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Abstract

The abstract must state the background of
the study by briefly introducing the general
problem area and its significance. It must
clearly indicate the motivation for the work
and, where appropriate, the gap in existing
knowledge that the study addresses. The
abstract should summarise the main aim of
the paper and briefly describe the approach
or methods used. It must present the key
results obtained in a concise form, without
detailed derivations or excessive technical-
ity. Finally, it should state the main con-
clusion and the broader implications or rel-
evance of the findings. The abstract should
be self-contained, clear, and understandable
without reference to the full paper, and it
should not contain citations, figures, or un-
defined abbreviations.

1 Introduction

The introduction should begin by introducing the general topic of the study and ex-
plaining its scientific or practical relevance. It should provide sufficient background in-
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formation to orient the reader and establish the context of the research problem. The
introduction must include a concise review of relevant literature, highlighting key con-
tributions in the field and showing how the topic has been previously studied. It should
then clearly identify the research gap, limitation, or unresolved problem that motivates
the present work. After this, the introduction must state the main objectives of the
study and outline what the paper aims to achieve. Finally, it should briefly highlight
the structure of the article by indicating how the remaining sections are organised. The
introduction should be clear, focused, and logically guide the reader from general context
to the specific contribution of the paper.

Refer to the example below:

Crime remains one of the most persistent challenges affecting societies worldwide, with
significant implications for economic stability, social welfare, and public safety (Agnew,
2012; Kakar, 2025; Okpuvwie et al., 2021). It is widely recognised that criminal activity
does not occur in isolation but emerges from complex interactions between offenders,
potential victims, and law enforcement systems (Fafchamps and Moser, 2003). Under-
standing these interactions is essential for designing effective policies aimed at crime
prevention and control.

In recent times, mathematical modelling has increasingly been used as a tool to analyse
crime dynamics (McMillon et al., 2014; Nadiyadra et al., 2024; Stoji¢i¢ et al., 2025).
Traditional approaches have largely relied on statistical and econometric models to study
crime trends and the effects of deterrence policies. However, these approaches often fail to
capture the dynamic and interactive nature of criminal behaviour. As a result, there has
been growing interest in the application of models from population dynamics, particularly
those inspired by predator—prey systems, to describe the interaction between criminal and
non-criminal populations.

Predator-prey models, originally developed by Lotka and Volterra (Lotka, 1925; Volterra,
1926), have been widely used to describe interactions between species in ecological sys-
tems. These models have since been extended to various fields, including economics,
epidemiology, and social dynamics (Brauer and Castillo-Chavez, 2001). In the context
of crime, criminals may be viewed as predators who target vulnerable individuals or re-
sources, while the general population represents the prey. This analogy has been explored
in several studies, where crime dynamics are modelled through interactions between crim-
inal agents and potential victims, often incorporating the role of law enforcement as a
controlling mechanism.

For instance, Sooknanan et al. (2012) examined a predator-prey system in which crim-
inals act as predators and are subject to removal through policing strategies, modelled
as harvesting mechanisms. Their work incorporated important features such as prey
migration, group defence, and predator switching, capturing phenomena such as spatial
crime displacement. Similarly, Abbas et al. (2017) developed a dynamical system describ-
ing interactions between criminal and non-criminal populations, highlighting the role of
law enforcement in reducing criminal activity and identifying threshold conditions under
which criminal populations decline or persist.
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Despite these advances, most existing models are deterministic in nature and often as-
sume homogeneous environments. Such assumptions limit their applicability to real-world
settings, where crime dynamics are influenced by spatial heterogeneity and random ex-
ternal factors. In reality, urban environments consist of multiple interconnected regions
with varying socioeconomic conditions, policing intensity, and population density. Crim-
inal activity often shifts between these regions in response to enforcement strategies, a
phenomenon widely referred to as spatial displacement (Eck, 1993; Morgan, 2014).

Motivated by these considerations, this study develops a stochastic predator—prey model
for criminal dynamics in a multi-patch environment. The remainder of the paper is
organised as follows. In Section 3, we present the mathematical model formulation.
Section 4 is devoted to analytical study, including positivity, boundedness, and stochastic
stability analysis using Lyapunov methods. Section 5 presents numerical simulations.
Conclusions and policy implications are discussed in Section 8.

2 Methods/Methodology

The methodology (or methods) section should clearly and rigorously describe the
mathematical or theoretical framework used in the study. For analytical or modelling
papers, it should begin by stating all underlying assumptions explicitly and precisely, en-
suring that the conditions under which the model or theory is developed are unambiguous.
It should present all governing equations, definitions, and mathematical formulations in
a clear and logically structured manner. Where applicable, it must explain the construc-
tion of models, derivation of expressions, and any analytical techniques employed, such as
stability analysis, perturbation methods, or stochastic analysis. If computational or nu-
merical work is included, the section should describe algorithms, simulation procedures,
and implementation details sufficiently to ensure reproducibility. Overall, the methodol-
ogy should be written in a formal, precise, and self-contained manner, allowing readers
to understand and, if necessary, replicate the results.

The following sections are some examples of methodological approaches (Sec-
tions 3, 4 and 5):

3 Mathematical Model Formulation

In this study, we propose a stochastic multi-region predator—prey model to describe the
dynamics of criminal activity across spatially structured regions. We consider a system
consisting of three interconnected regions. Let V;(¢) denote the density of potential vic-
tims or economic opportunities in region i, and C;(t) denote the density of active criminal
agents in region ¢, for ¢ = 1,2, 3. The total population at time ¢ is

3
A =D (VD) + Gi(1)). 1

i=1
Based on the modelling assumptions (logistic opportunity growth, bilinear criminal-

victim interaction, enforcement removal, and inter-region migration with stochastic per-
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turbations), the system is governed by

( dV1 = _7"1V1<1 — :—1) — Cllvlcl - V1V1 + Oz4V2 + ag‘/é — (CYl + 056)‘/1_ dt + Ulvl dWl(t),
dCy = [nViCy — (ju + 1) Ch]dt + 01Cy dWi (1),
AVe = [raVa(1 = 2) = aaVaCo — 1oVl + Vi + Vs — (0 + ) Vo dh + ooV V(1)

00y = DaViCh — (2 + 1) Coldt + 02C A1),

K3

dV; = _1"3V3<1 _ L) — agVaCy — vV + sVo + agVi — (g + as) V| dit + o3 Vs dWi(2),

deg = [’}/3‘/},03 — ([Lg + V3)C3} dt + 0'303 dW3(t)
(2)
Initial conditions: V;(0) > 0, C;(0) > 0 for i = 1,2, 3.

4 Analysis of the Model

4.1 Existence and Uniqueness

Theorem 4.1. There exists a unique solution to the deterministic version of system (2)
for any initial condition in RS,

Proof. The vector field f(X) consists of polynomial components in X = (V1,Cy, Vo, Cy, V3, C3) 7" ;
hence f is locally Lipschitz. By the Picard-Lindeldf theorem (Coddington and Levinson,
1955; Teschl, 2012), a unique solution exists on a mazimal interval [0,tmax)-

Theorem 4.2 (Existence and Uniqueness for the SDE system). Suppose the drift F' and
diffusion 3 of system (2) are locally Lipschitz. Then there exists a unique continuous Ri-
valued adapted process solving (2) up to the explosion time 1.. If F and X are globally
Lipschitz, then 1. = oo almost surely.

Proof. For a detailed proof see Hsu (2002).

4.2 Positivity and Boundedness

Theorem 4.3 (Positivity). Under the initial conditions V;(0) > 0, C;(0) > 0, all solu-
tions of system (2) remain non-negative for all t > 0.

Proof. The logistic growth term ensures V; > 0 when V; = 0. Interaction and enforce-
ment sinks vanish at zero. Migration inflows are non-negative. Similarly, dC;/dt|c,—0 =
0. Hence, by the standard comparison argument, all state variables remain non-negative.

Proposition 4.4 (Boundedness). The total population A(t) defined in (1) remains bounded
for allt > 0.

Proof. One can show constants € > 0, 6 > 0 such that dA/dt < e—5A(t), giving A(t) <
maX(A(O),g/cS) by the Comparison Principle (Hale, 2009). Boundedness of individual
populations follows. The LaSalle Invariance Principle (Wiggins, 2023) confirms global
attractiveness of the bounded region.
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4.3 Stability Analysis

We introduce the Lyapunov function

LV,0)= 53V + 0.

=1

Applying 1t6’s Lemma (Hassler, 2016) and collecting terms, the expected rate of change
satisfies

e 2
E[ﬂ = ; (ViY; + Cops + (22 + QF)]

where Y;, 1; are the deterministic drift terms and Z; = o;V;, ; = 0,C;. Mean-square
stability (Nouri et al., 2020; Tocino and Senosiain, 2012) is achieved when

T Vi .
Rppi= — 00 1 =123
/vLi+Vi+§O'Z‘

Remark 4.5. Ry; < 1 ensures that enforcement, natural decay, and stochastic damping
jointly dominate growth and criminal reinforcement. When Ro; > 1 the system becomes
unstable and criminal activity may grow unboundedly.

5 Numerical Simulations

Numerical simulations were conducted in Python using the Euler—-Maruyama scheme.
Parameter values are summarised in Table 1.

Table 1. Parameter values used in simulations.

Parameter Description Value Source

vy, Vs, V3 Enforcement intensities 0.02 Estimated
K1, Ko, K3 Carrying capacities 10, 8, 6 Estimated
ai, g, a3 Crime interaction rates 0.2, 0.3, 0.4 Estimated
r1,T2,73 Growth rates of opportunities 0.5, 0.4, 0.3 Estimated
1, fh2y 3 Natural removal rates 0.1 Estimated
Y15 Y25 V3 Criminal reinforcement rates  0.01 Estimated
0; Noise intensities, i = 1,2, 3 Variable Estimated
10 Migration rates 0.03 Estimated

When Ry; < 1 (Figure 1) the Lyapunov function remains bounded, confirming stochastic
stability. When Ro; > 1 (Figure 2) the function grows without bound, indicating insta-
bility. The results confirm that higher enforcement intensity and moderate noise promote
stability (Nouri et al., 2020; Tocino and Senosiain, 2012).

6 Results

The results section should present the main findings of the study in a clear, logical, and
objective manner. It should report analytical results, such as theorems, propositions,
stability conditions, or threshold values, in a structured form, with minimal interpreta-
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Figure 1. Lyapunov function £(¢) over time when Ro; < 1 (stochastically stable regime).
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Figure 2. Lyapunov function £(¢) over time when Rg; > 1 (unstable regime).

tion. Where applicable, it should include numerical or simulation outcomes that support
the theoretical analysis, using tables, figures, or descriptive summaries as needed. The
section should clearly highlight the behaviour of the system under different conditions
and emphasise key patterns or relationships observed in the results. All results should
be presented without extensive discussion or justification, as interpretation is typically
reserved for the discussion section. The aim is to communicate what was obtained from
the analysis or computations in a precise and reproducible way.

Table 2 shows a simple presentation of data, while Table 3 illustrates a more refined
format using booktabs.

Table 2. Basic table (simple presentation) Table 3. Professional table (booktabs style)

Region | Crime rate | Population Region Crime rate Population
A 12 1000 A 192 1000
B 18 1500 B 18 1500
C 9 800 C 9 800

Table 4 presents the observed growth of trees over time, showing an increasing trend in
length as the number of days increases.
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Table 4. Growth of trees over time (days vs length)

Days Tree length (cm)

1 2.1
3 4.5
d 7.8
7 11.2
10 15.6

Table 5 shows the reported number of people suffering from Ebola across different regions
as of 1995.

Table 5. Table of people suffering from Ebola as of 1995

Country/Region | Number of Cases Remarks
DR Congo 315 Major outbreak region
Uganda 120 Localized cases
Sudan 220 Early epidemic phase
Gabon 95 Sporadic outbreaks
Congo 150 Rural transmission zones

7 Discussion

The discussion section should interpret and explain the significance of the results ob-
tained in the study. It should relate the findings back to the research objectives and
clearly explain how they address the problem posed in the introduction. The section
should compare the results with existing literature, highlighting agreements, differences,
or improvements over previous work where appropriate. It should provide a critical anal-
ysis of the implications of the findings, including their theoretical, practical, or applied
significance. Any unexpected results should be explained or reasonably interpreted within
the context of the model or methodology used. The discussion should also consider the
limitations of the study and their possible effects on the results. Overall, this section
should move beyond presentation of results to provide meaningful interpretation and
insight into their relevance and contribution to the field.

8 Conclusion

The conclusion section should provide a concise summary of the main findings of the
study, restating the key results without introducing new information. It should briefly
reflect on how the objectives of the work were achieved and highlight the main contri-
butions of the paper in a clear and direct manner. The conclusion should emphasise the
significance of the results in relation to the problem addressed, including any theoretical,
practical, or applied implications. It may also briefly mention limitations of the study and
suggest possible directions for future research. Overall, the conclusion should give the
reader a clear and final understanding of the importance and impact of the work.
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A Note on References

[JDM allows the use of APA-style referencing. Authors may either use BibTeX or the
thebibliography environment for manual entry of references. All references cited in the
text must appear in the reference list, and all entries in the reference list must be cited
in the text.

When using the IJDM citation system (based on natbib), authors are strongly required
to use:

e \citet{key} for textual citations, e.g. Brauer Brauer and Castillo-Chavez (2001)
developed mathematical models in population biology.

e \citep{key} for parenthetical citations, e.g. (Brauer and Castillo-Chavez, 2001)
introduced key epidemiological modelling concepts.

Authors must use \citet and \citep consistently throughout the manuscript.
For works with multiple authors, the following rules apply:
e Two authors: Both names must always be written.
— Example (textual): Brauer and Castillo-Chavez (2001)
— Example (parenthetical): (Brauer and Castillo-Chavez, 2001)
e Three or more authors: Use et al. after the first author in in-text citations.
— Example (textual): Sooknanan Sooknanan et al. (2012)
— Example (parenthetical): (Sooknanan et al., 2012)
The correct APA in-text rendering will automatically appear as:
e (Sooknanan et al., 2012)
e Sooknanan et al. (2012)
Important:
e Do not manually type “et al.” in citations.
e [t is automatically handled by the natbibapa style.
e Always use \citet or \citep instead of plain \cite.

All references must be included in the thebibliography environment in APA format as
shown below:

\begin{thebibliography}{999}
\bibitem[Brauer and Castillo-Chavez(2001)]{Brauer2001}
Brauer, F.; Castillo-Chavez, C. \textit{Mathematical Models in Population Biology a

Springer: New York, USA, 2001.

\bibitem[Lotka(1925)]1{Lotkal925}
Lotka, A.J. \textit{Elements of Physical Biology}; Williams and Wilkins: Baltimore,
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\end{thebibliography}

The reference list must follow strict APA formatting rules, and authors are responsible
for ensuring consistency, completeness, and correctness of all entries.

References

Abbas, S.; Tripathi, J.P.; Neha, A.A. Dynamical analysis of a model of social behavior:
Criminal vs non-criminal population. Chaos, Solitons € Fractals 2017, 103, 245—
254. https://doi.org/10.1016/j.chaos.2017.06.006

Agnew, R. The Nature and Sources of Criminal Behavior; Sage, 2012.

Brauer, F.; Castillo-Chavez, C. Mathematical Models in Population Biology and Epidemi-
ology; Springer: New York, USA, 2001.

Coddington, E.A.; Levinson, N. Theory of Ordinary Differential Equations; McGraw-Hill:
New York, USA, 1955.

Eck, J.E. The threat of crime displacement. Criminal Justice Abstracts 1993, 25, 527—
546.

Fafchamps, M.; Moser, C. Crime, Isolation and Law Enforcement. Journal of African
Economies 2003, 12, 625-671. https://doi.org/10.1093/jae/12.4.625

Hale, J.K. Ordinary Differential Equations; Dover Books on Mathematics; Courier Cor-
poration, 2009.

Hassler, U. Ito’s Lemma. In Stochastic Processes and Calculus: An FElementary Introduc-
tion with Applications; Springer Texts in Business and Economics; Springer: Cham,
Switzerland, 2016; pp. 239-258. https://doi.org/10.1007/978-3-319-23428-1

11

Hsu, E.P. Stochastic Analysis on Manifolds; Contemporary Mathematics, Volume 38;
American Mathematical Society: Providence, RI, USA, 2002.

Kakar, S. Crime and Global Social Change. In The Palgrave Handbook of Global So-
cial Change; Palgrave Macmillan: Cham, Switzerland, 2025. https://doi.org/
10.1007/978-3-030-87624-1_350-1

Lotka, A.J. Elements of Physical Biology; Williams and Wilkins: Baltimore, USA, 1925.

McMillon, D.; Simon, C.P.; Morenoff, J. Modeling the underlying dynamics of the spread
of crime. PLOS ONE 2014, 9, e88923. https://doi.org/10.1371/journal.pone
.0088923

Morgan, F. Displacement of Crime. In The FEncyclopedia of Theoretical Criminol-
ogy; Miller, J.M., Ed.; Wiley-Blackwell, 2014. https://doi.org/10.1002/
9781118517390 .wbetcl78

Nadiyadra, M.; Jadav, D.; Mandanaka, T. Mathematical Approaches to Crime Data
Analysis: Enhancing Evaluation and Prevention Strategies. International Journal
of Scientific Research in Engineering and Management 2024, 8.

Nouri, K.; Ranjbar, H.; Torkzadeh, L. Solving the stochastic differential systems with
modified split-step Euler-Maruyama method. Communications in Nonlinear Science
and Numerical Simulation 2020, 84, 105153. https://doi.org/10.1016/j.cnsns
.2019.105153

Okpuvwie, J.; Akinyede, J.; Bernadin, T.; Inoussa, T. Impacts of Crime on Socio-
Economic Development. Mediterranean Journal of Social Sciences 2021, 12, 71.

(©2026 Department of Mathematics, Modibbo Adama University.


https://doi.org/10.1016/j.chaos.2017.06.006
https://doi.org/10.1093/jae/12.4.625
https://doi.org/10.1007/978-3-319-23428-1_11
https://doi.org/10.1007/978-3-319-23428-1_11
https://doi.org/10.1007/978-3-030-87624-1_350-1
https://doi.org/10.1007/978-3-030-87624-1_350-1
https://doi.org/10.1371/journal.pone.0088923
https://doi.org/10.1371/journal.pone.0088923
https://doi.org/10.1002/9781118517390.wbetc178
https://doi.org/10.1002/9781118517390.wbetc178
https://doi.org/10.1016/j.cnsns.2019.105153
https://doi.org/10.1016/j.cnsns.2019.105153

10 Newton et al. (2026). Int. J. Dev. Math. Vol. 3 Issue 2 [001-010

https://doi.org/10.36941/mjss-2021-0045

Sooknanan, J.; Bhatt, B.; Comissiong, D.M.G. Criminals treated as predators to be
harvested: A two prey one predator model with group defense, prey migration and
switching. Journal of Mathematics Research 2012, 4, 92-106.

Modeling of Criminal Activities: An Approach Based on Homotopy Perturbations.
Advances in Differential Equations and Control Processes 2025, 32. https://doi
.org/10.59400/adecp3329

Teschl, G. Ordinary Differential Equations and Dynamical Systems; Graduate Studies in
Mathematics, Volume 140; American Mathematical Society: Providence, RI, USA,
2012.

Tocino, A.; Senosiain, M.J. Mean-square stability analysis of numerical schemes for
stochastic differential systems. Journal of Computational and Applied Mathematics
2012, 236, 2660-2672. https://doi.org/10.1016/j.cam.2012.01.002

Volterra, V. Fluctuations in the abundance of a species considered mathematically. Nature
1926, 118, 558-560. https://doi.org/10.1038/118558a0

Wiggins, S. Lyapunov’s Method and the LaSalle Invariance Principle. In Ordinary Dif-
ferential Equations: A Dynamical Point of View; World Scientific, 2023; Chapter
7, pp. 79-90. https://doi.org/10.1142/9789811281556_0007

(©2026 Department of Mathematics, Modibbo Adama University.


https://doi.org/10.36941/mjss-2021-0045
https://doi.org/10.59400/adecp3329
https://doi.org/10.59400/adecp3329
https://doi.org/10.1016/j.cam.2012.01.002
https://doi.org/10.1038/118558a0
https://doi.org/10.1142/9789811281556_0007

	Introduction
	Methods/Methodology
	Mathematical Model Formulation
	Analysis of the Model
	Existence and Uniqueness
	Positivity and Boundedness
	Stability Analysis

	Numerical Simulations
	Results
	Discussion
	Conclusion
	References

