u,

(10)

3.3 Anthrax endemic equilibrium points
The anthrax endemic equilibrium points are steady-state solution where anthrax persists in the population. At

endemic,
I, #0, R, #0, I, #0, R, # 0 and so we have the endemic equilibrium as follows
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v _ a, [(a)l + 4 )y + 0y + ) (K = Ay) _?’a)lkl](al + ), + )

" (o + ) )y + a1 )@, + ) (7 + 0, +ﬂh)[a1a2 — (o + w1, ), +,Uh)]
*_ [(a)l + 1)y + 0y + 4, ) (K, _Ah)_7a)1k1](a1 + ), + 4y)

" (ay + )@, + 11, )(y + 0, +:uh)[051a2 — (o + 1, ), +:uh)]

o f
(r+6,+m,)
R = 7k,
(@, + )y + 6, + 14) (1)

v [(k, = A A+ 1,)(8, + @, + 1) — Aw,k, | (&, + 1) (&, + 1)
) (81 + /’la)(ﬂ’ +/ua)(52 + W, +/ua)(82 +rua) [8182 - (81 + ,Lla)(é‘z + :ua)]
*_ [(k2 _Aa)(ﬂ“—i—:ua)(é‘z +a)2 +/ua) _ﬂ“O)Zk?_](‘c"l +aua)(82 +/ua)
: (ﬁ“ +:ua)(§2 + wz +:ua)(82 i /ua) [8152 _ (81 +:ua)(‘92 +:ua)]
. K,
. = (@, +6, + 1)

v @K,
i (ﬂ'—"_ﬂa)(wz +52 +/ua)
_ﬂhshla d k =ﬂasa|h

where K, = and K,
1+v,l 1+v, 1,

a

3.4 Basic reproduction number
The basic reproduction number, RO defined as the average number of secondary infections caused by a typical

infectious individual in a completely susceptible population was used to determine the overall dynamical behavior of
the model (1). One of the methods used in obtaining this threshold parameter is the next generation operator method
by (Diekmann, Heesterbeek, and Roberts, 2010) as demonstrated below.

_ﬂhshla
E_ 1+v, 1, - (0, +7+ ),
ﬂasalh , (a)2+52+lua)|a
| 1+v 1,
The incobian matrix of F and V we obtained as follows:
0 ﬂhsh -
(1+Vhla)
=g (12)
ﬂasa
(1+V,1,)
(S5 +7+ 0
V = ( Y ,Uh) (13)
L 0 (a’z +52 +lua)
Ry =p(FV™)
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R - J AB(+ )N B (6 + 11,) ”
(O, + 7+ )y + oy + ) 11, (0, + @, + 1, ) (8, + 6, + 4,)

R, =.RR.

where

R - \/ IWACETD) CR- J WACETD)
(0 +y + )+, + 4y) 1, (0, + @, + )&+ &, + 1)

with Rh describing the number of humans that one infectious animal infects over the expected infection period in a

completely susceptible human population and Ra describing the number of animal infected by one infectious human

during the period of infectiousness in a completely susceptible animal population.
3.5 Local stability of the anthrax model

Theorem 2: The anthrax model free equilibrium of the system (1) is locally and asymptomatically stable if R, <1
and unstable if otherwise
Proof: The Jacobian matrix of the system (1) at anthrax free equilibrium J(E°) is given by

L o, 0 0 0 0O 0 O

(15)

o O O O o
O O O O O o
o
A
o
o
O v O O O o

where

=+ )t =(a+ p,), 6 =y + 6 + ), 1y = (14, + @),
I = (81 +/ua)1 s = (82 +,ua)’ = (52 T 0, +,ua)1
r,=(A+)b = An(aq+ ) By C, = Ay (& +14:)Pa
(o + e, + 1) Mo (&1 + &+ 11,)
The Characteristics polynomial for J (E°) in (15) is hereby defined as follows:

AL +AL + AL+ AL+ AL AL AL HAL A =0 (16)

where the coefficients of (16) are given in the appendix.
By applying Routh-Hurwitz criteria which asserts that all roots of the polynomial (16) have a negative real

component if and only if the coefficient are positive and the determinant of the matrix H; >0 for i =1,...,8, itis

clear that A >0 for i =0,...,8 are positive and when R, < 0. Since the necessary condition for Routh-
Hurwitz criteria for the characteristics polynomial in (16) is satisfied, we conclude that, the anthrax free equilibrium
is locally asymptotically stable (LAS) when R, < 1.

3.6 Global stability of the anthrax disease-free equilibrium

The method of Castillo-Chavez, Feng and Huang (2002) is used to obtain the global asymptotic stability of the
anthrax disease-free equilibrium. By this method two conditions which guarantee the global stability of the disease-
free state were considered. Therefore, our system of equations (1) is re-written in the following form:

© 2023 Department of Mathematics, Modibbo Adama University.
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X _k(x.2)
£ _6(x,2).6(x,0)=0

where X =(S,,,V;,R,,S,,V,,R,) denotes the populations that are not infected X € R®, while Z =(1,,1,)
denotes the populations that are infected Z e SR?. We represent the anthrax-free state by E° = (XO,O). The

following two conditions H, and H, must be met to guarantee a global asymptotic stability:
dXx

H,: rr =F (X o O), X % is globally asymptotically stable (G.A.S) (18)
H,:G(X,Z)=CZ -G(X,Z),where G(X,Z)>0, for(X,Z)eQ (19)
where, C = DZG(X °,O) is an M —matrix (the off diagonal of C are non-negative) and Qis the biological
feasible region.

Lemma 1: The point K° = (XO,O) is called stable global asymptotic equilibrium point, if in addition R, <1
and the conditions H, & H, holds. The following theorem is formed:

Theorem 3: The disease free equilibrium point for the anthrax model is globally asymptotically stable when RO <1

and unstable when R >1.
Proof:
For condition H,

Let X =(V,,S,,R,,V,, S, R, ) as the uninfected state variables (compartments) and all the infected variables
Z =(1,,1,) areall zero. The Jacobian matrix of F(X,0) is given as
azAh Ah (0(1 5 :uh) 0 82Aa Aa (81 & :ua)
pn(og o+ uy) (o +a,+ ) (a+e+8) i, (U, +&+6)u,
X eR®=

where X° = (

dVv
d_th =, S — (o + )V,

ﬁ_[\ _ﬂhshla

at h 1+Vh|a+a)th+a1Vh_(a2+:uh)Sh

drR

d_th:71|h_(a)1+,uh)Rh

dv (20)
d_ta = gZSa - (gl + lua)va

ds B.S.|

—2=A, - 2221V, + AR, — (g, + 1,)S

dt a 1+Va|a 1%a a (l /ua) a

Ra _

w,l, —(A+u,)R
dt 2a( /ua)a

Evaluating (20) base on the condition of the matrix F (X, 0) , we have
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a,S, —(oy + )V,
A +oR +aV, —(a, + 1,)S,
—(@, + 1,)R, (21)

I P PR
A, +eNV, + AR, — (g, + 1,)S,
—(A+1)R,
Evaluating th:e Jacobean matrix of equation (21) at ;nalaria free equilibrium,
we have:
—(ey + 11,) a, 0 0 0 0
o —(a, + 1) @, 0 0 0
Do = 8 8 —(colo+ w) 0 0 0 -
—(&,+ 1) & 0
0 0 0 & —(&+ 1) A
i 0 0 0 0 0 —(1+ ya)_

Clearly, we see that equation (22) has negative real roots for all the eigen values and by Hurwitz criteria and these

dXx
are true. Thus, H, : E = F(X?,0)is globally asymptotically stable since the eigenvalues are negative.

For condition H.,:
Taking the infected compartment of the system (1), we have

dl, .Sl
— =12 (0 +y+u)l
dt  1+v1 (6, +7+ ),
dl, A.S.I =
2=2aTa N (g, +5,+ )
dt 1+Va|h ( 2 2 :ua) a
Evaluating the Jacobian matrix of equation (23) at anthrax free equilibrium, we have
_(51+7+,uh) :BhAh(al-l-/uh)
_ (o + 0ty + phy) l:lh:| (24)
ﬂaAa(gl-l-/ua) _(a)2+§2+ﬂa) Ia
(1, +&+8&)u,
and
G(X,2)=CZ-G(X,2),
A G,(X,Z
G(X,Z):CZ{ il )}
G,(X,Z)
. S
ﬂhla(sh_l " )
+Vv, 1,
= S (25)
l,(S,——2
ﬂa h( a 1+Va|h)
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. S « S 2
From (26), S, >——"— and S > 2 then it implies G, (X,Z) > 0. Therefore the population is bounded
+v, 1, 1+v, 1,

and G(X,Z)>0.since, Cis an M —matrix, hence the two conditions H, & H, holds by lemma 1. And we

conclude that the global stability of disease-free equilibrium
A A + A A +
EO =( az h , h(al /uh) ,0’0’ ‘92 a ’ a(gl zua) ,0,0JOf the system
oy +ay + ) g (g + oy + p4y) (& + )1, (U +E+8) 1,

(1) is globally asymptotically stable when R, <1.

3.7 Bifurcation analysis of the anthrax model
In this subsection, we apply Castillo-Chavez and Song (2004) method of the centre manifold theory to establish

stability near the DEF (Eo) and R, =1. Therefore, from equation (10), we let @ be the bifurcation parameter and
R, =1be the bifurcation point.

Evaluating for @ = /3, from equation (10), we have

B = o (7 + 00+ ) 1y (0 + ay + 14,)(0, + @, + 14,) (&, + £, + 4,)

Ah (0{1 i /uh )ﬂaAa (81 + /ua)

Using the centre manifold theory, the following changes of variables are made for convenience sake to the anthrax
system of equation (1) by denoting,

(26)

V, =X, S, =%, |, =X, R, =X,, on
Va=X5’ Sa=X6’|a=X7' Ra=X8
Substituting (27) into equation (1), we have

% =f,=a,% — (o +14,)%

. LB X, X

X, =f,=A ‘ﬁﬁ‘*‘oﬁxﬁ'aﬁ&‘(“z + 14,)%,

. L X, X

=f, =22 (5, +y+ )X
3= I3 14V, (O, + 7 + 1y ) %
2= fo=rX— (o + )X, (28)

f

s = ;% — (& + 1)

ol

. L X X
fo=A, — 223 4 o X + A% — (&, + 11,)X
6 6 1% 2 6
oltv X, .

o PaXes
7 7
14V, X,

—(@, + 6, + ;)%

X = fg =%, —(A+14,)%
Evaluating the Jacobian of (28) at anthrax free equilibrium we have
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-A  q, 0 0 0 0 0 0 |
a -A O w, 0 0 -B O
0 0 -A O 0 0 B, 0
I(E,) = 0 0 y -A, O 0 0 0 29)
0 0 0 0 -A ¢ 0 0
0 0 -B; O g -A 0 A
0 0 B, 0 0 0O -A O
| 0 0 0 0 0 0 o, —A]
where

A =(aq+p) A =(ay+ 1), A= +6+ 1), A = (1, + @),
A=+ 1) A = (&, + 11,), A = (8, + @, + 14,),
Aaz(ﬂ’_l_lu)B:BZ: Ah(al—i—/uh)ﬂh B —B — A(gl+lua)ﬂ

ﬂh(a1+a2+ﬂh) Mo (& + &, + 14,)

w, =2z,

A
W:% +(a)l;/BB )
©OAA, T CAAAA A2A7

B, B,
3= A N

A A

7B,B,
OAAA T
Ws_iw6

A

&8y +(ia)2 3)
"UAA T CAAA A
W7ZEW3

A,

,B,
W = Wy

A A
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V1:ﬁvz
A
Vz_alazvz
AA,
y :7/V4a’1v _ste_'_i[ A ((EVW@_EJV +[ﬂa)2 —E]V Jj
UOAA T A AA-B)UA AA AT LAA AT
v, =2y,
A,
Vszivs
A
V6_glgz v,
AA;
ol A G
(A-B)LA AA A AR A
A
V, =—V,

A

Computation of a and b.
V, =V,,...,Vy # 0, There are no partial derivatives equal to zero.
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]waﬁavzvﬁ +%ﬂavzw3v7 >0

From the above computation, we have that a > 0 and b < 0. The local dynamics of system (28) around equilibrium

are totally governed by the signs of @ and b base on the following conditions:

i. a>0, b>0, when ®<0with |#|<<1, 0 is locally asymptotically st

able, and there exists a

positive unstable equilibrium; when 0 < & <<1, The equilibrium is unstable and there exists a

negative and locally asymptotically stable equilibrium.
ii.
locally asymptotically stable, and there exists a positive unstable equilibrium.
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ii. a>0,b<0,when ®<0with |@|<<1,0 is unstable, and there exists a locally asymptotically
stable negative equilibrium; when 0 < @ << 1, 0 is stable, and a positive unstable equilibrium appears.
iv. a<0, b>0, when @ changes from negative to positive, 0 changes its stability from stable to

unstable. Correspondingly, a negative unstable equilibrium becomes positive and locally
asymptotically stable. Particularly if a > 0,and b > 0, then a backward bifurcation occursat & =0

Having obtained a > 0, b < 0, therefore as established in (Castillo Chavez and Song, 2004), we conclude that
when @ <Qwith @ <<1, E0 is unstable and there exists a locally asymptotically stable negative equilibrium but

for 0 < d <<, E1 is stable and a positive unstable equilibrium appears.

3.8 Sensitivity analysis of the model parameters
Sensitivity analysis helps to check and identify the parameters that have impact on the basic reproductive
number R, . To carry out the analysis, we followed the technique outlined by (Chitnis et al., 2008) and (Blower and

Dowlatabadi, 1994). This technique develops a formula to obtain the sensitivity index of all the basic parameters,
defined as:

Ry aRO X .
A =—x— , where X represents all the basic parameters.

Yo R,
Solving for the parameters of interest, we obtained the results as presented in table 2
Table 2: Sensitivity indices for R,

Par. Baseline values References Sensitivity Index Remarks
a 0.004 Assumed -0.05865103 Negative
a, 0.3 Assumed -0.43988269 Negative
ﬂa 0.02 Baloba et al., (2020) +0.5000000 Positive
A, 0.99 Sinkie et al., (2016) +0.5000000 Positive
ﬂh 0.0001 Baloba et al., (2020) +0.5000000 Positive
A, 0.92 Sinkie et al., (2016) +0.5000000 Positive
& 0.2 Assumed -0.48780487 Negative
£, 0.004 Osman et al., (2018) -0.00975609 Negative
e 0.0001 Baloba et al., (2022) -0.50224631 Positive
4, 0.0001 Baloba et al., (2022) -0.00243909 Negative
o, 0.0025 Baloba et al., (2022) -0.0000000 Negative
) 0.6 Baloba et al.,(2022) -0.46801872 Negative
5, 0.5 Assumed +0.06598000 Positive
Y 0.04 Baloba et al.,(2022) -0.03120125 Negative
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Figure 2: PRCC of the influence of each parameter on the anthrax model R, .

4.0 Numerical simulations

In this section we examine the dynamics of the population plotted against time. We use the variables and
parameters value in the Table 1 to carry out the simulation. The results are presented in Figures (2) - (8) using the
following strategies:

300

N
13
s}

N
=3
)

Proportion of Population
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-50
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Time
Figure 3: Showing the dynamics of anthrax model for only the human population
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Figure 4: Dynamics of anthrax model for only the animal population

© 2023 Department of Mathematics, Modibbo Adama University.



157 Ali et al. (2024) International Journal of Development Mathematics Vol 1 Issue 1, 142 - 164

300 T T T T

250

N
=}
IS}

Proportion of Population

50 L L L L L L I ! L
o 10 20 30 40 50 60 70 80 920 100

Time
Figure 5: Dynamics of anthrax model for both human and animal population
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Figure 6: Dynamics of the anthrax model with variations in vaccination rate
in the human population
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Figure 7: Dynamics of the anthrax model with variations in vaccination rate
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Figure 8: Plot of the basic reproduction number with vaccination varying

5. Discussion of Results
In this section, the focus is to discuss the analytical result and that of the numerical simulation as shown in Figures
(2) - (8).
5.1 Analytical results

In this study, result of the analysis carried out in section 3.1 on the formulated model clearly establish the
positivity of solutions, showing that all the state variables are non-negative for all time (t) in line with the result of

Osman et al, (2018). What this implies is that the model is epidemiologically meaningful as there cannot be negative
living thing and hence good for study. Also, the boundedness property and the feasible region where the model was
found to be positively invariant model were established, meaning that the Anthrax model of system (1) is not just
epidemiologically meaningful but also mathematically well posed in a feasible region.

The result of sections 3.2 and 3.2.1 established the steady states of the models in the absence of anthrax, this further
gives epidemiological meaning to the model such that even in the absence of disease the system will still exists as
shown in equation (10). Similar result was obtained for the endemic equilibrium represented in equation (11). The
Next generation matrix method by Van den Driesch and Watmoug, 2002; Namamejj, 2011 was used to established
the reproduction number of the model. Equations (14) describe the number of infection generated by either infected
human or animal over the expected infection period in a completely susceptible human or animal population. The
local stability of the disease free and endemic equilibrium exists when the basic reproduction number is less or

greater than unity, respectively. If the value of RO is less than one then the disease free equilibrium is locally stable,

and if it exceeds, the endemic equilibrium is locally stable. Using the Routh-Hurwitz method our results shows that
the anthrax model is locally asymptomatically stable. By saying an equilibrium point is local it means the initial
conditions that start near an equilibrium point stay near that equilibrium point. On the other hand, an equilibrium
point is (locally) asymptotically stable if it is stable and, in addition, the state of the system converges to the
equilibrium point as time increases. Bifurcation analysis was carried out in all the models and the results shows that
the anthrax model does not exhibit backward bifurcation. What this means is that there is only one stability point
existing in the system and so the epidemiological requirement of reproduction number being less than unity becomes
a necessary and sufficient condition for the disease elimination. The result from the sensitivity analysis shows that;
Infection rate of susceptible animal, Recruitment rate of animal, Natural death rate in animals, Recruitment rate of
human, Infection rate of susceptible human, Disease induced death of the human population are positive parameters
and this means that they account for the rise in the reproduction number which will lead to anthrax outbreak in the
population. Any increase in any of these parameters when other parameters are place constant will amount to

increase in the spread of the disease. Likewise the parameters with negative indices are (&, @,, &), E,44,,0,,7)

and it implies that an increase in one of these parameters while maintaining the others lowers the effective
reproduction number, and hence lowering the disease spread in the population.

5.2 Discussion of numerical simulations

Figure 3 represents the dynamics of the anthrax model with consideration of only the human population. The plot
shows the susceptible human population increasing while the infected human and recovery human population
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reduces as the vaccinated individuals increases which actually conform to reality. Also the plot of figure 4 shows
that as vaccination implementation is placed constant in the animal population, the infected and recovery animal
population reduces. Figure 5 shows the dynamics of the entire system of the anthrax model and the impact of
increase or decrease in vaccination. Also figure 6 and 7 further shows the plots are the dynamics of the infection
classes as vaccination is been varies with different values. Increasing the level of vaccination decreases not just the
disease prevalence as shown in Figure 6 and 7 but it also brings down the disease incidence as obviously indicated
on the plot of Figure (8) where the basic reproduction number is seen to be declining as vaccination rate is raised up.
The general result simply shows that vaccination is a key solution to bring down and probably eradicate anthrax
disease in the population.
6. Conclusion

The study successfully identifies the high possibility of the spread of anthrax disease base on the mode of
transmission and as such a deterministic model for the anthrax disease is formulated to understand the dynamics of
the disease and proffer solutions by incorporating vaccination for both the human population and the animal
population as a control measure. The basic properties of the model were analyzed analytically and result shows the
model conformed to realities and is epidemiologically well posed. To be able to follow the dynamics of the spread
of the diseases, the basic reproduction number which determined the rate of new secondary infection was computed
and the disease-free equilibrium point were proven to be locally and globally asymptotically stable. Sensitivity
analysis shows that, raising one of the parameters with positive indices will increase the risk of the disease outbreak
and raising parameters with negative indices will reduce the disease outbreak. The result from the numerical
simulation suggests that the burden of Anthrax disease both in the human and animal populations can be brought
down if when vaccination is implemented and the rate is increased in both populations. Based on the finding of the
study, it is strongly recommended that the government, stakeholders, NGO and other policy makers with respect to
disease intervention programs should make policy which will fully implement vaccination on both the human and
animal population to help eradicate anthrax disease. In addition, sensitizing the people on the need for proper
sanitation when dealing with animals or any animal products is highly recommended too
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APENDIX
A =1
A=r+0L+0L+0+ L+ +1 41
A = (L (L+5+0+K)+0(0 +6) —aa, -8, —be,n,
+L(L+6L+ G+ 6 +1)+0(L+1,+1)
L+ + L+ +E+0+6)+ (L +1L+1+1))
A = (55 45— 4, + R, + 1T, +B) 4 (5 41, 1, +T)
+,(L(L+6) -, +06) + L (L(L +5) —ae, + 10,
+,(L+ 0 +6)) =L, —06) + H(G(L+ 6+ 15+ 1, +1)
(L) -, =66, + L+ 0L+ L+ L)+ (L+G+ 6 +1,))
+h(G(L+ L+ L +0+E)+6(L+6) -, — 68, - b
L+ (L + L+ )+ ra(ri+r2+13) + (ri+r2+r3+ra))
—e162(r1+r2+ 13+ ra+1 )+ 162 +bicars—bc2(r+r2+rs+ra+r,+r,))
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—g1E2+ Nr2+ r4(r1+ r+ I’3)+ I (r1+ r2+rs+ r4))+ g1ezr52(r3(r1+ rz)
—o1az+rir2+ra(ri+r2+r3)+r (ri+r2+rs+ra)) + rsrarf, (a1az—rirz))

—bca(r, (r5 (r4(r3(r1 +12)—ang2+r2) - r3(araz - r1rz)) —r3ra(caaz— r1rz))

{r4(r3(r1+ r2)—aiaz+rir2)+r (r3(ri+r2)—aigz+rirz2+ ra(r+r2+rs))
+e1821 3~ €162

—r3(a1a2—r1r2)

—e16202(r1+ F2+ 13+ ra+ 1) —raraf (araz—rir2) + e1eaf(r3(ri+r2) —onoz + rirz+ra(ri+r2+r3)

+1, (F+r2+r3+r4))) — 1, (s1624 + s162(x, (r4(r3(r1 +12)— 1@z +1r2)—r3(a1az— r1rz))
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A= araa+rirz+ra(ri+r2+r3)+ 1 (ri+r2+r3+ra))—bicers2—rara(c1a2—rir2)
(r, (1 (ra(r3(r1+r2) —araz+ rir2) - rs(eraz—rir2) )+ 1, (ra(rs(ri+r2) - cnaz + rar2)
+1; (I’a(r1+ r2)—aiaz+rirz+ra(ri+r2+ r3))— rs(a1az2—rir2))—e1e2,2—c162(rs(ri+r2)—
12+ rir2+ra(ri+r2+13)+ 5 (r+r2+rs+ra))—rsra(cagza—rirz)+ aig2r (n+r2+r3+ra+r,))
+1,(5 (5 (r3(ri+r2) — a2+ rirz+ra(ri+ r2+13) + 4 (r+r2+ 13+ 1a)) + ra(rs(ri+r2) - araz + rirz)

+1 (I‘s(r1+ rz)—a1a2+ rir2+ r4(r1+ rz+ r3))—l‘3(a1a2— I‘1I‘2)—81£2(l‘1+ r2+r3+ra+ r5)+81£2r5)

+1; (r4(r3(r1+ r2)—aiaz+ r1|’2)— rs(aia2— r1rz))+ r6(r4(r3(r1+ r2)—aiaz+ r1rz)+ r(rs(ri+r2)
—a1a2+ 2+ ra(ri+r2+1rs))— rs(alaz— rir2))—bica(r (ri+r2+rs+ra+r )+ I’3(I’1+ rz2)
—oraz—e162+ M2+ ra(ri+r2+r3)+ 1 (r+r2+r3+ra)) —ere2r,2— c162(rs(ri+r2)—
+bicars(ri+r2+ s+ ratn+ 1)+ c1e2n, 1+ r2+ 13+ ra+ 1)) + (g (ra(rs(r+r2) — caaz+1r2)
—r3(a1a2—r1r2)) - rsra(@raz—rir2)) + e162r,3+ bicars3—baca(ry (r3(ri+r2) —caa2 + rarz
+ r4(r1+ rz+ I’3)+ fo(ri+r2+ra+ra))+ r4(r3(r1+ rz)—a1a2+ r1rz)+ r5(r3(r1+ rz)—a1a2+ rirz
+ra(ri+ra+r3))—r3(oraz—rirz)—gig2(r+r2+r3+ra+r )+ ee2r) - 5152(r4(r3(r1+ r2)—aiaz+ r1r2)
+1,(r3(ri+r2) —an@a+rarz+ ra(ri+r2+ 13)) = rs(aiaz —rirz)) — s1e262(ri+ 12+ 13+ ra + 1)
rarar, (eraz—rar2)+bacars(r (ri+r2+rs+ra+r)+rs(ri+r2)—oma2— 162+ rrz
+ r4(r1+ r2+ r3)+ I (r1+ r2+rs+ r4))+glgzr5(r3(r1+ rz)—a1a2+ rir2+ r4(r1+ rz+ ra)

+ 0 (ri+r2+r3+ra))—bicars?(ri+ r2+ rs+ra+r,+1,))
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