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1. Introduction     

Sir R. A. Fishers developed and introduced the split-plot design (SPD) of experiment in agricultural science in 

1925 (David and Adehi, 2014; David and Ikwuoche, 2022), which has since been adopted in other sectors such as 

industrial experiments as a linear model (Wang, Kowalski and Vining, 2009; Myers, Montgomery, and Anderson-

Cook 2009; Jones and Nachtcheim, 2009; Lu, Anderson-Cook, and Robinson, 2011; Lu and Anderson-Cook, 2012; 

Lu, Anderson-Cook and Robinson, 2012; Jones and Goos, 2012; Lu and Anderson-Cook, 2014; Anderson and 

Whitcomb, 2014; Lu, Robinson, and Anderson-Cook, 2014; Anderson, 2016; Kulahci and Menon, 2017; Huameng, 

Fan and Lei, 2017). However, little attention has been paid to the Intrinsically Nonlinear Split-Plot Design Model 

(INSPDM). The parameters in this class of model are not linearizable. The SPD model includes two sources of 

random variability, which are independently and identically distributed normally with zero mean and constant 

variance σ2, that is, the Whole Plot Error (WPE) and Subplot Error (SPE). Therefore, traditional nonlinear regression 

is not a suitable choice because it cannot handle more than one random error variation. If used, the single Mean 

Square Error (MSE) produced will be a compromise between the WPE and SPE variances (Gumpertz and Rawlings, 

1992; Knezevic et al., 2002; Blankenship et al., 2003). Gumpertz and Rawlings (1992) fitted a three-parameter 

Weibull function to the mean part of an unbalanced SPD experiment to study the effect of ozone (O3) exposure (WP 

treatment I) on soybean yield at two watering regimes (WP treatment II) on thirty chambers arranged in three 

randomized blocks (each block has 10 chambers). Two cultivars (SP treatments) are within each chamber where the 

soybeans are grown. Knezevic et al. (2002) and Blankenship et al. (2003) modelled the WP and SP effects of three 

nitrogen fertilizer rates on “Critical Period for Weed Control” (CPWC) in corn yield using Logistic and Gompertz 

functions. David et al. (2022a and 2022b) suggested the use of the estimated generalized least square technique 

through residual maximum likelihood estimation (EGLS-REML) technique on the variance components for 

estimating the parameters of a three-parameter Bertalanffy-Richards split-plot design model (SPDM) and a three-

parameter Weibull SPDM, respectively, after comparing it to ordinary least squares (OLS) and EGLS-MLE. Also, 

the EGLS-REML, EGLS-MLE, and OLS estimators were compared by David et al. (2023a and 2023b) for Johnson-

Schumacher and Chapman-Richards SPDMs, and the EGLS-REML was found to outperform the other two 

estimators based on its MAM, AIC, Corrected AIC, BIC, and SEE estimates. 

A R T I C L E   I N F O 

Article history:  

Received 10March 2024 

Received in revised form 15 May 2024 

Accepted 26 May 2024 
 

Keywords: 

Maximum likelihood estimation,  

Model adequacy measures 

Nonlinear function, Split-plot design, 

Restricted maximum likelihood 

estimation 

 

MSC 2020 Subject classification: 

62M10, 91B84 

 A B S T R A C T 

In this research, a modified split-plot design model (SPDM) is introduced, where 

the mean part of the SPDM is tailored with a three-parameter Gompertz function, 

which modifies the SPDM to an intrinsically nonlinear SPDM. The model is 

applied to a balanced 2-replicated 3×42 mixed-level split-plot design experiment to 

determine the irrigation effect on four varieties of rice trial at four different rates of 

nitrogen fertilizer. The SPDM parameters were estimated through the methods of 

estimated generalized least squares (EGLS) and restricted maximum likelihood 

estimation (REML) for estimating the SPDM variance components. The parameter 

estimates are compared to estimates from ordinary least squares (OLS) and 

maximum likelihood estimation (MLE) estimates of the variance using four median 

adequacy measures and three information criteria for goodness of fit. The results 

obtained shows that the modified SPDM is a good fit, and its EGLS-REML 

estimates are of better reliability and adequacy compared to the OLS and EGLS-

MLE techniques. 
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Many methods for estimating the variance covariance matrix exist and have been applied to various research 

projects (Ikeda et al., 2014; Hasegawa et al., 2010; Weerakkody and Johnson, 1992; Gumpertz and Rawlings, 1992; 

Liao & Lipsitz, 2002). The theoretical presentation of INSPDM has been given by Gumpertz and Pantula (1992), 

David et al. (2018), and David et al. (2019). In this research, a balanced INSPDM is presented. The WP and SP are 

modeled using a three-parameter Gompertz function (3PGF) with a fixed block effect. The variance covariance 

matrix (VC), is estimated using the restricted maximum likelihood estimation (REML) technique for estimating 

generalized least squares (EGLS), where the results obtained are compared to ordinary least squares (OLS) estimates 

and maximum likelihood estimation (MLE) technique for the EGLS of the fitted model. All fitted models are assessed 

for goodness of fit using median adequacy measures (MAM) by David et al. (2016 and 2020) and information criteria. 

2 Methodology   

The formulated model for this research is given below. 

 Let 

  ( )ijk i j ij k jk ijkY w     = + + + + + +                 (1)  

be the linear SPD model with two factors A and B. The corresponding INSPDM is given as follows. 

(  )ijk ijk ij ijky f x , w = + +                  (2) 

where, ijky  is the response variable; i = 1, ..., s replicates (Reps) or block; j = 1, ..., a levels of the WP factor A; k = 

1, ..., b levels of the SP factor B; ijw  is the WPE and ijk  is the SPE; (  )ijkf x ,  is the nonlinear function for the mean 

describing the relationship of the fixed main and interaction effects to ijky . The parameters Reps, A and B are 

assumed to be fixed. The WPE and SPE are random effects and are independent and identically distributed normally 

with zero mean and constant variance, that is, 2(0 )WPijw N , and 2(0 )SPijk N ,  . To be able to estimate all 

parameters of the INSPDM, the number of parameters, p in (  )ijkf x ,  and the number of random effects r, the 

number of measurements in the data set, n, must be at least p + r +1 and this implies n ≥ p + r +1. 

2.1  Modified Split-Plot Design Model for a Balanced 2×3×42 SPD Rice Trial 

Let the mean curve, (  )ijkf x ,   in equation (2) be substituted with a 3PGF for a three factor SPD to become 

  ( )(  )ijkl ijkl ijklf x , exp exp x   =  − −                   (3) 

where, ijkl  is the asymptote and it is tailored as ( ) ( ) ( )ijkl i j l jl jk klRep V N VN VI IN = + + + + + + . Hence, 

equation (3) can be rewritten as, 

( )(  ) ( ) ( ) ( )ijkl i j l jl jk kl ijkf x , Rep V N VN VI IN exp exp I     = + + + + + + − −    .         (4) 

The modified SPD model with 3PGF as the mean curve is therefore given as, 

( )( ) ( ) ( )ijkl i j l jl jk kl ijk ijk ijkly Rep V N VN VI IN exp exp I w     = + + + + + + − − + +               (5) 

where, i = 1, 2; j = 1, 2, 3, 4; k = 1, 2, 3; l = 1, 2, 3, 4,   is the average yield at zero rate or dose, iRep  is the ith 

replicate or block, Vj is the effect of the jth levels of rice variety, Ik is the effect of the kth levels of Irrigation, Nl is 

the lth levels of nitrogen fertilizer effect, (VN)jl is the jth and lth levels interaction effect of rice varieties and nitrogen 

fertilizer, (VI)jk is the jth and kth levels interaction effect of the rice varieties and irrigation, and (IN)kl is the kth and 

lth levels interaction effect of irrigation and nitrogen fertilizer,   and   are the Gompertz function scale and shape 

parameters respectively, ijw  and ijk  are the WPE and SPE respectively. 

2.2  Parameter Estimation: Estimated Generalized Least Square (EGLS)    

When the covariance matrix of y is known then the GLS estimator, GLS̂  is found by minimizing the objective 

function (Gumpertz and Rawlings, 1992; David et al., 2019) 
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( ) ( )1(  ) (  )
t

y f X , y f X , −− −Q                (6) 

where, Q is a known positive definite (non-singular) covariance matrix which arises from equation (2). 

Since Q is unknown it needs to be estimated using the methods of REML and MLE to estimate the variance 

components. According to David et al. (2018 and 2019) the derived estimates are given as 

   ( ) ( )( ) ( )( ) ( ) ( )( )2

1
  h i h j h i hj h

ˆ ˆ ˆˆ ˆ ˆ ˆˆtr y y
+

 = tT Q T Q T Q T              (7) 

   
( )( ) ( ) ( )( ) ( ) ( )( )

1
2

1
  i j ih h h hj h

ˆ ˆ ˆˆ ˆ ˆ ˆˆ tr y y
−

+
=  tT Q T Q T Q T               (8) 

and  

( ) ( )

( )
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         (9) 

respectively. 

The solutions to the equations may turn out to be negative when further iteration does not improve the log-likelihood. 

In such a case, the negative value is changed to zero before the next iteration. 

2.3 Median Adequacy Measure (MAM) Statistics and Information Criteria (IC) 

Four proposed Median Adequacy Measure (MAM) statistics for assessing the adequacy of linear SPD models 

and regression models (David et al. 2016, 2020) and three IC are used for this research to assess the adequacy and 

goodness of fit of the fitted MSPDM. The four MAM statistics used are the resistant coefficient of determination      (
2

rr ) proposed by Kvalseth (1985), resistant prediction coefficient of determination (Pred- 2
rr ), resistant modeling 

efficiency (RMEF) and median square error prediction (MedSEP). These statistics are called resistant due to their 

ability to withstand outliers or extreme values and not increase or decrease unnecessarily when a variable is added 

or removed from the original model. The ICs used are the Akaike IC (AIC), Corrected AIC (CAIC), and Bayesian 

IC (BIC). All the MAM and IC formulas used can be found in David et al. (2022a; 2022b; 2023a; 2023b). Below are 

the statistics as presented in subsection 2.5.1 to 2.5.5. 

2.3.1  Resistant Coefficient of Determination ( 2
rr ) 

The statistic to calculate the WP and SP 
2

r
r values are as follows:   

  
( )

( )
2 1
( )

1

2

1

n

i WPi
nr wp

i
WPi

M

M Y Y
r


=

=
−

= −
 
 
 

              (10) 

  
( )

( )
1

1

2

2
( ) 1

n

i
SPi

n

i
SPi

M

r sp
M Y Y

r


=

=
−

 
 = −
 
 

             (11)  

where, M is the median of the absolute values from i = 1 to n and i  is the fitted models residuals. The statistics (10 

and 11) above uses the median instead of the mean in obtaining a coefficient of determination value that is highly 

resistant to outliers as proposed by Kvalseth (1985), 0 ≤ 2
rr ≤ 1. However, for nonlinear models the coefficient of 

determination value can be negative when the fit is worse, that is, -1 ≤ 2
rr ≤ 1. 
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2.3.2 Resistant Prediction Coefficient of Determination (Pred- 2
rr )                                  

The statistic to calculate the WP and SP Pred- 2
rr values are as follows:   

 
( )

( ) ( ) ( )

2 2
2

1 11
1 i

ii

en n
WP r i WP WPi ih

WP

Pr ed r M M Y Y
−

= =−

    − = − −        
             (12) 

 
( )

( ) ( ) ( )

2 2
2

1 11
1 i

ii

en n
SP r i SP SPi ih

SP

Pr ed r M M Y Y
−

= =−

    − = − −        
             (13)  

where, M is the median of the squared values from i = 1 to n, ie  is the residual, iih  is the hat matrix and -1 ≤ Pred-

2
rr  ≤ 1. However, for nonlinear models the prediction coefficient of determination value can be negative when the 

fit is worse, that is, -1 ≤ Pred- 2
rr  ≤ 1.    

2.3.3  Resistant Modeling Efficiency (RMEF) 

The statistic to calculate the WP and SP RMEF values are as follows: 

 
( )

( )

2

1

1

RMEF 1

n
i i i p i WP

WP
n
i i

WP

M Y f X ..., X

M Y Y

=

=
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             (14) 
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M Y Y

=

=

−

= −
−
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  

 
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             (15) 

where, M is the median of the absolute values from i = 1 to n and ( )i p if X ...,X  is the model-predicted values. In a 

perfect fit RMEF would result in a value equal to one. The upper bound is one and the (theoretical) lower bound is 

negative infinity (– ∞ < RMEF ≤ 1). 

2.3.4  Median Square Error Prediction (MedSEP) 

The statistic to calculate the WP and SP MedSEP values are as follows: 

 ( ) ( )
2

1

1
n

WP i i piWP i WP
MedSEP n M Y f X ...,X

−

=
  = −    

             (16) 

 ( ) ( )
2

1

1
n

SP i i piSP i SP
MedSEP n M Y f X ...,X

−

=
  = −    

             (17) 

where, M is the median of the absolute values from i = 1 to n and ( )i p if X ...,X  is the model-predicted values. A 

model with the smallest MedSEP value is termed as more adequate. 

2.3.5  Information Criteria (IC) Statistics 

In this research, Akaike’s Information Criteria (AIC), Corrected AIC (AICC) and Bayesian Information 

Criteria (BIC) are used for testing the goodness of fit of the models and to complement the results obtained from 

MAM. The statistic for each criterion is given as follows. 

AIC = ( )2 2ˆf p +                (18)  

AICC = ( ) 2
2

1

npˆf
n p

 +
− −

              (19) 

BIC = ( )2 log( )ˆf p s +                (20) 

where, f () is the negative of the marginal log-likelihood function, ̂  is the vector of parameter estimates, p is the 

number of parameters, n is the number of observations and s is the number of subjects. 
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2.4  Experimental Data and Analysis Procedure  

The data used for this research is balanced 31 x 42 replicated mixed-level SP experimental design data. The WP 

has two factors, which are irrigation and rice varieties. The irrigation was administered three different times: 7 days, 

14 days, and 21 days, on four different rice varieties: NERICA 2, NERICA 3, NERICA 4, and NERICA 14. The SP 

factor is nitrogen fertilizer, and it was administered at four different rates: 30kg N ha-1, 60kg N ha-1, 90kg N ha-1, 

and 120kg N ha-1 on each of the four varieties of rice. The aim of the field trial was to determine the irrigation effect 

on the yield of four rice varieties. The research was conducted by the Institute of Agricultural Research, Ahmadu 

Bello University, Zaria, at their experimental field station in Kano State, Nigeria. The procedures for analysis are as 

follows: 

1. Perform a traditional SP experimental design analysis. This is done to see which of the effects are significant 

because only the significant effects will be included in the main nonlinear model. Another reason is to avoid 

the unnecessary inclusion of factors in the model and to decrease the number of parameter estimates. To 

achieve this step using SAS 9.4 M5 software, the Proc Mixed code is used. 

2. After identifying the significant effects, a reanalysis is performed to obtain the parameter estimates in terms 

of the regression model. The reason is that the size of the parameters to be estimated will be too large for 

meaningful nonlinear modeling as well as interpretation of results. At this stage, the main effects and their 

significant interaction effects, the WP and SP variance components, are estimated using the MLE and 

REML methods as implemented in SAS software through Proc Mixed. A total of 11 parameters are 

estimated, including the asymptote, scale, and shape parameters. These parameter estimates are used as 

initial values for the MSPD models under study. 

3. The asymptote, shape, and scale parameters for each of the nonlinear functions used for remodeling the 

traditional SPD model were estimated using the Proc Nlin code in SAS. 

4. At this step, the SAS Proc Nlmixed code is used to obtain EGLS results. The OLS results are obtained 

using the Proc Nlin code. 

3.  Results and Discussion 

Table IV presents the Gompertz SPD model parameter estimates, standard errors and P-values from the OLS and 

EGLS via MLE and REML. 

Table I Gompertz Split-Plot Design Model Parameter Estimates 

Parameter OLS EGLS 

(MLE) 

EGLS 

(REML) 

Std. 

Error a 

Std. 

Error b 

Std. 

Error c 

P-

value a 

P-value 

b 

P-value 

c 

0  30.3170 36.7667 28.1836 76.3604 11.5378 2.6551 0.6922 0.0019 <.0001 

 1  1.4363 0.004338 0.58 2.1245 0.9007 0.615 0.5006 0.9962 0.348 

2  -1.7969 1.4347 -0.08488 2.7323 4.3501 1.442 0.5123 0.7423 0.9532 

3  0.06209 0.3893 0.2391 0.07429 0.2735 0.07494 0.4054 0.1579 0.0019 

4  -0.00428 -0.2186 -0.06172 0.07494 0.2710 0.07331 0.9546 0.4219 0.4019 

5  -0.00418 -0.02331 -0.01368 0.004774 0.01515 0.003848 0.3830 0.1272 0.0006 

6  0.02488 0.03395 0.02042 0.03095 0.01659 0.008173 0.4234 0.0435 0.0142 

  -0.02954 0.1959 0.2651 0.08841 0.1052 0.05441 0.7390 0.0657 <.0001 
  0.3051 7.5504 8.9347 0.9188 4.9718 3.8233 0.7405 0.1321 0.0215 

2ˆ
  6.9440 0.7373 266.62 56.0591 0.2588 70.7317 0.9017 0.0054 0.0003 

2ˆ   1.4432 1.9870 4.8669 0.05006 0.1739 0.6533 <.0001 <.0001 <.0001 

Letters a, b and c represents OLS, EGLS (MLE) and EGLS (REML) respectively. Bold values imply significance at 

5%.  

It can be observed from Table I that the parameter estimates obtained from the OLS estimation technique and 

the EGLS estimation technique via MLE and REML are a bit different. Also, the EGLS estimates via MLE are quite 

different from the REML estimates. The EGLS via REML mean estimate of 28.1836 is smaller compared to the OLS 

and EGLS via MLE mean estimates of 30.3170 and 36.7667, respectively. However, their respective p-values of 

0.6922, 0.0019, and 0.0001 shows that the EGLS estimates via MLE and REML are significant at the 5% significance 
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level but not significant at 5% for the OLS estimate.  However, the replicate parameter estimates of 1.4363, 0.004338, 

and 0.58 with p-values of 0.5006, 0.9962, and 0.348 for OLS and EGLS via MLE and REML, respectively, are not 

significant at the 5% significance level. Also, the variety parameter estimates of -1.7969, 1.4347, and -0.08488 with 

p-values of 0.5123, 0.7423, and 0.9532 for OLS and EGLS via MLE and REML, respectively, are not significant at 

the 5% significance level. However, for nitrogen fertilizer, estimates of 0.06209, 0.3893, and 0.2391 with p-values 

of 0.4054, 0.1579, and 0.0019 for OLS and EGLS via MLE and REML, respectively, are not significant at the 5% 

significance level, except for the EGLS via REML estimate, whose p-value is less than 5%. 

Table I shows that I*V interaction parameter estimates from OLS (-0.00428) and EGLS via MLE (-0.2186) 

and REML (-0.06172) are not significant because their p-values of 0.9546, 0.4219, and 0.4019 are all greater than 

5% significance level. However, I*N interaction parameter estimates of -0.00418, -0.02331, and -0.01368 with p-

values of 0.383, 0.1272, and 0.0006 from OLS and EGLS via MLE and REML, respectively, are not significant 

except for EGLS via REML, whose p-value is less than 5% significance level. Similarly, for V*N interaction effect 

parameter estimates of 0.02488, 0.03395, and 0.02042 with p-values of 0.4234, 0.0435, and 0.0142 from OLS and 

EGLS via MLE and REML, they are significant at 5%, except for the OLS estimate, whose p-value is greater than 

5% significance level.     

The OLS estimate for scale parameter (ω) of -2.681 is smaller compared to the EGLS estimates via MLE 

(0.1959) and REML (0.2651). Their respective p-values of 0.7390, 0.0657, and 0.0001 indicates a significant scale 

parameter estimate from EGLS via REML, but the OLS and EGLS via REML estimates are not significant at the 5% 

significance level. Similarly, the shape parameter (λ) estimate from OLS (0.3051) is smaller than those of the 

estimates from EGLS via MLE (7.5504) and REML (8.9347), but their respective p-values of 0.7405, 0.1321, and 

0.0215 indicate that only the EGLS via REML estimate is significant because its p-value is less than 5% significance 

level. 

The final WP variance component ( 2ˆ
 ) parameter estimate of 266.62 from EGLS via REML is larger than 

the OLS estimate of 6.944 and the EGLS via MLE estimate of 0.7373. However, the OLS estimate is not significant 

because its p-value of 0.9017 is greater than 5%, but the EGLS via MLE and REML p-values of 0.0054 and 0.0003, 

respectively, are significant at the 5% significance level. While the SP variance component ( 2ˆ
 ) estimate from OLS 

(1.4332) is also smaller compared to the EGLS via MLE (1.9870) and REML (4.8669) estimates, their p-values of 

0.0001, respectively, indicate a significant covariance parameter estimate for the subplot at the 5% significance level. 

Table I reveals clearly that the covariance estimates from EGLS via REML for the WP and SP are larger compared 

to the OLS and EGLS via MLE estimates for the whole plot and split-plot.  

Generally, the standard errors for each of the estimates from the OLS and EGLS via MLE and REML in Table 

I show that the EGLS via REML produced standard errors that are smaller compared to the OLS and EGLS via MLE 

parameter estimates standard errors. This gives pre-confirmation that the EGLS via REML estimates for the 

Gompertz SPD model are estimated adequately with better stability. Hence, the technique is more proficient than 

OLS and EGLS via MLE. The OLS, EGLS-MLE, and EGLS-REML estimated fitted models for the MSPDM are 

presented as follows: 

 30 317 1 4363 1 7969 0 06209 0 00428 0 00418 0 02488ijkly . . Rep . V . N . IV . IN . VN= + − + − − +  

( )0 3051 0 02954 ijkexp . exp . I  − −  
              (21) 

 36 7667 0 004338 1 4347 0 3893 0 2186 0 02331 0 03395ijkly . . Rep . V . N . IV . IN . VN= + + + − − +  

( )7 5504 0 1959 ijkexp . exp . I  −  
              (22) 

 28 1836 0 58 0 08488 0 2391 0 06172 0 01368 0 02042ijkly . . Rep . V . N . IV . IN . VN= + − + − − +  

( )8 9347 0 2651 ijkexp . exp . I  −                 (23) 

The estimated (OLS, EGLS-MLE, and EGLS-REML) fitted MSPDM adequacy measures for the WP and SP 
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sub-design models are presented in Table II. The results revealed that all models produced similar values for both 

the WP and SP sub-design models. However, the WP sub-design models have larger adequacy measure values 

compared to the SP sub-design models for 2
rr , Pred- 2

rr , and RMEF. The MedSEP values for the WP sub-design 

models are lower than those for the SP sub-design models. Despite the fact that all values for the fitted Gompertz 

SPD models showed that a large proportion of variability in the data is explained, high prediction power, better model 

efficiency, and better error prediction strength are obtained.  

Table II Median Adequacy Measures Results  
2

rr  Pred- 2
rr  RMEF MedSEP 

 
WP SP WP SP WP SP WP SP 

OLS 0.9991759 0.8191939 0.99906732 0.724423 0.999079 0.816553 4.11E-07 0.034905 

MLE 0.99898 0.8174575 0.99884561 0.721776 0.998806 0.820929 6.3E-07 0.035579 

REML 0.9999999 0.8192343 0.99999992 0.724485 1 0.8185 2.69E-15 0.034889 

However, Table III below presents the goodness of fit results for the fitted models, and it showed that EGLS 

via REML produced the lowest AIC, AICC, and BIC values of 475.7, 478.9, and 465.8, respectively. This implies 

that the EGLS-REML estimation technique produces reliable and stable estimates compared to OLS and EGLS-MLE 

parameter estimates. 

Table III Model Goodness of Fit Test Results 

Method AIC AICC BIC 

OLS 494.4 497.5 522.6 

MLE 504.9 508.1 495 

REML 475.7 478.9 465.8 

4.  Conclusion 

In this study, balanced 2-replicated 3×42 mixed-level SPD experiment data was analyzed through a MSPDM, 

where the mean curve of the traditional linear SPDM was tailored to accommodate a 3-parameter Gompertz function. 

The method of EGLS was performed for estimating the parameters of the model, and the estimated variance 

components were estimated through REML and MLE. All results obtained were compared with OLS in terms of 

adequacy and goodness of fit. The MAM and IC revealed that the EGLS-REML performed better than the EGLD-

MLE and OLS. Also, the EGLS-REML parameter standard errors for the fitted MSPDM are smaller compared to 

the OLS and EGLS-MLE, which suggests that the EGLS-REML produced adequate, stable, efficient, and better 

estimates for the MSPDM parameters. 
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